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Introduction 


To the student 


This is the third book of a series that helps you to learn, enjoy and progress 
through Mathematics in the National Curriculum. As well as a clear and 
concise text the book offers a wide range of practical, investigational and 
problem-solving work that is relevant to the mathematics you are learning. 


Everyone needs success and satisfaction in getting things right. With this 
in mind we have provided questions of two types. 


The first type are practice questions and problems to help reinforce what 
you have learnt. 


The second type, identified by a coloured background, are extension 
questions and problems for those of you who like a greater challenge. 


Questions with this symbol are problems which give you a chance 
to apply your skills to real-life examples and practise your problem- 
solving skills. 


Each chapter begins with a problem associated with a real-life situation 
entitled ‘Consider’. Although some students will be able to attempt this 
already, it will prove to be a challenge to most of you. It should therefore 
act as an introductory stimulus for bringing into play the strategies for 
problem solving that you are already familiar with. When the problem 
is reintroduced at the end of the chapter in ‘Consider again’, you should 
appreciate how your skills have expanded. 


Class discussions may be used by your teacher to promote discussion of key 
concepts. 


Most chapters have a ‘Mixed exercise’ after the main work of the chapter 
has been completed. This will help you to revise what you have done, either 
when you have finished the chapter or at a later date. 


Practical or investigational work is shown in the book by the icon Ө. 
For this work you are encouraged to share your ideas with others, to use 
any mathematics you are familiar with, and to try to solve each problem 
in different ways, appreciating the advantages and disadvantages of each 
method. 


‘The book starts with a summary of the main results from Years 7 and 8. 
After every five chapters you will find a further summary. This lists the 
most important points that have been studied in the previous chapters and 
concludes with revision exercises that test the work you have studied up to 
that point. This is followed by a mental arithmetic test. 
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Hints are included throughout to help you avoid common errors and 
misconceptions. 


‘The first time key words appear, they are highlighted in bold blue text. 
A definition can be found in the ‘Key words’ section at the back of the book 
so that you can check the meanings of words. 


At this stage you will find that you use a calculator frequently but it is still 
unwise to rely on a calculator for work that you should do in your head. 
Remember, whether you use a calculator or do the working yourself, always 
estimate your answer and always ask yourself the question, ‘Is my answer 
a sensible one?” 


Mathematics is an exciting and enjoyable subject when you understand 
what is going on. Remember, if you don’t understand something, ask 
someone who can explain it to you. If you still don’t understand, ask again. 
Good luck with your studies. 


To the teacher 


This is the third book of the STP Mathematics Third Edition. It is based 
on the ST(P) Mathematics series but has been extensively rewritten and is 
now firmly based on the 2014 Programme of Study for Key Stage 3. 


This series of books aims to prepare students for a high level of 
achievement at Key Stage 3 leading on to the higher tier at GCSE. 


The majority of scientific calculators now on sale use direct keying 
sequences for entering functions such as tan 33, VŽ. This is the order used 
in this book. 


Kerboodle 


This textbook is supported by online resources on Kerboodle, including a 
wide range of assessment activities and teacher support to help develop 
problem-solving skills. Kerboodle also includes an online version of this 
student book for independent use at home. 
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Types of number 

A factor of a number will divide into the number exactly. 
A multiple of a number has that number as a factor, 

eg.  3isafactorof12 and 12isa multiple of 3. 


A prime number has only 1 and itself as factors, e.g. 7. Remember that 
118 not a prime number. 


Square numbers can be drawn as a square grid of dots, e.g. 9: 


eee 

eee 
Rectangular numbers can be drawn as a rectangular grid of dots, 
eg. 6: 

eee 

eee 


Triangular numbers can be drawn as a triangular grid of dots, 
e.g. 6: 
• 


Operations of x, +, +, – 
The sign in front of a number refers to that number only. 


When a calculation involves a mixture of operations, start by 
calculating anything inside brackets, then follow the rule ‘do the 
multiplication and division first’. 


Fractions 

Equivalent fractions are formed by multiplying or by dividing the top 
and the bottom of a fraction by the same number, 

eg. $= 3% (multiplying top and bottom of J by 3) 

Fractions can be added or subtracted when they have the same 
denominator, e.g. to add 1 to 3, we first change them into equivalent 
fractions with the same denominators, 


ie. 


To multiply one fraction by another fraction, we multiply their 
numerators and multiply their denominators, 


SE 253503 
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To divide by a fraction, we multiply by the fraction turned upside down, 


SE ta soy ait) 

To multiply or divide with mixed numbers, e.g. 13, first change the 
mixed numbers to improper fractions. 

A fraction can be changed to a decimal by dividing the bottom number 
into the top number, 

eg. 3- 3+8=0.375 


A fraction can be expressed as a percentage by multiplying the fraction 
by 100, 


eg. 2=2x 100%=2 x 100% = 40% 
To find a fraction of a quantity, we multiply the fraction by the quantity, 
1 of 3 


FE 
eg. 20/3 пеапз2 х3, and Зоге24= [3 х24) 


To express one quantity as a fraction of another, first make sure that 
both quantities are in the same unit, then place the first quantity over 
the second, 


eg  24pasa fraction of £2 is ES 


Decimals 

Decimals can be added or subtracted using the same methods as for 
whole numbers, provided that the decimal points are placed in line. 

To multiply a decimal by 10, 100, 1000, ..., we move the point 1, 2, 3, ... 
places to the right, 

eg. 2.56X10-25.6, and 2.56 х 1000 = 2560.0) 

To divide a decimal by 10, 100, 1000, ... , we move the point 1, 2, 3, ... 
places to the left (equivalent to moving the figures to the right), 

eg. 2.56 + 10 = 0.256, and 2.56 = 1000 = 0.00256 


To multiply decimals without using a calculator, first ignore the decimal 
point and multiply the numbers. Then add together the number of 
decimal places in each of the decimals being multiplied together; this 
gives the number of decimal places in the answer, 
eg 75Х05-375 (75 x 5 = 375) 

KD + (1) = (I 


To divide by a decimal, move the point in both numbers to the right 
until the number we are dividing by is a whole number, 


eg. 2.56 + 0.4 = 25.6 + 4 = 6.4 
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A decimal can be expressed as a percentage by multiplying the decimal 
by 100, 
eg. 0.325 = 32.5% 


Significant figures 

The first significant figure in a number is the first non-zero figure when 

reading from left to right. 

The second significant figure is the next figure to the right, whether or 

not it is zero, and so on. 

For example, in 0.0205, the first significant figure is 2, and the 
second significant figure is 0. 


Rounding numbers 


To round (i.e. to correct) a number to a specified place value or number 
of significant figures, look at the digit in the next place: if it is 5 or 
more, add 1 to the specified digit, otherwise leave the specified digit as 


itis, 
eg. 1317 = 140 to the nearest 10, or 2 s.f. 
24564 = 3 to the nearest whole number, or 1 s.f. 
2.5614 = 2.56 correct to 2 decimal places, or 3 s.f. 
Standard form 


A number written in standard form is a number between 1 and 10 
multiplied by a power of ten, 


eg 12x10 


Percentages 
‘Per cent’ means ‘out of one hundred’. 


Hence a percentage can be expressed as a fraction by placing the 
percentage over 100, 


= 33 
eg 33% = 7, 


and a percentage can be expressed as a decimal by dividing the 
percentage by 100, that is, by moving the decimal point two places to 
the left, 


eg. 33% = 0.33 


To find one quantity as a percentage of another quantity, we place the 
first quantity over the second quantity and multiply this fraction by 100, 


ig 24 x 1004 = 
eg, 24p as a percentage of £2 is 2 x 100% = 12% 


To find a percentage of a quantity, change the percentage to a decimal 
and multiply it by the quantity, 


eg. 329% of £18 = 32% x £18 = 0.32 х £18 = £5.76 
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To increase a quantity Бу 15%, 

we find the increase by finding 15% of the quantity; 

we find the new quantity directly by finding 100% + 15%, i.e. 115%, of 
the original quantity; so we multiply it by 1.15. 


To decrease a quantity by 15%, 

we find the decrease by finding 15% of the quantity, 

we find the new quantity directly by finding 100% — 15%, i.e. 85%, of 
the original quantity; so we multiply it by 0.85. 


Directed numbers 


Positive and negative numbers are collectively known as directed 
numbers. They can be represented on a number line. 


The rules for multiplying and dividing pairs of directed numbers are 
when the signs are the same, the result is positive. 
when the signs are different, the result is negative. 


For example, (+2) х (+3) = +6 and (—2) х (-3)= +6 
(+2) x (-3)= -6 and (-8)-(42)- -4 


Similar rules apply to adding and subtracting directed numbers, 


eg 3+(+2)=3+2=5 and 8-(-2)-3-4 
3+(-2)=3-2=1 and 3-(+2) -2 


Square roots 

A square root of 20 is a number which, when multiplied by itself, gives 
20. A number has two square roots, one positive and one negative, for 
example ifa? = 4, then x = +2 

2 is the positive square root of 4 and —2 is the negative square root of 4. 


420 means the positive square root of 20. 


Ratio 
Ratios are used to compare the relative sizes of quantities. 


For example, if a model саг is 20 cm long and the real car is 200 cm 
long, we say that their lengths are in the ratio 20:200. 


Ratios can be simplified by dividing the parts of the ratio by the same 
number, 

eg. 20:200 = 1:10 (dividing 20 and 200 by 20). 

A map ratio is the ratio of a length on a map to the length it represents 


on the ground. When expressed as a fraction (or sometimes as a ratio), 
it is called the representative fraction. 
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Direct proportion 
Two quantities are directly proportional when they are always in the 
same ratio. 


For example, if 1 kilogram of apples costs 96 p, then n kg of apples cost. 
96n pence, so the ratio of weight to cost is n:96n = 1:96, that is, the 
weight of these apples is directly proportional to their cost. 


Indices 


When a number is written in the form 85, 3 is called the base and 4 is 
called the index or power. 3‘ means 3 X 3 X 3 X 3. 


а? is called a squared, а? is called a cubed. 


Negative index 


3-4 means d; 


Zero index 
3° = 1. In fact, a? = 1, whatever number a stands for, except when a = 0. 


Rules of indices 

We can multiply different powers of the same base by adding the indices, 
eg 34x 8? = 31+2 = 36 

We can divide different powers of the same base by subtracting the 
indices, 

eg 3 -3-3--9 


Units 


Metric units of length in common use are the kilometre, metre, 
centimetre and millimetre, where 


lkm = 1000m lm —100cm lem = 10mm 
Metric units of mass are the tonne (t), kilogram (kg), gram (g) and 
milligram (mg), where 

ltonne— 1000kg 1kg=1000g 1g = 1000mg 
Imperial units of length in common use are the mile, yard (yd), foot (ft) 
and inch (in), where 

1mile = 1760yards 1yard=3 feet 1foot— 12 inches 
Imperial units of mass still in common use are the ton, hundredweight 
(cwt), stone, pound (Ib) and ounce (oz), where 

lton-2240]b 1stone = 14lb 11 = 16 ounces 


For a rough conversion between metric and imperial units, use 
1km~imile lyard~lm 1kg-21b 1 tonne ~1ton 


STP Maths 9 


For a more accurate conversion, use 
5miles~8km linch~2.5em 1kg%= 221b 


Area is measured by standard-sized squares, 
lcm? = 10 х 10mm? = 100 mm? 
1m? = 100 х 100cm* = 10000 cm? 
1km? = 1000 x 1000 m? = 1000000 m? 
Volume is measured by standard-sized cubes. 
lem? = 10 х 10 х 10mm? = 1000 mm? 
1m? = 100 х 100 х 100cm* — 1000000 ст? 


The capacity of a container is the volume of liquid it can hold. The main 
metric units of capacity are the litre and the millilitre (ml), where 
llitre = 1000ml and 1litre = 1000ст? so 1ml- lcm? 


The main Imperial units of capacity are the gallon and the pint, where 
1 gallon — 8 pints 
Rough conversions between metric and Imperial units of capacity are 
given by 
llitre = 1.75 pints and 1gallon = 4.5 litres 


Circles circumference 
The diameter of a circle is twice the radius. 


The circumference is given Бу. C = 2ar, 
where r units is the radius of the circle and 


.1415... 


d 


Area 
The area of a square = (length of a side)? 


The area of a rectangle = length X breadth 
The area ofa circle is givenby А = ar? 
The area of a parallelogram is givenby А = length x height m 


length 


The area of a triangle is given by 
zu i 

А = j base X height 

When we talk about the height of a triangle or of a parallelogram, we 

mean the perpendicular height. и! 


Volume and capacity 


The volume of a cuboid = length х breadth x height 
A solid with a constant cross-section is called a prism. 
The volume of a prism is given by ^ area of cross-section X length 
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The volume of а cylinder is given by У = wr*h ==, 
h 
Density =m 


The density of a material is the mass of one unit of volume of the 
material, for example, the density of silver is 10.5 g/cm?, that is, 
1cm of silver weighs 10.5 g. 


Sets 
A set is a collection of objects that have something in common. 


The objects are called members or elements. The members are listed 
inside curly brackets and separated by commas. For example, the set of 
even numbers from 1 to 9 is written as (2, 4, 6, 8]. 


Venn diagrams 
Venn diagrams represent sets using circles inside a rectangle. 


This Venn diagram represents the sets A and B: 


The rectangle represents the universal set, U. This is a set that 
includes the members of A and B and possibly other members 
not in A or in B. 


В 
A 
The intersection of the sets A and B is the set containing the 517 
members that are in both A and B and is written A N B. This is 
represented by the shaded region in this Venn diagram. 
aw 


The union of the sets A and B is the set containing the members 
of A and the members of B. The union of A and B is written A U B 
and is represented by the shaded region in this Venn diagram. 


Angles 
One complete revolution = 4 right angles = 360°. 


An acute angle is less than 90°. Х 


An obtuse angle is larger than 90° but less than 180°. NO 


A reflex angle is larger than 180°. 


Vertically opposite angles are equal. LT 
Angles on a straight line add up to 180°. Two angles 
that add up to 180* are called supplementary angles. a 


Angles at a point add up to 360°. 
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Parallel lines 
When two parallel lines are cut by a transversal, 


the corresponding angles are equal 


the alternate angles are equal 


the interior angles add up to 180°. 


Angles of elevation and depression 

If you start by looking straight ahead, the angle that you turn 
your eyes through to look up at an object is called the angle of 
elevation, the angle you turn your eyes through to look down 
at an object is called the angle of depression. 


angle of elevation. 


Three-figure bearings 


The three-figure bearing of a point A from a point B gives the direction N 
of A from B as a clockwise angle measured from the north. 
For example, in this diagram, the bearing of A from B is 140°, в v 


^ 


Triangles 
The three angles in a triangle add up to 180*. 


An equilateral triangle has all three sides equal and each angle 
is 60°, 


An isosceles triangle has two sides equal and the angles at the base of 
these sides are equal. 


Quadrilaterals 


A quadrilateral has four sides. 
The four angles in a quadrilateral add up to 360°. 
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Special quadrilaterals 


Ip 0e Oc 


A polygon is a plane figure bounded by straight lines, e.g. 


A regular polygon has all angles equal and all sides the same length. 
This is a regular hexagon. 


The sum of the exterior angles of any polygon is 360*. 


The sum of the interior angles of any polygon depends on the number 


of sides. 


For a polygon with л sides, this sum is (180n — 360)* 
or (2n — 4) right angles. 


In a square 
» all four sides are the same length 

* both pairs of opposite sides are parallel 
» all four angles are right angles. 


Ina rectangle 
* both pairs of opposite sides are the same length 
» both pairs of opposite sides are parallel 

» all four angles are right angles. 


In a rhombus 

all four sides are the same length 

* both pairs of opposite sides are parallel 
• the opposite angles are equal. 


In a parallelogram 

* the opposite sides are the same length 
* the opposite sides are parallel 

e the opposite angles are equal. 


In a trapezium 
© just one pair of opposite sides are parallel. 


сэр 
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Pythagoras’ theorem 


Pythagoras’ theorem states that in any right-angled 
triangle ABC with C = 90°, 


AB? = AC? + BC? 


Conversely if, in a triangle PQR, PR? = PQ? + QR? 
then Ӧ= 90° 


Congruence 


hypotenuse 


‘Two figures are congruent when they are exactly the same shape and size. 


Transformations 
Reflection in a mirror line 


When an object is reflected in a mirror line, the object and its 
image form a symmetrical shape, with the mirror line as the 
axis of symmetry, 


Translation 


An object is translated when it moves without being turned or 
reflected to form an image. 


Rotation 


When an object is rotated about a point to form an image, the 
point about which it is rotated is called the centre of rotation 
and the angle it is turned through is called the angle of rotation, 


10 


image 


centre of rotation. 


Summary of Years 7 and 8 


Enlargement 
When an object is enlarged by scale factor 
2, each line on the image is twice the length 
of the corresponding line on the object. The соо 
diagram shows ап enlargement of a triangle, [opu 
with centre of enlargement X and scale factor 
2. The dashed lines are guide-lines. 

ХА = 2XA 
When the scale factor is less than one, the image is smaller than 
the object. 


This diagram shows an enlargement with scale factor 1 and 
centre of enlargement O. 


Statistics 
A hypothesis is a statement that is not known to be true or untrue. 


Discrete values are exact and distinct, for example, the number of 
people in a queue. 


Continuous values can only be given in a range of a continuous scale, 
for example, the length of a piece of wood. 


For a list of values 

e the range is the difference between the largest value and the 

smallest value 

the mean is the sum of all the values divided by the number of values 

* the median is the middle value when the values have been arranged 
in order of size, (when the middle of the list is halfway between two 
values, the median is the average of these two values) 

the mode is the value that occurs most frequently. 


For a grouped frequency distribution 

e the range is estimated as the higher end of the last group minus the 
lower end of the first group 

e. the modal group is the group with the largest number of items in it. 


We get a scatter graph when we plot values of one quantity against 
corresponding values of another quantity. 


When the points are scattered about a straight line, we can draw that 
line by eye. It is called the line of best fit. 
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We use the word correlation to describe the amount of scatter about this line. 


Fairly strong No correlation. Moderate negative. 
positive correlation correlation. 


Probability 
The probability that an event A happens is P(A), where 
pia) = _the number of ways in which A can occur 
the total number of equally likely outcomes 
IfA cannot happen, P(A) = 0. If A is certain to happen, P(A) 
In general, P(A) lies between 0 and 1. 


The probability that an event A does not happen, P(A), is equal to one 
minus the probability that it does happen, іе. P(A) = 1 — P(A). 

If p is the probability that an event happens on one occasion, then we 
expect it to happen np times on n occasions. For example, if we toss an 
unbiased coin 50 times, we expect 

1x 50 = 25 heads 

When we perform experiments to find out how often an event occurs, 
the relative frequency of the event is given by 


the number of times the event occurs 
the number of times the experiment is performed 


Relative frequency is used to give an approximate value for probability, 


Formulas 


A formula is a general rule for finding one quantity in terms of other 
quantities. For example, the formula for finding the area of a rectangle 
isgivenby ^ Area = length x breadth 


When letters are used for unknown numbers, the formula can be 
written more concisely, so the area, A cm?, of a rectangle measuring (ст. 
by bem, is given by the formula А-1Х5 


Algebraic expressions 

Terms such as 5n mean 5%n=n+n+n+n+n 
Similarly ab means a X b. 

2x + 5x can be simplified to 7x. 
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Multiplication and division of algebraic fractions 


The same rules apply to fractions with letter terms as to fractions with 
numbers only, 


ie. to multiply fractions, multiply the numerators and multiply the 
denominators, 


of a eet B 
and to divide by a fraction, turn it upside down and multiply, 


eg. Е + 
Simplification of brackets 


х(2х — 3) means x X 2x + x X (-3). 
Therefore — x(2x — 3) = 2x? — Зх 


Solving equations 

An equation is a relationship between an unknown number, 
represented by a letter, and other numbers, for example, 2x — 3 — 5 
Solving the equation means finding the unknown number. 


Provided that we do the same thing to both sides of an equation, we 
keep the equality. This can be used to solve the equation. 


When an equation contains brackets, first multiply out the brackets, 
eg 3x—-23-x)=6 

gives 3x 62x — 6 

When an equation contains fractions, multiply each term in the 


equation by the lowest number that each denominator divides into 


exactly. This will eliminate all fractions from the equation, 
sec 20 
eg if $4+1=2 
multiplying each term by 6 gives 
8х4-6х 1 = Ê x 2 which simplifies to 3x6-4 
which can be solved easily. 


‘Two equations with two unknown quantities are called simultaneous 
equations. A pair of simultaneous equations can be solved algebraically 
by eliminating one of the letters. If two letter terms are the same size: 


when the signs are different, we add the equations; 
when the signs are the same we subtract the equations. 


For example, to eliminate y from. 2x+y=5 ш 
апа 3==ў=17. I2] 
we add [1] and [2] to give 5x = 12 18) 


13 


STP Maths 9 


The value of x can be found from [3]. This value is then substituted for 
x in [1] or [2] to find y. 


Polynomial equations in one unknown contain terms involving powers 
of x, 


eg x -2:—-4-2 and 232 =5 are polynomial equations. 


Equations containing an x? term and a number only may be solved by 
finding square roots. 


More complex equations can be solved by trial and improvement. That 
means trying possible values for x until we find a value that fits the 
equation. 


Equations can also be solved by drawing a graph, for example to solve 
x? — x = 10, we draw the graph of y = x? — x — 10. The solutions are 
the values of x where this graph crosses the x-axis (i.e. where y = 0). 


Inequalities 
An inequality remains true when the same number is added to, or 
subtracted from, both sides, 
eg. if x>5 then x+2>5+2 
and x-2>5-2 


An inequality also remains true when both sides are multiplied, or 
divided, by the same positive number, 
eg if x>5 then 2x>10 


3-9 
and i» 


However, multiplication or division by a negative number must be 
avoided because this destroys the inequality. 


Graphs 

‘The equation of a line or curve gives the y-coordinate of a point on the 
line or curve in terms of its x-coordinate. This relationship between the 
coordinates is true only for points on the line or curve. 


Straight lines 


The gradient of a straight line can be E 
found from any two points, P and Q, 
on the line, by calculating 


increase in y in moving from P to Q 
increase in x in moving from P to Q 


Increase iny 


_ (y-coordinate of Q) — ( y-coordinate of P) 

(x-coordinate of Q) — (x-coordinate of P) 

When the gradient is positive, the line slopes uphill when moving from 
left to right. 
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When the gradient is negative, the line slopes downhill when moving 
from left to right. 
The equation of a straight line is of the form y = mx + с 
where m is the gradient of the line 
and cis the y-intercept, 
eg. the line whose equation is y = 2x — 3 

has gradient 2 and y-intercept —3. 
Two lines are parallel when they have the same gradient, 
eg y=2x+1 and у-2х-5 are parallel. 


Two lines are perpendicular when the product of their gradients is —1. 


eg y=2x+4 and у= -ix +6 are perpendicular. 


An equation of the form у=с givesaline » 
parallel to the x-axis. 
An equation of the form x=b givesaline 2 
parallel to the y-axis. 


Curves 


A parabola is a curve whose equation is in the form 
у = ах? + bx +0, 


The shape of this curve looks like this: 
When the x? term is positive, the curve is as shown. 


When the x? term is negative, the curve is upside down. 


The exercises that follow are not intended to be worked 
through before starting the main part of this book. They 
are here for you to use when you need practice of the basic 
techniques. 


REVISION EXERCISE 1 (Fractions a 


de 


als – the four rules) 


Do not use a calculator for any questions in this exercise. 


1 Express as a single fraction in its simplest form 


247 4316 
a +i d Stith g 
зз 142 241141 
b 5+ 30 e 473 ь 138786 
24143 ЗҮС ТЕА 
c tati fitàtà i 25553 
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2 Express as a single fraction in its simplest form 


ayes) 3. —X 3 SEP 
Lm 4 10-20 g 2+15-1 
1.2 "em ао 
b 1-3 e 22-12 ho 12+11-21 
oce 5.95 p EET 
€ 35-35 f 55-25 ЗЕ 


З Express as a single fraction in its simplest form 


a 2x$ d of it g 

b ixixi e ¿xixixi h 

c оёх f 12+8 i 

4 Express as a single fraction in its simplest form 

14x373 

b 141ХЦ 

c 4+3+ł 

d (2) +12) + 5% 

e (25-13) = 45 

£ 

g 

h 

Hd 

j 

k 

1 

5 Find 

a 1.26 + 3.75 

b 124+6.7 

с 5.82 + 0.35 

а 0.04 + 8.86 

е 4.002 + 0.83 

f 0.00032 + 0.0017 

g 53-21 

h 0.16 — 0.08 

i 107- 0.58 

j 0.37 – 0.009 

k 2-017 

1 0.0127 — 0.0059 


16 


Summary of Years 7 and 8 


6 Find 

a 12x08 
0.7 x 0.06 
0.4 x 0.02 
0.5 x 0.5 
3.0501 x 1.1 
1.002 x 0.36 


icai at oe reo 


a 


ill in the blanks in the following calculations. 
3.7 x [= 1554 
2296-11-82 
0.374 х 0.06 = 
O +0.45 = 1.44 
0.37 x 1.92 -[]=0 
[1x 0.85 = 1.105 
5.9% 0.2537 
21-408 + 1.7=0 
0.00162 + 0.045 =] 
O + 0.026 = 1.4 


VISION EXERCISE 2 (Using fractions, decimals, ratios and percentages) 


1 a Express as a decimal 


“He om me ao oe 


ig ig iii 54% iv 821% 
b Express as a fraction in its lowest terms 

i 85% ii 0.42 iii 65% iv 0.125 
c Express as a percentage 

i 0.44 ig iii 1.38 iv # 


2 Сору and complete the table. 


17 


а 

b 87396 

с 0.625 

Еу 

а 53% 

e 115 
3 

5 [5 
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3 a Put either < or > between each of the following pairs of 


fractions. 
A Hii il 4 ivi 5 
i$ 2 йё i ii? $ iv$ 5 
b Change into an improper Rastion 
iz ii 54 iv 91 
с Give as arized number 
i 2 "EU me iv 26 
ig uz iii $ iv 25 
4 a Find 


i 36% of 50kg ii 4.5% of 440g. iii 84% of 15m 
b i Increase £480 by 45% 
ii Decrease £320 by 55% 
iii Increase 150 em? by 56% 
iv Decrease £44 by 35% 
c Find, giving your answer correct to 3 significant figures 
i 37% of 46km ii 42% of 12.6m iii 1319, of 245mm 
d Express 
i 12mm as a percentage of 6cm 
ii 650 m as a fraction of 2km 
iii 56cm? as a percentage of 1m? 
iv 6 pints as a fraction of 4 gallons. 


5 a Givethe following ratios in their simplest form. 
i 12:18 iii 320:480 viii 
ii 3:6:9 iv 3.5:2.5 vi 288:128:144 
b Simplify the following ratios. 
i 45cm:0.lm iii 340m:L2km у 450mg: 1g 


ii 42p:£105 | iv 32g:2kg vi 22 t:132kg 
c Findxif 
ix:5=2: v 3:8=9:x 
x:32 1:7 vi 15:2 73:3 


d i Divide £45 into two parts in the ratio 4:5. 
ii Divide 96m into two parts in the ratio 9:7. 
Divide 5kg into three parts in the ratio 1:2:5. 
iv Divide seven hours into three parts in the ratio 1:5:8. 


6 a Find the map ratio of a map on which 10cm represents 1km. 
b The map ratio of a map is 1:200 000. The distance between two 
factories is 8km. What distance is this on the map? 


7 а Inasalea pair of trainers priced £35 is reduced by 30%. What 
is the sale price? 
b Sally and Tim bought a portable CD player between them for 
£44.94. Sally paid 5 of the cost and Tim paid the remainder. 
i What fraction did Tim pay? 
ii How much did Sally pay? 
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8 Ata concert 64% of the audience were females. 
a What fraction of the audience were females? 
b Express the part of the audience that was male as 
i a percentage 
ii a decimal 
iii a fraction in its lowest terms. 
9 Estimate the value of 236.4 + 48.7, and then use a calculator to 
find its value correct to 2 decimal places. 
10 A popular leisure club has 2750 members. Of these, 42% are girls, 
0.3 are boys, з are men and the remainder are women. 
a What fraction of the members are girls? 
b What percentage of the members are women? 
c What decimal fraction of the members are male? 
d How many of the members are females? 


lla Find 
i 20f £36 
ii $of34cem 
iii 4 of 54kg. 
Which is the smaller, 5 of 10 or З of 5? 
с Which is the larger, 3 of $ or 3 of $? 


REVISION EXERCISE 3 (Number work) 


1 Without using a calculator, find 


a 349 + 276 g 7x 63-249 
b 723 – 584 h 6421 ~ 236 x 7 
c 66x80 i (19+6)x5-96 
d 48 х 500 ў 429 + 21, giving the remainder 
e 336-6 k (36-14) x3- 49 
f 560 = 80 1 339 + 23, giving the remainder 
2 a Findthevalueof i29  ii3* iii 2°x3°x7 
b Expressin index form 
i 128 ii 343 iii 625 iv 729 
c Express as the product of prime factors in index form 
i 1080 ii 3276 iii 1800 


3 а Find the lowest number that is a multiple of all the numbers in 
each set (called the lowest common multiple, LCM). 
13,7 iii 2,8,10 у 26,3 
ii 2,9 іу 3,4,6 vi 5,4 
b Find the highest whole number that divides exactly into all the 
given numbers (called the highest common factor, HCF). 
i46 iii 22,44, 55 v 24,8,16 
ii 3,6,12 iv 18,6,9 vi 14,28,56 
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7 


8 


9 


10 


20 


Find the value of 


a 5 е 2!x3 i 3.25 x 10? 
b 3* f 8x5 ј 801x10* 
e 25 g 6x2 k 0.072 x 10* 
d 5 h 7x2 1 11х10 


Write, where possible, as a single expression in index form 


a PxA g 3 3 

b 52х35 h (25: 

e их i (5°? 

Find, as a fraction, the value of 

227 24 —sc( 3 

b 107 e zs h (2)? к 

e (^ if 162 143 1 

a Write the following numbers in standard form. 
i 265 iii 76700 v 450000 
ii 0.18 iv 0.000007 vi 0.092 

b Write the following numbers as ordinary numbers. 
i345x10? iii 7.3.x 107 v 14x 105 


di 5.01 X 10? iv 6.37 x 10°* vi 2.83 x 10° 


Give each of the following numbers correct to 
i 3decimalplaces — ii 3 significant figures. 


a 2.7846 d 0.15076 g 3.2994 
b 0.1572 e 254.1627 h 0.000925 8 
e 0.07325 f 7.8196 i 0.009638 


For each calculation, first make a rough estimate of the answer, 
then use your calculator to give the answer correct to 3 significant. 
figures. 

78.4 х 0.527 

842 x 284 

9.827 4.731 

(5.09) 

(0.185)? 

3000 + 48.66 


7.21 х 5.93 
13.74 


849 x 0.773 
16.34 


rom ово сь 


0.515 
6.37 х 0.717 
Show оп а sketch the range in which each of the following 
measurements lies. 
a 8m to the nearest metre 
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b 15 minutes to the next complete minute 
c 123cm rounded down to the nearest em 


VISION EXERCISE 4 (Sets) 


1 A = [prime factors of 15] and B = (prime factors of 12] 
a List the members of A U B. 
b List the members of A N B. 


2 A = [all factors of 36) and B = {all factors of 42] with 
U = [whole numbers from 1 to 42 inclusive] 
a Illustrate A, B and U in a Venn diagram. 
b Listthemembersof iAUB ii ANB. 
€ Give the number of members in U that are not in A or in B. 


3 U = (all triangles] and A = [isosceles triangles], 
B = (right-angled triangles] 
a State whether A and B are finite or infinite sets. 
b Illustrate the information on a Venn diagram. 
c Describe the set A N B. 


4 A and B are two sets such that A contains 8 members, B contains 
5 members and A N B contains 3 members. 
Illustrate this information in a Venn diagram and hence find the 
number of members in A U B. 


REVISION EXERCISE 5 (Shape and space) 


1 Find the size of each marked angle. 
a с a 
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22 


2 a Find the size of each exterior angle of a regular polygon with 


i 15sides ii 20 sides. 
b Find the size of each interior angle of a regular polygon with 
i 8 sides ii 18 sides. 


с How many sides has a regular polygon 
i ifeach exterior angle is 15° 
ii if each interior angle is 162°? 
d Is it possible for each exterior angle of a regular polygon to be 
i 40° ii 70°? 
If it is, give the number of sides. 
e Is it possible for each interior angle of a regular polygon to be 


i 120° ii 160°? 
If it is, give the number of sides. 
Find the area of each shape. 
D e. ў 
ilem 

cB 

iB 8.5ст 

4 
Яст À pen 
П 
Sem 
25cm 


Use squared paper and draw axes for x and y in the ranges 
—6 = x « 6, —6 < y <6 using 1 square to 1 unit. Draw the figure 
and find its area in square units. 

Triangle ABC with A (0, 6), B (6, 6) and C (5, 2) 

Parallelogram ABCD with A (0, 1), B (0, 6), C (6, 4) and D (6, —1) 
Rectangle ABCD with A (—4, 2), B (0, 2) and C (0, —1) 

Square ABCD with A (0, 0), B (0, 4) and C (4, 4) 

Triangle ABC with A (—5, —4), B (2, —4), C (-2, 3) 

For each of the following figures, find the missing measurement. 
Draw a diagram in each case. 


onmocs 


a |Triangle 16cm? 
b | Rectangle x 15mm 

с |Parallelogram | 4cm 20cm? 
d [Square 5m 

e | Triangle 70mm 14cm? 
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6 Find the area of the following shapes. Draw a diagram for each 
question and mark in all the measurements. 


a B b ^ c B 
4 > A c 
А с B 
12cm 
» Bem 
ABCD is a rhombus р 
р 
с 


АС = 15cm and 
BD = 8cm 


AC = 6cm and 
BD = 10cm 


та і Find, giving your answer in metres, 137cm + 234mm + 3.2m 
ii Find, giving your answer in grams, 645g + 0.37 kg + 960mg 
iii Find, giving your answer in inches, 3 feet + 2 yards + 8 inches 


b Express 


i 45mm in cm vii 0.6m? in cm? 
ii 0.56km in m viii 3 square feet in square inches 
iii 48 inches in feet ix 5000mm? in cm? 
iv 13 yards in feet. х 0.002 m? in cm? 
v бет? in mm? xi 4000000 cm? in m* 
vi 4000 cm? in m? xii + cubic feet in cubic inches 


12 


8 For the blue part of each diagram, find i the perimeter ii the area. 
Give answers that are not exact correct to 3 significant figures. 


a b PEL 109 c 
Э PS 
"i | Tem 


—10em—> 


9 In this question, the cross-sections of the prisms and their lengths are 
given. Find their volumes. 


a b 4m e 
9ст 
2 
Tem 
[E 3em 
от 


Length aden Length 40cm 


Length 15cm 
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10 a Find the volume of a rectangular metal block measuring 4.2cm 


by 3.8cm by 1.5m. 

b Find, correct to 3 significant figures, the capacity of a cylindrical 
metal can with diameter 12 ст and height 10 cm. 

с The volume of a cuboid is 136 cm". It is 8cm long and 3.4cm 
wide. Find its height. 

d A gold ingot is a cuboid measuring 5 ст by 5cm by 3 cm. Given 
that the density of gold is 19.3 g/cm’, find the mass of the ingot. 


11 Give answers that are not exact correct to 3 significant figures. 
a FindAC. c b FindPR. R 21mm о 


14mm 


A 


i АВ is a chord of length 8.6 cm in a circle, centre O. The 
distance of the chord from the centre of the circle is 2.9 cm. 
Find, correct to 3 significant figures, the radius of the circle. 

ii A second chord, CD, is 4.2 ст from O. Find the length of CD. 


12 Draw x- and y-axes on squared paper for values of x and y from 0 to 
10. Mark the points A (2, 1) and B (8, 9) on your graph. 
Find a the coordinates of the midpoint of AB 
b the length of the line AB. 


N EXERCISE 6 (Algebra) 


1 Simplify the following expressions. 


a Зх +7) + 2x S2) 
5 + (3a - 7) —2(4 — Зх) 
З(2х + 3) + 4x — 2) —5(2x + 7) 


4а + 2) — 3(a — 4) 
15x — Зх — 2(4x — 3) 
ба – 3(2a — 5) + 3 


4x — 23 + x) 
8a — (2a + 3) 


eee ра 


b 
с 
d 5x — 3(x + 2) 
e 
f 
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(=x) = C») 
12x + (-3x) 
а IfP = 2(a — 6b), find P when 
ia-3andb-1 
ii а= -5andb - 2 
iii a = -4andb = -2 


а Apples cost x pence each. Write down a formula for C if C pence 
is the cost of 6 apples. 
b Find a formula for u, in terms of n. 


1 2 3 4 5 
4 7 10 | 13 16 
Solve the following equations. 
Зх = 15 


4х +1= 17 
їїх-3-2-7 


8х-4-11-2х 
4(x — 2) = 5(2x + 5) 


Tow њо шось 


0.03х = 0.42 


Solve the following inequalities and illustrate your solutions on 
a number line. 

ix-6<4 iv dy-1<15 vii dv +1 >6 
d9-x-4 v2>8+x viii 3x +4> 5- 2x 


iii 8>3-x vi 723-x іх 2х+3=9 – 4х 
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b Solve each pair of inequalities and hence find the range of 
values of x which satisfy both of them. 
ix-3<5andx>2-x ii 2r 12 5and3x — 10 «2 
с Find the range of values of x for which the following inequalities 
are true. 
ix+3>2x-1>3 
й х-1<25+3=7 
iii 4x + 1<x-2<4 


7 Solve the simultaneous equations. 


a х+у=4 c 5x+3y=25 e x+5y=9 
Зх+у= 10 8x 3у=1 х-у= 21 

b 7х-2у=22 d 2x-3y-15 f 2a+3b=9 
Зх + 2y = 18 2х-у=9 2a + 7b = 13 

8 Solve the following equations, giving your answers correct to 

3 significant figures. 

a 22-23 b x? =047 

VISION EXERCISE 7 (Graphical work) 


Tn the diagram, which images of APQR are given by 
a atranslation € arotation 
b areflection d none of these? 


2 Draw axes for x and y for values from 0 to 10 using 1cm as 1 unit. 
Draw AXYZ with X (4, 2), Y (4, 4) and Z (5, 1) and AX'Y'Z' with 
X' (6, 4), Y' (6, 10) and Z' (9, 1). Find the centre of enlargement and 
the scale factor that maps AXYZ to AX’ Y' Z’. 


3 a Write down the gradient and y-intercept of the line whose 
equation is 
іу= 3х й у= 2х+6 ili y= 3 —}x 
b Write down the equation of the line that is parallel to the line 
y = 4х that goes through the point i (0,2) ii (0, -3) 
€ A(2,a)and B (b, 10) are points on the line y = —3x + 7. 
Find a and b. 
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4 The table gives the coordinates of three points on a straight line. 
What is the equation of the line? 

0 2 

2 6 


5 Determine whether each of the following straight lines makes an 
acute angle or an obtuse angle with the positive x-axis. 
a y=-xt+2 c у= 0.6х 
b y=3-% d у=2 + 3х 

6 Determine whether each pair of lines is parallel, perpendicular or 
neither. 
a y=3x+], у= 4 - 3х с у= іх +1, у= 2х+1 
b у= 3х1, у= 3+5 d y=-x+3, у=х-3 

7 The equation of a curve is у = 3x*. Which of these sketches could be 
the curve? 


A » с » 
! $ 
Ò t 
B y D У 
x 
ok 
8 Sketch the curve whose equationis а y-—2x b y-5& 


REVISION EXERCISE 8 (Probability and stati 


ics) 


1 The pie chart shows the breakdown of John Peters’ bill for £120 
when his car was serviced. 
a What fraction of the bill was labour? 
b How much was the charge for VAT? 
с What percentage of the bill was for parts? 


Am 
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a Find the mode, median and range of the numbers 
9, 8, 11, 8, 9, 13, 12, 11, 8, 7, 9, 8, 12 


b Find the mean of the numbers given in part a. Give your 
answer correct to 3 significant figures. 


Ina sale 80 dresses are reduced. Of these 16 are size 8, 28 are size 
10, 24 are size 12 and the remainder are size 14. Aleisha takes a 
dress from the rail at random. What is the probability that the 
dress she takes 18 

a size 10 

b not size 12 

€ size 12 or larger? 


‘Two fair six-sided dice are rolled together 360 times. 

a Draw a table to show the equally likely outcomes when the dice 
are rolled once. 

b About how many double threes are there likely to be? 

€ About how many times should the score be 10? 


A number is chosen at random from the first twelve non-zero whole 
numbers. What is the probability that the number is 

a aprime number 

b exactly divisible by 4 

€ not exactly divisible by 3 

d arectangular number but not a square number? 


For each scatter diagram, describe the relationship between the 


quantities. 
a b с 
T X SN ххх 5 e 
ч Kail | SESS EX] x 
E а НА 
Ё xXx 5 $5 x 

x gS x 
8 х 2 ху © 

х 
Floor area of shop Price of car "Weight (kg) 


Given below is a list of the heights, in centimetres rounded up to 
the nearest centimetre, of 60 tomato plants. The list is in numerical 
order. 


а Whatistheheightof i the tallest plant ii the shortest plant? 
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Frequency 


Copy and complete this frequency table. 


18 < h = 23 
23 < h « 28 
28 < h = 33 
33 < h = 38 
38 < h = 43 
How many plants have a height that is 


i greater than 28cm 

ii 33cm or less? 

What is the modal group? 
Illustrate this information with 
i abar chart 

ii а frequency polygon. 


Times taken by a sample of students 
in one school to run 200m 


wT 


0 20 40 60 80 100 120% 
‘Time (seconds) 


Use the frequency polygon to answer the following questions. If you 
cannot give an answer, say why. 


b 
с 
а 


How many times were measured? 
What is the range of times? 


Is it true to say that half the times were less than 80 seconds? 


How many students ran 200 metres? 
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Consider 


From the bus stop Isobel travels 1 mile along the bus route to 
school, and she must be in school by 8.50 a.m. She can walk at 
4mph and, if she catches the bus, it will travel at an average 
speed of 20mph, The buses arrive at unpredictable times so 
Isobel is often undecided whether to wait for a bus or to walk. 
* What is the latest time that Isobel can leave the bus stop on 
foot to be certain of arriving at school on time? 
If she could be sure of catching a bus as soon as she gets to 
the bus stop, what is the latest time she could arrive there 
and still get to school in time? 
* One morning she decides to walk but sees a bus pass her after she has been walking for 
5 minutes. How much longer would she have had to wait before the bus arrived? If she 
had waited, how much earlier would she have got to school than she did by walking? 


You should be able to solve this problem after you have worked through this chapter. 


Finding distance from a graph 
When we went on holiday in the car we travelled to our holiday resort at a steady speed of 
30 kilometres per hour (km/h), so each hour we covered a distance of 30km. 


This graph plots distance covered against time taken and shows that 


20} 


in 1 hour we travelled 30km 


5 


in 2 hours we travelled 60 km 
in 3 hours we travelled 90 km 
in 4 hours we travelled 120 km 


100. 


Distance (km) 


0. 
2 in 5 hours we travelled 150 km. 


Time (hours) 


30 


1 Travel graphs 


‘The graphs in questions 1 to 5 show five different journeys. 

For each journey find 

а the distance travelled 

b the time taken 

€ the distance travelled: in 1 hour (questions 1, 2 and 3) 
in 1 second (questions 4 and 5). 


1 3 304- 
Н E 
j i 
Ё Ё 
2 4 
2 g 
: : 
E E 
2 2 


‘Time (h) 


31 


32 


Distance (m) 


4 
Time (s) 


Drawing travel graphs 
If Ethan walks at 6 km/h, we can draw a graph to show this, using 2cm to represent 12km 
on the distance axis and 2cm to represent 1 hour on the time axis. 


Plot the point which shows that in 1 hour he has travelled 6 km. Join the origin to this 
point and produce the straight line to give the graph shown. 


3 
Time (h) 


1 Travel graphs 


From this graph we can see that in 2 hours Ethan travels 12km and in 5 hours he 
travels 30km. 


Alternatively we could say that 
if he walks 6km in 1 hour, 
he will walk 6 x 2km, i.e. 12km, in 2 hours 
and he will walk 6 x 5km, i.e. 30 km, in 5 hours. 


The distance walked is found by multiplying the speed by the time, 
ie. distance = speed x time 


Worked example 


—> Draw a travel graph to show Sally's journey of 150 km in З hours. Plot distance 
along the vertical axis and time along the horizontal axis. Let 4 ст represent 
1 hour and 2cm represent 50 km. 


Distance (km) 


2 
Time (h) 


For questions 1 to 9, draw travel graphs to show the following 
journeys. Plot distance along the vertical axis and time along the 
horizontal axis. Use the scales given in brackets. 


1 60km іп 2 hours (4cm = 1 hour, 1ст = 10km) 
180km in 3 hours (4 ст = 1 hour, 2em = 50km) 
100 km in 2} hours (2 cm» 1 hour, 2cm = 25 km) 


75 miles in 1} hours (8cm = 


2 
3 
4 hour, 2cm = 25 miles) 
5 240 т in 12 seconds (1 ст = 1 second, 2cm = 50m) 


33 


5 ос о6 © 6 9 


STP Maths 9 


6 Callum walks at 5 km/h. Draw a graph to show him walking for 
3 hours. Use 4 ст to represent 5 km and 4 cm to represent 1 hour. 
Use your graph to find how far he walks in 
а hours b 21 hours. 

7 Georgia can jog at 10 km/h. Draw a graph to show her jogging for 
2 hours. Use 1cm to represent 2km and 8cm to represent 1 hour. 
Use your graph to find how far she jogs in 
а hour b 1 hours. 

8 Jo drives at 35 mph. Draw a graph to show her driving for 
4 hours. Use 1cm to represent 10 miles and 4cm to represent 
1 hour. Use your graph to find how far she drives in 
a 3hours b 14hours. 

9 Luke walks at 4mph. Draw a graph to show him walking for 
З hours. Use 1 ст to represent 1 mph and 4cm to represent 
1 hour. Use your graph to find how far he walks in 
а hour b 31 hours. 


Solve questions 10 to 18 by calculation. 


10 An express train travels at 200 km/h. How far will it travel in 
a 4hours b 52 hours? 


11 Kieran cycles at 24km/h. How far will he travel in 
a 2hours b 3} hours е 2} hours? 


12 An aeroplane flies at 300 mph. How far will it travel in 
a 4hours b 5ł hours? 


13 A bus travels at 60 km/h. How far will it travel in 
а hours b 21 hours? 


14 Sophie can cycle at 12 mph. How far will she ride in 
a hour b 1} hours? 


15 An athlete can run at 10.5 metres per second. 
How far will he travel in 
а 5 seconds b 8.5 seconds? 


16 A boy cycles at 12 mph. How far will he travel in 
a 2hours 40 minutes b 3hours 10 minutes? 


17 A Boeing 777 travels at 540 mph. How far does it travel in 
a З hours 15 minutes b 7hours 45 minutes? 


18 A racing car travels around a 2 km circuit at 120 km/h. 
How many laps will it complete in 
a 30minutes b 1hour 12 minutes? 


1 Travel graphs 


1 How long will Zena, walking at 5 km/h, take to walk 


а 10km b 15km? 
2 How long will a car, travelling at 80 km/h, take to travel 
а 400km b 260km? 
З How long will it take David, running at 10 mph, to run 
a 5miles b 12} miles? 
4 How long will it take an aeroplane flying at 450 mph to fly 
а 1125 miles b 2400 miles? 
5 A cowboy rides at 14 km/h. How long will it take him to ride 
a 21km b 70km? 
6 А rally driver drives at 50 mph. How long does it take him to travel 
а 75miles b 225 miles? 
7 An athlete runs at 8 m/s. How long does it take him to cover 
a 200m b 1600m? 
8 A dog runs at 20 km/h. How long does the dog take to travel 
a 8km b 18km? 
9 A cruise ship travels at 20 nautical miles per hour. How long will it 
take to travel 
a 6048 nautical miles b 3528 nautical miles? 


Give your answers to the nearest hour. 


10 A car travels at 56 mph. How long does it take to travel 
а T0miles b 154miles? 


11 Anna cycles at 12 mph. How long will it take her to cycle 
a 30miles b 64 miles? 


12 How long will it take a car travelling at 64 km/h to travel 
a 48km b 208km? 
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Average speed 

Mr Compton left home at 8 a.m. to travel the 50 km to his place of work. He arrived at 9 a.m. 
Although he had travelled at many different speeds during his journey, he covered the 

50 km in exactly 1 hour. We say that his average speed for the journey was 50 kilometres рег 
hour, or 50 km/h. If he had travelled at the same speed all the time, he would have travelled 
at 50 km/h. 


Amy travelled the 135 miles from her home to London in 3 hours. If she had travelled at 
the same speed all the time, she would have travelled at 185 mph = 45 mph. We say that her 
average speed for the journey was 45mph. 


* = distance travelled 
Tn each case: average speed meaa 
This formula can also be written: 

distance travelled = average speed X time taken 


istance travelled 
average speed 


ааа 
(esu ратта toi’) /s|t\ 


and time taken 


Suppose that a car travels 35 km in 30 minutes and we want to find its speed in kilometres 
per hour. To do this, we must express the time taken in hours instead of minutes, 


ie. time taken = 30min = } hour 
Then average speed = 35 km/h = 35 x 2 km/h 
2 
= 70km/h 


We must take care with units. If we want a speed in kilometres per hour, we need the 
distance in kilometres and the time in hours. If we want a speed in metres per second, we 
need the distance in metres and the time in seconds. 


In questions 1 to 12, find the average speed for each journey. 


1 80km in 1 hour 7 150km in 3 hours 

2 120km in 2 hours 8 520km in 8 hours 

3 60 miles in 1 hour 9 245 miles in 7 hours 
4 480 miles in 4 hours 10 104 miles in 13 hours 
5 80m in 4 seconds 11 252m in 7 seconds 

6 135m in 3 seconds 12 255m in 15 seconds 
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Worked example 


— Tony drives 39km in 45 minutes. Find his average speed. 


45 min = # hour = $ hour 
distance travelled 
time taken 
= 39km 
3 hour 
= 39 x 1 km/h = 52km/h 


average speed = 


Find the average speed in km/h for a journey of 
13 40km in 30 minutes 
14 60km in 40 minutes 
15 48km in 45 minutes 
16 66km in 33 minutes. 


First, convert the time 
taken to hours. 


Worked example 


— Find the average speed in km/h for a journey of 5000 m in 1 hour. 


= 00km = 
5000m = 2000 кш = 5km 


distance travelled 
time taken 
= 5km 
1 hour 
= 5 x 2km/h = 10 km/h 


average speed = 


Find the average speed in km/h for a journey of 
17 4000 m in 20 minutes 

18 6000 m in 45 minutes 

19 40 m in 8 seconds 

20 175 m in 35 seconds. 

Find the average speed in mph for a journey of 
21 27 miles in 30 minutes 

22 18 miles in 20 minutes 

23 25 miles in 25 minutes 

24 28 miles in 16 minutes. 


We need distance in 
kilometres. 
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The following table shows the distances in kilometres between 
various places in the United Kingdom. 


London 
Bradford 320 | Bradford 
Cardiff 250 332 Cardiff 
Leicester 160 160 224 | Leicester 
Manchester | 310 55 277 138 Manchester 
Oxford 90 280 172 120 230 Oxford 
Reading 64 320 192 164 264 45 | Reading 
York 315 53 390 174 103 290 210 


Use this table to find the average speeds for journeys between 
25 London, leaving at 1025, and Manchester, arriving at 1625 
26 Oxford, leaving at 0330, and Cardiff, arriving at 0730 

27 Leicester, leaving at 1914, and Oxford, arriving at 2044 
28 Reading, leaving at 0620, and London, arriving at 0750 
29 Bradford, leaving at 1537, and Oxford, arriving at 1907 
30 Cardiff, leaving at 1204, and York, arriving at 1624 

31 Bradford, leaving at 1014, and Reading, arriving at 1638. 


Journeys with several parts 


Problems frequently occur if different parts of a journey are travelled at different speeds in 
different times and we wish to find the average speed for the whole journey. 


For example, Roger travels the first 50 miles of a journey at an average speed of 25 mph 
and the next 90 miles at an average speed of 30 mph. 


Using time in hours = “stance in miles 
speed in mph 


А а 5 = distance 
gives time to travel 50 miles at 25 mph RTT 


= 50 miles - 
= төр 2 hours 


time to travel 90 miles at 30 mph = ance 


= 90 miles _ 
Sates BON 


the total distance of 140 miles is travelled in 5 hours 


total distance 
total time 


— 140 miles _ 
5 hours шин 


ie. average speed for whole journey = 


Note: never add or subtract average speeds. 
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Often it is more convenient to enter this information in a table like the one given below. 
You may need to do some calculations like those shown above, before you can complete 


the table. 
First part of journey 25 50 2 
Second part of journey! 30 90 3 
Whole journey 140 5 


We can add the distances to give the total length of the journey, and add the times to give 
the total time taken for the journey. 


total 


Average speed for whole journey = 


- 


I walk бог 24 km at 8 km/h and then jog for 12 km at 12 km/h. 
Find my average speed for the whole journey. 


© 
ю 


A cyclist rides for 23 miles at an average speed of 111 mph before 
his cycle breaks down, forcing him to push his cycle the remaining 
distance of 2 miles at an average speed of 4 mph. 

Find his average speed for the whole journey. 


З An athlete runs 6 miles at 8 mph, then walks 1 mile at 4 mph. 
Find his average speed for the whole journey. 


А woman walks 3 miles at an average speed of 4} mph and then 
runs 4 miles at 12mph. 


Find her average speed for the whole journey. 


5 A motorist travels the first 30km of a journey at an average speed of 
120 km/h, the next 60 km at 60 km/h, and the final 60 km at 80 km/h. 
Find the average speed for the whole journey. 


6 Phil Sharp walks the 2km from his home to the bus stop in 
15 minutes, and catches a bus immediately which takes him the 9km to 
the railway station at an average speed of 36 km/h. 


o o обо 


He arrives at the station just in time to catch the London train which 
takes him the 240 km to London at an average speed of 160 km/h. 


Calculate his average speed for the whole journey from home to London. 
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Ө | т Acruise ship travelling at 24 knots takes 18 days to travel 


between two ports. 


By how much must it increase its speed to reduce the length of 


the voyage by 2 days? 


(A knot is a speed of 1 nautical mile per hour.) 


Getting information from travel graphs 


If we are given a graph representing a journey, which shows the distance travelled plotted 
against the time taken, we can get a lot of information from it. The worked example in the 
next exercise shows how we can extract such information. 


Worked example 


—> The graph below shows the journey of a coach, which passes three service stations 
A, B and C on a motorway. B is 60 km north of A and C is 20km north of B. 


Use the graph to answer the following questions. 


a At what time does the 
coach leave A? 

b At what time does the 
coach arrive at C? 

с At what time does the 
coach pass B? 

d What is the average 
speed of the coach 
for the journey from 
Ato C? 


Distance in kilometres from A 


C 80: 


70: 


50: 


30- H 


20. 


104- 


i i 


D — 
0900 0915 0930 


0945 1000 
Time 


1015 1030 


1 Travel graphs 


The coach leaves A at 0900. 

It arrives at C at 1000. 

It passes through B at 0945. 
Distance from A to C = 80km. 
Time taken to travel from A to C is 1000 — 0900, i.e. 1 hour. 


= distance travelled 
Average speed = “time taken 


= 80km _ 
= I hour 7 80knvh 


marp 


The graph shows the journey of a car through three towns, 
Axeter, Bexley and Canton. Axeter is 100 km south of Bexley and 
Canton is 60 km north of Bexley. Use the graph to answer the 
following questions. 


а At what time does the car 
i leave Axeter 
ii pass through Bexley 
iii arrive at Canton? 


b How long does the car take to 
travel from Axeter to Canton? 


c How long does the саг take to 
travel 
i the first 80km of the 
journey 
ii the last 80km of the 
journey? 


Distance in kilometres from Axeter 


d What is the average speed of 
the car for the journey from 
Axeter to Canton? 
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Ө | 2 Acoach leaves Newcombe at noon on its journey to Lee via 
Manley. The graph shows its journey. 


s 


Distance in kilometres from Lee 
8 


40 


a How far is it 
i from Newcombe to Manley 
ii from Manley to Lee? 
b How long does the coach take to travel from Newcombe 
to Lee? 
c What is the coach’s average speed for the whole journey? 
d How far does the coach travel between 1.30 p.m. and 
2.30 p.m.? 
e After travelling for 11 hours, how far is the coach from 
i Newcombe 
ii Manley? 
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[27 3 Mr Brown used the family car to drive his children from their 
home to the nearest railway station and then returned home. 
The graph shows his journey. 


& 


8 


8 


Distance in kilometres from home 
a 


a How far is it from home to the station? 
How long did it take the family to get to the station? 
с What was the average speed of the car on the journey to the 
station? 
How long did the car take for the return journey? 
What was the average speed for the return journey? 
f What was the car's average speed бог the round trip? 
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Ө! 4 The graph shows the journey of a car through three service 
stations, A, B and C, on a motorway. 


a Where was the car at 
i 0900 
ii 0930? 


b What was the average speed of the car between 
i AandB 
ii Band C? 


c For how long does the car stop at B? 
How long did the journey from A to C take? 

e What was the average speed of the car from A to C? 
Give your answer correct to 1 significant figure. 


1 Travel graphs 


Ө | 5 The graph shows Anand's journey on a sponsored walk. 


Distance in miles from start of walk 


0: 
1200 1230 1300 1330 1400 1430 


How far did he walk? 

How many times did he stop? 

What was the total time he spent resting? 

How long did he actually spend walking? 

How long did the walk take him? 

What was his average speed for the whole journey? 
Over which of the four stages did he walk fastest? 
Over which two stages did he walk at the same speed? 


rm њоро сь 
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Worked example 


The graph shows Mrs Webb's shopping trip to the nearest town on a bicycle. 


Distance from home in kilometres 


5 Ў iti : 
1320 1340 1400 1420 1440 1500 1520 1540 


—> How far is it to town from her home? 


It is 6km to town from her home. 


— How long did she take to get to town? 


Mrs Webb left home at 1320 and arrived in 
town at 1350. 


She therefore took 30 minutes to get to town. 


— How long did she spend in town? 


She arrived in town at 1350 and left at. 
1500. She therefore spent 1 hour and 
10 minutes there. 


— What was her average speed on the outward journey? 


On the outward journey: 


= distance travelled __6km 
Шан эсийн 771717 нийн 1 hour 


x 2 kmh = 12 km/h 


1 Travel graphs 


QQ | 6 The graph shows the journey of a train from Newpool to London 


@| 7 


and back again. Use the graph to answer the questions that follow. 


ово сев 


f 


5 
$ 


120 


Distance from Newpool in miles 


1000 1300 1400 1500 1600 
Time 


How far is Newpool from London? 

How long did the outward journey take? 

What was the average speed for the outward journey? 
How long did the train remain in London? 

At what time did the train leave London, and how long did 
the return journey take? 

What was the average speed on the return journey? 

The graph represents the journey of a motorist from Leeds to 
Manchester and back again. 


Distance from Leeds in miles 


0. 
1000 1030 1100 1130 1200 1230 1300 1330 
Time 


Use this graph to find 
a the distance between the two cities 
b the time the motorist spent in Manchester 
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с his average speed on the outward journey 
d his average speed on the homeward journey (including the stop). 


The graph below shows Caitlin’s journeys between home and school 
in one day. 


2 


Distance from home in kilometres 


[^7] 0900 1000 1100 1200 1300 1400 1500 1600 
Time 
a At what time did she leave home in 
i the morning ії the afternoon? 
b Ноу long was she at school during the day? 
c Ноу long was she away from school for her midday break? 
d What was her average speed for each of these journeys? 
e Find the total time for which she was away from home. 


The graph below shows the journeys of two cars between two service 
stations, A and B, which are 180 km apart. Use the graph to find 


Distance from A in kilometres 


1200 1300 1400 1500 1600 
Time 
а the average speed of the first motorist and his time of arrival at B 
b the average speed of the second motorist and the time at which 
she leaves B. 
с when and where the two motorists pass 
d their distance apart at 1427. 


1 Travel graphs 


10 The school féte is always held on the first Saturday in July. The graphs 
show the journeys from home to school and back again of three students on 
the day of the féte last year, 


Distance from home 
Distance from home 
Distance from home 


"— 4pm. — 12no0n | түрс 4pm. | 12000800 «i. 4pm. 


Andrew Kate Tom 


Use these graphs to answer the following questions. 
Who got to the fete first? 

Who stayed there the longest? 

Who left for home first? 

Who took the longest time to get home? 

Who had the slowest journey to the fete? 

What did Kate do when she got to the fête? 
Who lived nearest to the school? 


B 
E 


м њоро ср 


: 


= 


Molly leaves home at 1 p.m. to walk at a steady 4 mph towards Cornforth, 
which is 6 miles away, to meet her boyfriend Rob. Rob leaves Cornforth at 
2.00 p.m. and jogs at a steady 6 mph to meet her. Draw a graph for each of 
these journeys, using 4cm = 1 hour on the time axis and 1cm = 1 mile on 
the distance axis. From your graph find 

а when and where they meet 

b their distance apart at 2.10 p.m. 


Mixed exercise 


1 Una runs at 121 km/h. Draw a graph to show her running for 
21 hours. Use your graph to find 
а how far she has travelled in 13 hours 
b how long she takes to run the first 20 km. 

2 А ship travels at 18 nautical miles per hour. How long will it take to travel 
а 252 nautical miles b 1026 nautical miles? 


з Find the average speed in km/h of a journey of 48km in 36 minutes. 


I left London at 1147 to travel the 315 miles to York. 
I arrived at 1717. What was my average speed? 

5 I walk 2 mile in 10 minutes and then run } mile in 2 minutes. 
What is my average speed for the whole journey? 
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6 The graph shows Paul's journey in a sponsored jog from A to B. 
On the way his sister, who is travelling by car in the opposite 
direction from B to A, passes him. 

а How far does Paul jog? 

b How long does he 
take? 

с How much of 
this time does he 
spend resting? 

d What is his 
average speed 
for the whole 
journey? 

e What is his 
sister’s average 
speed? 

f How far from A 
did Paul and his 
sister pass each 
other? 


Distance in kilometres from A 


A 


Consider again 

From the bus stop Isobel travels 1 mile along the bus route to school, 
and she must be in school by 8.50. She can walk at 4mph and, if 

she catches the bus, it will travel at an average speed of 20 mph. 

The buses arrive at unpredictable times so Isobel is often undecided 
whether to wait for a bus or to walk. 

e What is the latest time that Isobel can leave the bus stop on foot 
to be certain of arriving at school on time? 

If she could be sure of catching a bus as soon as she gets to the bus 
stop, what is the latest time she could arrive there and still get to 
school in time? 

One morning she decides to walk but sees a bus pass her after she 
has been walking for 5 minutes. How much longer would she have 
had to wait before the bus arrived? If she had waited, how much 
earlier would she have got to school than she did by walking? 


Now can you answer these questions? 


. 


50 


ers 


Working with nu 


Consider 

David and his father sometimes have communication problems, 
especially when numbers are involved. 

For example, on one occasion, David's father asked him to measure the 
mat well inside the front door. 

David wrote down ‘54cm by 32cm’. 

David's father then had a piece of matting cut to these measurements 
but, when he got it home, he found that it was too large for the hole. 
This resulted in an argument in which each unfairly blamed the other. 


What reasons could there be for this error? 
You should be able to solve this problem after you have worked through this chapter. 


Discuss the possible consequences of using rounded numbers in the following situations. 
1 Hasib wanted enough topsoil to cover an area of 12 m? to a depth of 50 cm. 
He worked out the area correct to the nearest square metre. He ordered 6 cubic 
metres of topsoil. 


2 Hannah measured the length of her garden path as 38.5 metres correct to 1 decimal 
place. She ordered some square paving tiles of side 50 em, which she then placed 
edge-to-edge in a single line to pave the path. 


З The operating equipment on a long-range shell launcher needs to be set with the 
distance and bearing of the target. A soldier worked out these measurements from 
maps as 2558 m on a bearing of 026.79°. He assumed that they were accurate to the 
number of figures given but, because of various reading and calculation errors, they 
were accurate only to 2 significant figures. 


The examples above show that working with numbers that have been rounded can give 
results that are less accurate than we need for the situation. Unless we are aware of 
this, the consequences can be anything from mildly annoying to disastrous. 


The following points may have arisen from your discussions. 


Some numbers are exact and others are rounded. 

» It is impossible to give exact numerical values for some quantities, for example 
lengths, so we need to use and work with corrected numbers. 

* We need to be aware that some numbers have been rounded and, where possible, to 
know how they have been rounded. 

* When we use rounded numbers in calculations, we need to appreciate that the results 

contain errors. 
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Range of values for a corrected number 

Suppose we are told that, correct to the nearest ten, 250 people boarded a particular train. 
People are counted in whole numbers only. Hence in this case, 245 is the lowest number 
that gives 250 when corrected to the nearest 10 and 254 is the highest number that can be 
corrected to 250. We can therefore say that the actual number of people who boarded the 
train is any whole number from 245 to 254, 

Now suppose that we are given a пай and are told that its length is 25 mm correct to the 
nearest millimetre, 


Look at the reading on this measuring gauge. 


The lowest number that can be rounded up to 25 is 24.5. The highest number that can be 
rounded down to 25 is not so easy to determine. All we can say is that any number up to, 
but not including, 25.5 can be rounded down to 25. 
The length of the nail is therefore in the range from 24.5 mm up to, but not including, 
25.5 mm. 
If ¿mm is the length of the nail, we can write 

24.5 <1 < 25.5 
To illustrate this on a number line we use a line segment with a solid circle at the lower 
end to show that 24.5 is included in the range and an open circle at the upper end to show 
that 25.5 is not included in the range. 


eee 
[a 
240 245 25.0 25.5 26.0 


24.5 is called the lower bound of / and 25.5 is called the upper bound of l. 


Worked example 


—> Illustrate on a number line the range of values of x given by 0.1 < х = 0.8 


Use a number line like this for questions 1 to 6. 


т TT T T 
-5 0 5 10 15 20 


52 


2 Working with numbers 


In each question, illustrate the range on your number line. 


15«х«10 4 5«х-15 
2 0<х=15 5 0=х<10 
8 -2«х«6 6 -5«х«5 


Use a number line like this for questions 7 to 12. In each question, 
illustrate the range on your number line. 


0.05 0.1 0.15 02 
70«x«01 10 0.08 <x < 0.16 
8 01<х<02 11 0.02 < x < 0.08 
9 0.05 <х < 0.15 12 0.03 < x < 0.13 
Worked example 


-> А number is given as 3.15 correct to 2 decimal places. Illustrate on a number line 
the range in which this number lies. 


SS 7 
TE асса ос ЕЕ 3.15 is between 3.14 and 3.16 so we will 
314 — 3145 315 3155 316 use just that part of the number line. 


In questions 13 to 24, illustrate on a number line the range of 
possible values for each corrected number. 


18 1.5 correct to 1 d.p. 19 0.25 correct to 2 d.p. 

14 0.6 correct to 1 d.p. 20 0.52 correct to 2 d.p. 

15 0.2 correct to 1 d.p. 21 1.15 correct to 2 d.p. 

16 1.3 correct to 1 d.p. 22 6.89 correct to 2 d.p. 

17 0.1 correct to 1 d.p. 23 12.26 correct to 2 d.p. 

18 6.2 correct to 1 d.p. 24 0.05 correct to 2 d.p. 
Worked example 


—> Itis stated that a packet of pins contains 500 pins to the nearest 10. 
Find the range in which the actual number of pins lies. 


os. 
s c. Se There must be a whole number 
490 t 500 510 of pins in the packet. 504 is 
the largest whole number that 
rodillas ad rounds to 500 to the nearest 10. 


If n is the number of pins in the packet, then n is a whole number such that 
495 < n = 504 
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Worked example 


—> A copper tube is sold as having an internal bore (diameter) of 10 mm to the nearest. 
millimetre, Find the range in which the actual bore lies. 


9 95 10 105 1 


If d mm is the diameter of the tube, then 
9.5 < d < 10.5 


In some of the following questions you are asked to find a range of 
values for a quantity that can only have whole number values. When 
this is the case, you must clearly state this in your answer. 


25 The weight, w kg, of a bag of sand is given as 5.6kg correct to 
1 decimal place. Find the range of values in which w lies. 


26 A shop is said to make a profit of £5400 a month. If this figure 
is given correct to the nearest £100, find the range in which the 
actual monthly figure, £x, lies. 


27 On a certain model of bicycle, the brake pads have to be 12.5mm 
thick to work efficiently. If the brake pads are xmm thick, find 
the range in which x lies when the measurement given is correct 
to 1 decimal place. 


28 Referring to a football match, a newspaper headline proclaimed 
“75000 watch England win’, Assuming that this figure for the 
number of spectators is correct to the nearest 1000, find the 
range in which x, the number of people who actually attended the 
match, lies. If, in fact, the figure given was a guess, what can you 
say about x? 


29 One of the component parts of a metal hinge is a pin. In order to 
work properly, this pin must have a diameter of 1.25 mm correct to 
2 decimal places. If d mm is the diameter, find the range in which 
d must lie. 


30 Alan measured the width of a space between two kitchen units in 
metres correct to 1 decimal place, and wrote down 1.6 m. 
a Find the range within which the width of the space lies. 
b Тһе cupboard bought to go into the space is 1.62 m wide 
correct to 2 decimal places. Will it fit the space? 
€ Comment on Alan's measuring. 


3 


8 


The length of a car is given as 455 cm. If this is correct to the 
nearest 5 cm, find the range in which the actual length lies. 


2 Working with numbers 


32 Knitting yarn is sold by weight. It is found that 10 g of double 
knitting pure wool has a length of 20 m correct to the nearest 
metre. What is the minimum length you would expect in a 50 g 
ball of this wool? 


33 The weight of a wall tile is given as 40 g to the nearest gram. 
A DIY store sells these tiles in polythene-wrapped packs of ten. 
Ignoring the weight of the wrapping, find the range in which the 
weight of one of these packs lies. 


34 The length of a side of a square carpet tile is 29.9 cm correct to 
1 decimal place. One hundred of these carpet tiles are laid end- 
to-end on the floor of a shop. 

а Find the range in which the length of this line of tiles lies. 
b Hence give the difference between the length of the longest 
possible and the shortest possible line of 100 tiles. 


35 Toy bricks are cubes of side 34mm correct to the nearest 
millimetre. Eight of these cubes are placed side by side in a row. 
What is the upper bound of the length of this row? 


36 A cube of side 34 mm, correct to the nearest millimetre, is to be 
packed in a cubical box with internal sides of 34.2 mm correct to 
3 significant figures. Explain why the cube may not fit in the box. 


37 Connor and Jessica both said that they were 15 years old. What 
is the greatest possible difference in their ages? 


38 A wooden pole is 450 mm long and a 200 mm length is cut from it. 
Both of these measurements are correct to the nearest millimetre. 
What can you say about the length of the remaining section of the 
pole? 


39. A rectangular sheet of stainless steel, measuring 35mm by 
23 mm correct to the nearest millimetre, needs edging with wire. 
a What length of wire is needed to make sure that there is 
enough to edge one of these sheets? 
b The wire costs £18.20 per metre. What is the cost of enough 
wire to ensure that 500 000 of these sheets can be edged? 
(Assume that there is no waste.) 


40 A pair of digital scales gives weights correct to the nearest gram. 
When one nail is weighed on these scales, the reading is 8 grams. 
When 100 identical nails are weighed, the reading is 775 grams. 
а Explain the apparent contradiction in the readings. 

b Give a more accurate weight for one nail than the scales are 
capable of showing when only one nail is weighed. 
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Fractions and decimals 


The questions in the last exercise show that an answer worked out using corrected 
numbers is not exact but lies within a range. If we are not aware of this, we may get errors 
when we use corrected numbers, as the following situation shows. 
A caterer was asked to provide 800 filled baguettes for a local function. 

a, Е 


One long French loaf is enough for three filled baguettes. 
The caterer reasoned that he needed 800 thirds of French loaves and worked this number 
out as follows. 
800 thirds = 800 x 1 
= 800 x 0.33 = 264 

He ordered 264 loaves, made them up, then found that he was 8 baguettes short. 
The caterer could have avoided this situation by checking his answer: 
264 loaves makes 264 x 3 baguettes, This is 792 baguettes, which are not enough. 
He would not have made the error in the first place if 
* he had not replaced 1 with 0.33. Although 0.33 is correct to 2 decimal places, it is not 

exactly equal to 1. 

In fact 1 = 0.333 33... so 0.33 is less than 1; hence the shortage. 
• he had worked with fractions and had calculated 800 x 1 as 220 x 1 = 800 = 2662, 

He would then have seen that he needed 267 loaves for 800 baguettes with 1 baguette to 

spare. 
This situation shows, firstly, that we need to be aware that some fractions do not have 
exact decimal equivalents. Secondly, if we choose to use the decimal form of a fraction, it is 
important to use enough decimal places to ensure the accuracy we need. 
It also illustrates that we need to be comfortable working with fractions so that we can 
choose to do so when it is appropriate rather than always resorting to decimals. 
You can use the revision exercises at the front of this book to practise the basic operations 
with fractions. In the next section we introduce a different way of interpreting division by a 
fraction and use fractions in less simple calculations. 


Addition and subtraction of fractions 


We cannot add apples to oranges unless we reclassify them both as, say, fruit. In much the 
same way, we cannot add tenths to quarters unless we change them both into the same 
kind of fraction. That means changing them so that they have a common denominator. 

To do this we use the following fact. 
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2 Working with numbers 


The value of a fraction is unaltered if both numerator and denominator are 
multiplied by the same number. 


Multiplication of fractions 


To multiply fractions, multiply the numerators together and multiply the denominators 
together. 


Any mixed numbers must be changed into improper fractions, and factors that are 
common to the numerator and denominator should be cancelled before multiplication. 


Reciprocals 


If the product of two numbers is 1, then each number is called the reciprocal 
of the other. 


We know that 3 x 3 = 1 

so 118 the reciprocal of 3 and 3 is the reciprocal of 4. 

To find the reciprocal of 3 we require the number which when multiplied by ? gives 1. 
Now  $X1-1 во  $isthe reciprocal of 7. 

In all cases the reciprocal of a fraction is obtained by turning the fraction upside down. 


and 2.5 = 


A number can be written as a fraction, for example, 3 = 


so the reciprocal of $isj or 1-3 
i 28:54 s25 
and thereciprocalof 221845 ог 1+ 2.5 (= 0.4) 


The reciprocal of a number is 1 divided by that number. 


Division by a fraction 

Consider (2-3 Thiscanbeinterpretedas 2x 1+% 
Now 1 + 8 15 the reciprocal of 3, i.e. 7 

Therefore 2+%=2x2=4 


To divide by a fraction we multiply by its reciprocal. 


Write down the reciprocals of the following numbers. 


14 410 7 100 10 0.25 
2} 51 82 11 3.2 
84 64 9 3 12 16 
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Find, without using a calculator 


2. ee ВЕ 
13 2+1 16 5-1 91-13 
2,5 2442 
14 13+8 miei 20 $10 
152144 18 1-4 21 8-4 
Worked example 
Sql. 1/85 
> Find 21+3 11-18 4 


Remember to work out the brackets first, then the multiplication 
ibtraction. 


and division and lastly the addition and sul 


деру 
-2415*1—1 
Find, without using a calculator 
mipk-p wg) а 
8 
281-1-1 3031-1Х6 87 (3 


1:(143 
з41-(1-1 

add 
25 502342 


26 1-141Х1 


э 2x5 
24 -———— 
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2 Working with numbers 


Interchanging decimals and fractions 


When a fraction is written in the form 3 it is called a common fraction, or vulgar 
fraction. 


Another way of representing fractions is by placing a point after the number of units and 
continuing with digits to the right. Fractions written in the form 0.75 are called decimal 
fractions. 


Usually we refer to common fractions simply as fractions and to decimal fractions simply 
as decimals. 


Worked example 


— Express 0.705 as a fraction. 


ге] ‘This step is usually 
omitted. 


Express the following decimals as fractions. 


1 0.35 4 136 т 0.005 10 2.05 
2 0.216 5 0.03 8 1.01 11 1104 
3 0.204 6 0.012 9 0.11 12 0.0001 
Worked example 
— Express 7 as a decimal. 
he 
876 O 
0.875 
877.000 


Express the following fractions as decimals. Do not use a calculator. 


з 5 a 5 
13 $ 16 4 19 13 22 5 
1 1 5 а 
14 1 174 20 5 эз 21 
3 27 4 1 
15 3 18 2 24 24 d; 
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Recurring decimals 

0.1666... 
If we try to change 1 to a decimal, і.е. 61.0000... 
we discover that 


* we cannot write 2 as an exact decimal 

• from the second decimal place, the 6 recurs for as long as we have the patience to 
continue the division. 

Similarly, if we convert 2 to a decimal by dividing 2 by 11, we get 0.181 818 18... and we see that 

• 2 cannot be expressed as an exact decimal 

• the pair of digits ‘18’ recurs indefinitely. 

Decimals like these are called recurring decimals. To save time and space, we place a dot 

over the digit that recurs. In the case of a group of digits recurring, we place a dot over the 

first and last digit in the group. 


Therefore we write 0.166 666... as 016 
and 0.181 818... as 0.18 
and 0.316 316 316... ав 0.316 


Use the dot notation to write the following fractions as decimals. 


5 1 
x sí 5i ЦЭ of ni 
2 


44 [E 84 10 4 124 


p 


Some recurring decimals can be expressed as fractions by recognition. 
For example 


Worked example 
—- Express as a fraction а 0.08 b 02 


b 02-0ix2 


ЕТЕ 
52022276) 


13 Express as a fraction 20.5 b0.02 с005 4000 


14 a Express 0.9 as a fraction. 
b What do you deduce about the value of 0.9? 
со Express 0.09 as a fraction. 


2 Working with numbers 


Using numbers in standard form 

Calculations involving numbers in standard form can be done on a calculator. 

For example, to enter 1.738 х 1075, the number 1.738 is entered normally followed by the 
10* button and then the power of 10, i.e. —6. 

However, as with all calculations, it is important to know whether the answer is about 


right. This means that we need to be able to estimate results using non-calculator methods. 
These are illustrated in the worked example below. 


Worked example 


> If a=12x10? and 5b-6x10^, 
find a ab b$ ca+b 


a ab= (1.2 x 107?) x (6 X 10-4) = 7.2 х 1075 


12 x 1072-69 = 02x 10° = 2x 10! 


c atb-12x10?«*6x10* T 
= 0.012 + 0.0006 во each number must be written in full. 


= 0.0126 = 1.26 x 10°? 


1 Without using a calculator, write down the value of ab in standard 
form if 


а a-21X10,b-4 x 10° d a 
b 5.4 xX 104, b = 2 x 105 ea 
c а=7х 107°, Ь ға 


=5 x10", b = 2.3 х 107? 
6X 102, 5 - 2 x 10 
-6x10,5-13x107 


2 Without using a calculator, write down the value of 2 in standard 
form if ii 
a р=6х 10, q =3 x10? c p-7x103,q-5x10? 
b p=9Xx10,q=3 х 105 d р=18х 105, q =6 Xx 10-4 
З Without using a calculator, write down the value of x + y in standard 
form if 
a x=2x10?, у=3 x 10 c x=2.1 x 10, у = 3.1 X 105 


b x-3x102,5-2x10? а x=13X10-,y=4x 107? 
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For questions 4 and 5, first estimate the answer and then use a 
calculator to give the answer correct to 3 significant figures. 


4 The special theory of relativity states that a mass m is equivalent 
to a quantity of energy E, where E = mc?. 
c m/s is the speed of light and c = 2.998 х 105. 
Find E when m = 1.66 x 10”. 


5 Тһе quantity of nitrate in one bottle of mineral water is 
1.5 X 107? р. The quantity of nitrate in another bottle is 7.3 х 107*g. 


The two bottles are emptied into the same jug. How much nitrate 
is there in the water in the jug? 


Consider again 

David's father asked him to measure the mat well inside the front door. 
David wrote down ‘54 ст by 32 cm’. 

David's father then had a piece of matting cut to these measurements but, 
when he got it home, he found that it was too large for the hole. 

Now can you suggest what reasons there could be for this error? 


I Practical work 


You will need access to a set of scales that give weights in kilograms and grams. They do 
not need to be able to measure small masses accurately; a set of kitchen scales is ideal. 
You also need a bag of uncooked rice. 

a Try weighing one grain of rice and report on the result, 

b Describe a method by which it is possible to estimate the mass of one grain of rice in 
grams to 2 decimal places. 

Use your method to estimate the mass of one grain. 

d Suggest a way to judge the accuracy of your estimate. 


a 


Investigation 


Express ду as a decimal. b Use the result from part a to express 0.15 as a fraction. 
c Find a rule for expressing any recurring decimal with a two-digit repeating pattern as 
a fraction. 


Express 5l; as a decimal. 

e Explain how the result from part d can be used to express any recurring decimal with a 
three-digit repeating pattern as a fraction. 

f Finda rule for expressing any recurring decimal as a fraction and test your rule with 
examples of four-digit repeating patterns and five-digit repeating patterns. 


62 


3 Probability 


Consider 


Fruit machines, also known as ‘one-armed bandits’, are a 
popular gambling game. You can win money by playing on fruit 
machines, but it is more likely that you will lose money. 

You put a coin in the machine and pull the lever. 


‘This makes three drums rotate quickly, then slow down and finally stop. Each drum has 
pictures of several fruits. When the drums stop, three fruits are shown in the centre of the 
display. Depending on what they are there may be a prize. 


Max has been interested in fruit machines, but he has never played them. He would win a 
prize on the machine he is looking at if cherries appear on all three drums, or lemons show 
on all three drums. Before he takes the plunge, he would like to assess the risk of losing. 
money. 


"Го do this, he needs to know how to find the probability of combined events such as 
a getting either a cherry or a lemon on the first drum 

b getting a cherry on both the first and the second drum 

c getting a cherry on all three drums. 


There are 10 different types of fruit on each drum. 


Can you give Max the answers he needs? 


Consider also 


An ordinary unbiased dice is rolled. What is the probability of throwing a prime number or 
an even number? 


You should be able to solve these problems after you have worked through this chapter. 


Each sentence describes a situation where two events are involved. 
Discuss what the events are and whether they fall into the ‘either ... 
or' category or into the 'both ... and' category. 


1 Anordinary six-sided dice is rolled and scores five or six. 
2 Two dice are rolled and a double six is scored. 


3 Tim picks a box from a lucky dip. Some boxes contain a prize and 
the others are empty. 


4 The England cricket captain tosses a coin to find out who has the 
| choice to bat or to field. 


63 


STP Maths 9 


Mutually exclusive events 

When an ordinary dice is rolled, it is possible to score either 
a five or a six. It is not possible to score both a five and a six. 
Such events are called mutually exclusive. 


Independent events 

When two ordinary dice are rolled, it is possible to score a six on 

the first dice and a six on the second dice Also, the score obtained - 
on the second dice is not affected in any way Бу the score on the , 
first dice. Such events, where both can happen but each has no 

influence on whether the other event happens or not, are called 
independent events. 


oe? 


Not all events are independent. There are two green sweets and two red sweets in a bag. 
Bethany takes one of these sweets then Tom takes one. If Bethany’s sweet is red, there is 
only one out of three ways in which Tom can choose a red sweet. But if Bethany's sweet 
is green, there are two out of three ways in which Tom can choose a red sweet. So the 
probability that the second sweet is red depends on the colour of the first sweet taken. 


Decide whether the events described are mutually exclusive, 
independent or dependent. 


1 Jasmine and Oliver each buy a ticket for a raffle and one of them 
wins first prize. 


2 ‘Two coins are tossed. 
а The first coin lands heads up or tails up. 
b Both coins land head up. 


З А 10 pence coin is tossed and a dice is rolled. 

а The coin lands heads up and an even number is scored on the 
dice. 
b Athree or a six is scored on the dice. 

4 A blue bag and a red bag each contain a large number of coins, some 
of which are counterfeit. One coin is selected at random from each 
bag. 

a The coin taken from the blue bag is counterfeit or not counterfeit. 
b Both coins are counterfeit. 


3 Probability 


5 Hartfield Airport has 100 scheduled flights due to depart on 

Saturday. 

a Two or three flights are cancelled. 

b One flight is cancelled because the plane is faulty and 
another flight is cancelled because of a hurricane at its 
destination. 

6 A box contains six blue pens and three red pens. One pen is 
removed at random. 

a The pen is put back then a pen is removed again. 

b The pen is not put back and another pen is removed. 


Adding probabilities 


If we select a card at random from an ordinary pack of 52 playing cards, the probability of 
selecting an ace is 4 and the probability of selecting а black king is 2. 


Now selecting either an ace or a black king involves two events that are mutually exclusive 
since it is impossible to draw one card which is both an ace and a black king. 


There are 4 aces and 2 black kings, so if we want to find the probability of selecting either 
an ace or a black king, there are 6 cards that we would count as ‘successful’, therefore 


eae! 
P(ace or a black king) = 52 


= ing) = 2 
Place) = 55 and P(black king) 52 


Since it follows that 


38:87 
P(ace or black king) = P(ace) + P(black king) 

Now consider the probability of scoring 5 or 6 when one dice is rolled. 
P(score 5 or 6) = 2 

From one roll of a dice, a score of 5 and a score of 6 are mutually exclusive, where 
Pscore 5) = 2 and P(score 6) =} 


i zd 
ie. P(score5 or6)=2=2+4 


= P(score 5) + P(score 6) 
From these examples we see that 


if A and B are mutually exclusive events, then P(A or B) = P(A) + P(B) 


65 


STP Maths 9 


Now consider the probability of scoring 1 or 2 or 3 or 4 or 5 or 6 when one dice is rolled. 
These events are mutually exclusive and they cover all the possible outcomes. The set of 
all possible outcomes is called exhaustive. 


d rede tin! ЕЕЕ 
Now оо Рвсое1Їог20гЗог40гБо:6)-69696568676-6-1 


This illustrates the general rule that 
the sum of the probabilities of an exhaustive set of mutually exclusive 
outcomes is 1 
For example, a bag contains some black discs, some red discs and some white discs. 
When one disc is removed at random, the outcome is either black, red or white. 
These outcomes are mutually exclusive and exhaustive. 
Given that the probability that the disc is black is 1 and the probability that it is white is 1, 
we can use the fact above to find the probability that the disc is red. 
P(black) + P(red) + P(white) = 1 


giving 3+ Pored) + t= 1 


Therefore Р(тей) = (5+ 


ЕЭ 


1 Acard is selected at random from an ordinary pack of 52. 
What is the probability that the card is 
а ared ace 
b ablack king 
с a red ace or a black king? 


2 Emily rolls an ordinary dice once. What is the probability that 
the number shown is 
а 2 
b 3or4 
c 2,3or4? 


3 Acard is drawn at random from the 12 court cards (jacks, queens 
and kings). What is the probability that the card is 
a ablackjack 
b aredqueen 
с either a black jack or a red queen? 


4 Graham is looking for his house key. The probability that it is 
in his pocket is 5, while the probability that it is in his car is 4. 
What is the probability that 
а the key is either in his pocket or in his car 
b the key is somewhere else? 
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Ө| 5 


9 8 


Ө| т 


When Mrs George goes shopping, the probability that she returns 
by bus is 3, in a taxi } and on foot $. What is the probability that 
she returns 

a by bus or taxi 

b by bus or on foot 

€ Бу none of these three ways? 


Abigail has a bag containing discs of four different colours. One 
disc is removed at random. The table shows the probabilities of 
choosing three of the four colours. 

Colour red | white | blue | pink 
Probability! 3 | $ | i 
Abigail removes one disc at random. What is the probability that 
this disc is 

a redor white 

b white or blue 

с тей, white or blue 

d pink? 


Rajev has a pack of playing cards with some cards missing. There 
are 45 cards in the pack. He knows that all the clubs and hearts 
are in his pack. One card is drawn at random from the pack. 
What is the probability that this card is not a club or a heart? 


Maya rolls an ordinary dice. What is the probability that the 
number on the dice is 

а an even number 

b a prime number 

€ either even or prime? 

Your answer to part c should not be the sum of the answers to 
parts a and b. Why not? 


Multiplication of probabilities 
When a coin is tossed and a dice is rolled, we can use a table to list all the possible outcomes. 
A set of all the possible outcomes of an experiment is called a possibility space. 


Dice 
1 2 3 4 5 6 
Coin | H [ни H,3 H5 
TÍTI|T2|T3|T4|T5|T6 


From the table we can see that 


P(a head and an even number) = 3 = 1 
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Two coins are tossed. What is the probability that both show heads? 
Two dice are tossed. Find the probability of getting a double six. 


Jack has two tubes of sweets. Each tube contains 10 red sweets 
and 30 sweets of other colours. Jack takes one sweet, chosen at 
random, from each tube. Find the probability that 

a he takes a red sweet from a tube 

b he takes a sweet that is not red from a tube 

с both the sweets he takes are not red. 


The probability that Lauren will win the girls' 100 m race is? 
and the probability that Liam will win the boys’ 100 m race is H 
What is the probability that 

a both of them will win their events 

b neither of them will win their event? 


A mother has an equal chance of giving birth to a boy or a girl. Holly 
plans to have two children. 

a What is the probability that the first is a girl? 

b What is the probability that both are boys? 

c What is the probability that neither is a boy? 


The probability that Olivia will have to wait before she can cross 
Westgate Street is 3 and the probability that she will be able to 
cross High Street without waiting is 1. 

What is the probability that 

a she does not have to wait to cross Westgate Street 

b she has to wait to cross High Street 

€ she can cross both streets without waiting? 


3 Probability 


Ө | т Abag contains three red sweets and two green sweets. Camilla 
takes one sweet at random and eats it. She then takes another 
sweet, also at random. 

a Make a possibility table to show the possible combinations 
of colours of the two sweets and use it to find the probability 
that both sweets removed are red. 

b Explain why, in this case, the multiplication rule does not 
give the correct answer to part a. 


In questions 1 to 5, some of the events described are mutually 
exclusive and some are independent. 
e 1 A red dice and a blue dice are rolled. Find the probability of 
getting 
a абогабоп the red dice 
b alora2onthe blue dice 
c a2on both dice 
а ап even number on both dice. 


o 2 Acard is drawn at random from an ordinary pack of 52 playing 
cards. 
What is the probability that the card is 
a a2 
b aredace 
c a2orared ace? 


Ө | з When Kim goes to the cinema the probability that she returns on 
foot is 2, by bus 1 and in a friend's car 1. 
What is the probability that she returns 
а by bus or in a friend's car 
b on foot or by bus? 


Ө | 4 The probability that Sam will complete the 5000 km race is 0.9 
and the probability that Aaron will complete it is 0.6. What is the 
probability that both Sam and Aaron will complete the 5000 km 
race? 


Ө | 5 A pack of cards is cut, reshuffled and cut again. What is the 
probability that 
a the first card cut is an ace or a king 
b the second card cut is an ace or a king 
с both cards cut are aces? 
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Tree diagrams 

When two coins are tossed, one possible outcome is a head and a tail. This outcome involves 
two events but they do not fit neatly into the ‘either ... or’ category or the ‘both ... and’ 
category. This is because a head and a tail can be obtained by getting 


either a head on the first coin and a tail on the second, 
or a tail on the first coin and a head on the second. 


So getting a head and a tail when two coins are tossed involves a mixture of independent 
and mutually exclusive events, and we need an organised approach to deal with such 

a combination. One such approach is to draw up a table showing all the equally likely 
outcomes, but this method cannot be used if all the possible outcomes are not equally likely, 
such as the possible outcomes when two people take a driving test. 


Now suppose that three coins are tossed and we want the probability of getting two heads 
and a tail. Three events are involved here, so we cannot use a table to list all the outcomes 
because a table can only cope with two events. 


These examples show that we need a different way of listing outcomes and finding 
probabilities. We will illustrate this approach with a simple example. 

Suppose that we have two discs, a red one marked A on one side and B on the other, and a 
blue one marked E on one side and F on the other. 

‘Tossing the red dise, the probability that we get A is 2 and the Red disc. 
probability that we get B is also i This information can be ^ 

shown in the adjacent diagram. 


n 
2 B 
Suppose that the red disc shows A and we go on to Blue disc 
toss the blue disc. The probability e getting E is > i n E 
and the probability of getting F is }. We can add this Reddic 2 
information to the diagram. i ^ 
E ' 
* Ы 
Н B 
We complete the diagram by considering what the Blue disc. 
probabilities are if the red disc shows a B before we Red disc. E 
toss tha hius disc. - 
т 
Ї 


i 
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Diagrams like this are called tree diagrams or probability trees. To use the tree 
diagram to find the probability that we get first an A and then an E, follow the path from 
left to right for an A on the first branch and an E on the second. The two probabilities we 
find there are 2 and }. The blue disc showing E is independent of the letter obtained on the 
red disc so we multiply the probabilities together to get 1. 


To find the probability that we get a B on the red disc and an F on the blue one, follow the 
B and F path and multiply the probabilities 


In general, we multiply probabilities when we follow a path along branches. 


Worked example 


—> А coin is tossed and a dice is thrown. Find the probability that 
a thecoin lands head up and the dice does not show a six 
b thecoin lands tail up and the dice shows a six. 


There are only two possible outcomes when the coin is tossed, so we need two ‘branches’ to 


show these. There are six possible outcomes when the dice is thrown, but we only need to 
consider these in two groups, throwing a six or not throwing a six, and we need only two 


branches to show these. 
Coin Dice 
i 6 
н 
p 
B noré «— Handnor6 
1 
i 6 +— Там6 
ї ci 
126 
-1х5-5 
a P(Handnot6) = 2*X6^312 


b P(Tand6)- 
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The probability that Mark gets to work on time is 7 and the 
probability that he leaves work on time is 2. 


а Find the probability that he does not leave work on time. 


b Copy and complete the Getting Leaving 
tree diagram. peat Wk 
А xx i on time 
What is the probability that Р” a 
© Mark gets to work on time but D ва 


does not leave on time 


4 Mark is late for work but leaves 
on time? late = 


When a drawing pin falls to the ground the probability that it 
lands point up is 0.2. 


a Find the probability that a pin does not land point up. 
Two drawing pins fall one after the other. 


b Copy and complete the tree diagram. First pin Second pin 
Find the probability that a cce 
с both drawing pins land point up point = 9 
d both drawing pins land point down. 5 = 
point =. 
down point 
down 


The first of two boxes of tennis balls contains one white and two 
yellow balls. The second box contains three yellow and two lime 
green balls. A ball is taken at random from each box. 


a Copy and complete the tree diagram. First Second 
box box 
Find the probability that 


b both balls are yellow aiis i 
c one is white and one is lime green. yellow 
yellow ET 


3 Probability 


Ө | 4 Two archers fire arrows at a target. The probability that Becker 
hits the target is 0.5 and the probability that Crossley does not 
hit the target is 0.3. Becker fires at the target first, then Crossley 
fires. 


Draw a tree diagram to show the possibilities and use it to find 
the probability that 

а both Becker and Crossley hit the target 

b neither hits the target 

c Becker hits the target but Crossley misses. 
d Crossley hits the target but Becker mi: 


Worked example 
— Two coins are tossed. Find the probability that they land showing a head and a tail. 


First. Second. 
coin. coin 


The worked example illustrates the general rule that 


we multiply the probabilities when we follow a path 
along the branches and add the results of following 
different paths. 
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The probability that Ryan’s bus has to wait at the traffic lights in the 
morning on the way to school is 1. 

Draw a probability tree to show the possibilities that the bus has 

to wait or can drive through the traffic lights on two consecutive 
mornings. Find the probability that, on two consecutive mornings, the 
bus 

a has to wait at the lights on both occasions 

b does not have to wait on either morning 

© has to wait on just one morning. 


a Ifa dice is rolled, what is the probability of getting 
і авіх ii а number other than six? 

b Two dice, one red and the other blue, are rolled. Draw a tree 
diagram to show the possibilities of getting a 6 or not getting a 6 
on each dice. Find the probability that 

i both dice show a 6 

the red dice shows a 6 but the blue dice does not 

iii the blue dice shows a 6 but the red dice does not 

iv just one dice shows a 6. 


For each of questions 7 to 13, draw a probability tree to illustrate the 
given information. 


7 


10 
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In a group of six girls, four have fair hair and two have dark hair. In a 
group of five boys, two have fair hair and three have dark hair. One boy 
and one girl are picked at random. What is the probability that, of the 
two students picked, one has fair hair and one has dark hair? 


In a class of 20, four students are left-handed. In a second class of 24, 
six students are left-handed. One student is chosen at random from 
each class, What is the probability that one of the students is left- 
handed and one is not? 


Derek and Alexis keep changing their minds about whether to send 
Christmas cards to each other. In any one year, the probability that 
Derek sends a card is 2 and that Alexis sends one is 8. 

Find the probability that next year 

a they both send cards 

b only one of them sends a card 

c neither sends a card. 

What should the three answers add up to and why? 


Copy the tree diagram in the worked example on the previous page 
and add branches to the right to show the following information. 
Three unbiased coins are tossed, one after the other. 

Find the probability that 

а three heads appear 

b three tails appear 

c two heads and one tail appear in any order. 


3 Probability 


Ө | 11 The weather forecast gives the probability that it will rain on 
Saturday as 0.07 and the probability that it will not rain on 
Sunday as 0.89. 
а On which of these two days is it more likely to rain and why? 
b Copy and, complete this tree diagram. 
‘Saturday ‘Sunday 


rain 
rain — 
e- 089 — no rain 
rain 
no rain cii 
norain 


c Use your tree diagram to find the probability that it will rain on 
i both days ii just one of the days. 
The probability that it will rain on Monday is 0.3. Add more 
branches to your tree diagram to include Monday. 
d Use your new tree to find the probability that it will rain on 
i попе of the three days ^ ii at least one of the three days. 


Ө | 12 A coin is tossed three times. Use your tree diagram from question 
10 to find the probability of getting 
a ahead and two tails c atleast one head 
b exactly one tail d at least two heads. 


Ө | 13 Ina group of 120 girls, 24 have blue eyes, 48 have hazel eyes, 
36 have green eyes and the remainder have brown eyes. All the 
girls have either long hair or short hair and the probability that. 
a given girl has long hair is 0.25. The probability that a girl has 
freckles is 0.65. Assume that each attribute is independent of the 
others. What is the probability that a girl chosen at random from. 
this group has 
a brown eyes, freckles and short hair 
b long hair, no freckles and either blue or green eyes? 
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Before we can answer questions such as ‘What is probability that a student chosen at 
random from the class has both a calculator and a protractor?’ we need to find how many 
students have both. 


Having a calculator or having a protractor are not mutually exclusive because some 
students will have both. This is the number of students in the intersection of the sets 
{students with a calculator} and {students with a protractor}. 


We do not know how many students have both, so we will use x as that number. 


We can now use a Venn diagram to illustrate this information. We cannot list the students 
because we do not know their names, so we will use the number of students in each set. 


We know that the number in area common to both the circles, representing (students with 
а calculator) and (students with a protractor], is x. 


We also know that the number in the set [students with a calculator] is 20. 


students in 
calculators protractors | the class. 


) 


Therefore, the number in the part of the circle representing {calculators but not 
protractors] is 20 — x. 


Similarly, the number in the part of the circle representing [protractors but not 
calculators] is 16 — x. 


Outside the two circles is the number who have neither a calculator nor protractor. 


6 


We know that there are 30 students in the class so we can form the equation 
(20 — x) + x + (16 — x) + 6 = 30 
Solving this equation gives 42 -x = 30 
giving x=12 
Now we can give the probability that a student has both a calculator and a protractor as 
2 
30 


1 Use the Venn diagram above to find the probability that one 
student chosen at random from the class 


a hasa calculator but not a protractor 
b has a calculator and/or a protractor. 


76 


3 Probability 


Ө | 2 The Venn diagram shows how many students in a class of 30 own 
a mobile phone and/or a tablet. 


students in 
the class 


а How many students do not own either a mobile phone or a 
tablet? 


What is the probability that one student chosen at random from 
the class 


b owns a tablet but not a mobile phone 
© owns а mobile phone? 


Ө | з 100 adults were asked how they paid for goods bought in a shop. 
Some said they used a credit card, some said they paid cash and 
some said they used both. Some adults used other means to pay 
for their goods. 

Some of these results are shown in the Venn diagram. 

100 adults 


credit card. cash 


) 


a Copy and complete the Venn diagram. 


b How many adults paid for goods without using a credit card 
or cash? 

с What is the probability that one of these adults chosen at 
random only used cash? 


d What is the probability that one of these adults chosen at 
random didn’t use cash? 


Ө | 4 Ina squad of 35 cricketers, 20 said that they could bat and 8 said 
that they could bat and bowl. Show this information on a Venn 
diagram. How many more were willing to bowl than to bat? 


@| 5 Ima group of 24 children, each child had a dog or a cat or both. 
18 had a dog and 5 of these also had a cat. 
Show this information on a Venn diagram and hence find the 
probability that one of these children chosen at random had 
а асар 
b only a dog 
с just one of these as a pet. 
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A group of 50 television addicts were asked if they watched 
sports programmes and nature programmes. The replies revealed 
that they all watched one or other or both: 21 watched both 
sports and nature programmes and 9 watched only nature 
programmes. Show this information on a Venn diagram and 

use it to find the probability that one of these people chosen at 
random 

a watched sports programmes 

b did not watch nature programmes 

© watched either sports or nature programmes but not both. 


Ina youth club, 35 teenagers said that they went to football 

matches, discos or both. Of the 22 who said they went to football 

matches, 12 said they also went to discos. A further 10 teenagers 

said they did not go to either. Show this information on a Venn 

diagram. 

a How many teenagers went to football matches or discos, but 
not to both? 

b One of this group of teenagers is chosen at random. What is 
the probability that the teenager went to discos but not to 
football matches? 


There are 28 students in a class, all of whom take history or 
geography or both. 14 take history, 5 of whom also take geography. 
a Show this information on a Venn diagram. 

One student is chosen at random. What is the probability that 
the student takes 

b geography 

с history but not geography 

d just one of these subjects? 


The Venn diagram shows some information ahout how many 
students in a class of 32 had goldfish (G), budgerigars (B) or both. 


БҮС 


а Use the Venn diagram to find the number of students who 
had both goldfish and budgerigars. 


One student is chosen at random. What is the probability that 
the student 


b did not have a budgerigar 
с had at least one of these pets? 


15 
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10 The passengers on a coach were questioned about the 

newspapers and weekly magazines they bought. 

3 bought both a daily newspaper and a weekly magazine. 

15 bought a daily newspaper. 8 bought a weekly magazine. 

8 did not buy either a daily paper or a weekly magazine. 

a Show this information on a Venn diagram. 

b How many passengers were there on the coach? 

c What is the probability that one of the passengers, chosen 
at random, bought a daily newspaper, a weekly magazine or 
both? 


1 


[zi 


One evening all 78 members of a youth club were asked whether 

they liked swimming (S) and/or dancing (D). It was found that 34 

liked swimming, 41 liked dancing and 8 liked neither. 

a Show this information on a Venn diagram. 

b Use the diagram to find how many liked both swimming and 
dancing. 

What is the probability that one of the members, chosen at. 

random, likes 

c swimming but not dancing 

d dancing or swimming but not both? 


12 During April, 36 cars were taken to a testing station for a road 
worthiness certificate. The results showed that 17 cars passed 
the test, 10 had defective brakes and 13 had defective lights. 

a Show this information on a Venn diagram. 

One of these cars is chosen at random. What is the probability 
that it 

b failed the test 

€ had both defects 

d had just one defect? 


18 a Write down the members of the set of all possible outcomes 
when an ordinary unbiased six sided dice is rolled. 
b Write down the members of the set of outcomes that are 
i prime numbers ii even numbers. 
c The dice is rolled once. What is probability that it scores a 
number that is neither prime nor even? 


14 a List the members of the set, S, of whole numbers from 1 to 16 

inclusive. 

b List the set, A, of numbers that are factors of 12 and the set, 
B, of numbers that are factors of 16. 

с Show the members of all three sets in a Venn diagram. 

d One number is chosen at random from the set S. What is the 
probability that the number is 
i a factor of both 12 and 16 ii a factor of neither 12 nor 16? 
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Ө | 15 The Venn diagram shows the number of students taking 


geography (G), history (H) and art (A) in a class of 43. 
Every student takes at least one of these subjects 


| 
a Write down an expression, in terms of x, for the number of 
students who take history. 
b Write down an equation, in terms of x, which shows the 
information given. 
c Find the probability that опе of these students, chosen at 


random 
i takes geography only ii takes art. 


u 


Mixed exercise 


The next exercise contains mixed problems on probability. You can 
answer some of the questions directly from the basic definition of 
probability and you can answer some using the sum and product rules. 
Draw a tree diagram or a possibility table or a Venn diagram only when 
you think it is needed. 


Ө| 1 Aletteris picked at random from the word CATASTROPHE. 


Find the probability that 
а the letter is a vowel b the letter is A or T. 


Ө| 2 A knitting wool sample card has 1 green, 1 black, 4 blue and 
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2 red samples. If one sample is picked at random, what is the 
probability that it is 

a yellow b black, green, red or blue? 
The scores on a four-sided spinner are 1, 2, 3 or 4. On a second 


four-sided spinner the scores are 5, 6, 7 or 8. If the two are spun, 
find the probability that 


а the score on both spinners is odd 
b the score on both spinners is even 
€ the score on neither spinner is prime. 


3 Probability 


4 A sector is chosen at random from each circle. 
What is the probability that 
а both sectors picked are blue 
b both sectors picked are white 
с опе is blue and the other is not? 


5 There are two bags. The first contains 2 white and З black marbles 
and the second contains 1 red and 2 blue marbles. Two marbles are 
taken at random, one from each bag. Find the probability that 
a a white and a blue marble are taken 
b a black and a red marble are taken 
c neither a white marble nor a red marble is taken. 


6 Inagame of skittles the probability that Ted scores more than 5 is 2 
and the probability that George scores more than 5 is 2. Ted goes first. 
followed by George. Use a tree diagram to find the probability that 
a both Ted and George score more than 5 
b Ted scores more than 5 but George does not 
с both score 5 or less 
d one scores more than 5 but the other does not. 

7 Mr Aziz sells vegetables from a market stall. One morning he makes 
a note of the sales of carrots and yams to the first 50 customers. 

25 bought carrots 
36 bought yams 
12 bought neither carrots nor yams. 
a Find the number of customers who bought carrots and yams. 
b Ifone customer from the list is chosen at random, what is the 
probability that the customer bought carrots but not yams? 


Consider again 
Max could win on the fruit machine if cherries appear on all three drums, or lemons appear 
on all three drums. Before he plays he would like to assess the risk of losing money. 


To do this, he needs to know how to find the probability of combined events such as 
a getting either a cherry or a lemon on the first drum 

b getting a cherry on both the first and the second drum 

c getting a cherry on all three drums 


There are 10 different types of fruit on each drum. 
Now can you give Max the answers he needs? 


Consider also 


An ordinary unbiased dice is rolled. What is the probability of throwing a prime number or 
an even number? 


Now can you answer this question? 
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Consider 

Ben is a buyer in the men’s department of a large department —— 
store. He buys a batch of shirts from a manufacturer for 2 

£11.50 each. His normal practice is to add a mark-up of 50%, el ! 

then he has to add value added tax (VAT) at 20% to give the "n 44 

selling price. ü : 


What does this give as the selling price? 
He prefers to sell the shirt at just under £20, so decides to sell es S 

it at £19.95 including VAT. 

Ben needs to work out how much of the £19.95 is VAT, because he will have to pay this 
amount to the tax authority. How much VAT will he have to pay? 

You should be able to solve this problem after you have worked through this chapter. 


Discuss what you need to be able to do to solve the following 

problems. 

1 The total number of a certain species of bird is estimated to be 
5000. It is believed that the number is decreasing at the rate of 
5% a year. The Society for the Protection of Birds would like to 
find out how many years it will be before the population drops 
below 2000. 

2 The cost of a unit of electricity is 8.65 p including VAT at 8%. It 
is rumoured that, if a particular party wins power at the next 
general election, the rate of VAT that applies to domestic fuel 
will rise from 8% to 171%, whereas і the other main party wins 
they will abolish VAT on domestic fuel altogether. Assuming that 
the basic cost of electricity stays the same, Matthew would like 
to know how much one unit of electricity will cost depending on 
which of these two parties forms the next government. He would 
also like to work out the percentage difference between the two. 


Discussion of the above situations shows that when dealing with a 
variety of problems involving percentages, a clear understanding of 
what the percentage is of is very important. 
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Percentage increase and percentage decrease 

Percentage increase or decrease arises in many different situations. We may read that: 
* certain workers are to receive an increase in their wages of 8% 

• value added tax (VAT) may be increased from 20% to 22% 

the basic rate of income tax should be reduced from 20% to 18% 

• all the items in a sale are offered at a discount of 20%, 


Changes are expressed in percentage terms as a percentage of the quantity before any 
changes are made. This is because this makes it easier to calculate the actual change in a 
particular case and to compare one change with another. 


If a wage of £100 per week is increased by 8%, then the new wage is 


108% of £100 = 1.08 x £100 
= £108 
If an article costs £55 plus sales tax at 172%, then the full cost is 
117192 of £55 = 1.175 х £55 
= £64.63 (correct to the nearest penny) 


If a woman earns £550 and has to pay tax on it at the rate of 23%, she actually receives 
(100 — 23)% of £550, which is 77% of £550. 


77% of £550 = 0.77 x £550 
= £423.50 


If a discount of 25% is offered in a sale, a piece of furniture, originally marked at £760, 
will cost. 


7596 of £760 = 0.75 x £760 
= £570 


Retailers buy in goods, which are usually sold at an increased price. The increase is 
often called the mark-up and is normally given as a percentage of the buying-in price. 
Occasionally goods are sold at a decreased price, which means they are sold at a loss. 
The loss is also given as a percentage of the buying-in price. 


If a store puts a mark-up of 50% on an article it buys for £100, its mark-up is 


and the selling price is 


150% of £100 = 1.5 x £100 
= £150 
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Worked example 


— A second-hand car dealer bought a car for £3500 and sold it for £4340. 
Find his percentage mark-up. 


Mark-up = selling price — buying-in price 
Remember, percentage mark-up is 


= EEO 88500. the mark-up expressed as percentage 
= £840 of the buying-in price. 


азор р еар 0100 
buying-in price 


X 100 = 24 


~ £3500 
Therefore the mark-up is 24%. 


In questions 1 to 4, find the percentage mark-up. 
1 Buying-in price £12, mark-up £3 

2 Buying-in price £28, mark-up £8.40 

3 Buying-in price £16, mark-up £4 

4 Buying-in price £55, mark-up £5.50 


Worked example 


—- Aretailer bought a leather chair for £375 and sold it for £285. Find his percentage 
loss. 


loss = buying-in price — selling pri 
loss = buying-in price — selling price SRE = 
= £375 — £285 the buying-in price, 
= £90 


% loss = 1088. x 100 
buying-in price 


= £90 3 
зурх 100 = 24 


Therefore the loss is 24%. 


In questions 5 to 8, find the percentage loss. 
5 Buying-in price £20, loss £4 

6 Buying-in price £125, loss £25 

7 Buying-in price £64, loss £9.60 

8 Buying-in price £160, loss £38.40 
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Worked example 
— An article costing £30 is sold at a gain of 25%. 
Find the selling price. 
The selling price is 100% of £30 + 25% of £30, Alternatively, we can find the gain, 
which is E 2% ore original cost, 
ап to the original cost. 
125% of £30 Geli cDNA cian 
Selling price = 125% of £30 = 0.25 x £30 
135 x £30 EDAD 
_ 5 Selling price = £30 + £7.50 
= 2915 ‘Therefore the selling price is £37.50, 


Therefore the selling price is £37.50. 


In questions 9 to 14, find the selling price. 
9 Cost £50, gain 12% 

10 Cost £64, gain 122% 

11 Cost £29, gain 110% 

12 Cost £36, loss 50% 

13 Cost £75, loss 64% 

14 Cost £128, loss 373% 

In questions 15 to 19, find the weekly cash increase for each 

employee. 

15 Ian earns £320 per week and receives a rise of 1%. 

16 Nairn earns £280 per week and receives a rise of 2%. 

17 Sitara earns £225 per week and receives a rise of 3%. 

18 Lyn earns £370 per week and receives a rise of 5%. 


19 Joe earns £400 per week and receives a rise of 2%. 


For questions 20 to 22, which is the better cash pay rise, and by how 
much? 


20 a 69 on a weekly wage of £100, or 
b 49% ona weekly wage of £250 


21 a 33% on a weekly wage of £180, ог 
b 29 ona weekly wage of £400 


22 а 4% ona weekly wage of £300, or 
b 3% ona weekly wage of £400 
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In questions 23 to 28, find the purchase price of the given item. 
23 An electric heater marked £90 plus VAT at 20% 

24 A food mixer marked £64 plus VAT at 18% 

25 A calculator marked £8.40 plus VAT at 175% 

26 Acar tyre costing £114 plus VAT at 25% 

27 A bathroom suite costing £1800 plus VAT at 17% 

28 A ticket for a concert costing £20 plus VAT at 18192 


Worked example Е 


—> Piotr has a taxable income of 20 000 per annum. How much tax will he pay if the 
basic rate is 20%? 
Tax due = 20% of £20 000 
= 0.20 х £20000 
= £4000 


Assuming that the basic rate of income tax is 20%, find the yearly 
tax on the following taxable incomes. 


1 £5000 3 £6500 5 £6450 
2 £8000 4 £12500 6 £8260 
Find the yearly income tax due on a taxable income of 
7 £10000 if the basic tax rate is 33% 
8 £8000 if the basic tax rate is 25% 
9 216000 if the basic tax rate is 25% 
10 £24000 if the basic tax rate is 32% 


4 Percentages 


Worked example 


— Edgar Brooks earns £30 000 each year. If his tax free allowances amount to £10000, 
how much tax will he pay when the basic rate is 23%? 
Taxable income = £30000 — £10000 
= £20000 
Tax due = 23% of £20000 
= 0.23 x £20000 
= £4600 


Use the following details to find the income tax due in each case. 


Name  |Gross income | Allowances | Basic tax rate 
11 | Miss Deats £8000 £2000 20% 
12 | Мг Еуапѕ 10000 £3000 23% 
13 | Mrs Khan £15000 £3200 15% 
14 | Mr Ames £9000 £2600 33% 
15 | Miss Piatek £20000 £4750 28% 
Worked example 


— A property developer has an annual income of £240 000 and can claim allowances of 
£30 270. The basic rate of income tax is 20%, which is payable on the first £32010 of 
his taxable income. A higher rate of 40% is due on the next £117 990 of his taxable 
income and a rate of 45% on any remaining taxable income. Find the total tax 
payable. 


Taxable income is £240 000 — £30270 = £209 730 
Tax due on £32010 at 20% = 0.20 x £32010 
= £6402 
Higher rate tax on next £117 990 at 40% = 0.40 x £117 990 
= £47196 


Tax at the rate of 45% is due on £209 730 — £32010 — £117990 
= £59730 


Tax at 45% on £59 730 = 0.45 х £59730 
= £26 878.50 


Total tax payable = £6402 + £47196 + £26878.50 
= £80476.50 
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16 For each case in the table below, calculate the income tax payable 
if a lower rate of 20% is charged on the first £30950 of taxable 
income and the remainder of the taxable income is charged at the 


rate of 40% . 
Gross income | Allowances 
a £45500 £11250 
b 448800 £14336 
c £53 660 £12660 


17 Repeat question 16 if the lower rate of tax is decreased from 20% 
to 18%. 


18 For each case in the table below, calculate the income tax payable 
if a lower rate of 10% is charged on the first £2950 of taxable 
income, the basic rate is charged on the next £22 600 and the 
remainder of the taxable income is taxed at the higher rate. 


Rove 


Yearly income | Allowances | Basic rate tax | Higher rate tax 
845400 £10600 20% 40% 
£39700 £11740 24% 40% 
£42350 £10800 21% 60% 

£253 000 £20280 25% 50% 


Worked examples 


—> During the January sales, a department store offers a discount of 10% off marked 
prices. What is the discounted price of a dinner service marked £84.50? 


If the discount is 10%, the discounted price is 90% of the marked selling price, 


i.e. the purchase price of the dinner service is 90% of £84.50 


= 0.9 x £84.50 
= £76.05 


Alternatively, if the discount is 10% on the marked price 


Discount = 0.1 x £84.50 


= £845 


~, purchase price = £84.50 — £8.45 
= £76.05 


4 Percentages 


—- What is the discounted price of a pair of jeans marked £16.30? 
Similarly, the discounted price of the jeans is 90% of £16.30 
= 0.9 x £16.30 


(9) Alternatively, diet e 10% on £16.30 = 0.1 x £16.30 
= £14.67 


2. purchase price = Жо 30 — £1.63 
= £14.67 


In a sale, a shop offers a discount of 20%. What would be the 
discounted price for each of the following items? 


1 Adress marked £35 

2 A lawn mower marked £115 

З A pair of shoes marked £62 

4 Aset of garden tools marked £72.50 

5 Light fittings marked £82 each 
Ina sale, a department store offers a discount of 50% on the 
following items, Find their discounted price. 

6 A pair of curtains marked £76.50 

7 A leather football marked £32.30 

8 A boy’s jacket marked £28.60 

9 А girl's coat marked £64.50 


10 In order to clear a large quantity of woollen goods, a shopkeeper 
puts them on sale at a discount of 33%. Find the discounted price 
of 
а ajumper marked £18.30 
b askirt marked £22.20 


Q | 11 A shopkeeper buys in T-shirts at £12.50 each and 
marks them up by 50%. Some are later sold in a sale ас 
a discount of 35%. Does the shopkeeper gain or lose on 
these T-shirts and by how much? 
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Worked example 
-> An item is sold for £252. If this includes a mark-up of 5%, find the buying-in price. 
There is a mark-up of 5% Remember that the mark-up of 596 is 6% 
Selling price = 105% of the buying-in price of the buying-in price. We do not know 
= 1.05 х buying-in price the buying-in price, so we call it £x. 

If the buying-in price is £x, then 

252 = 1.05 X x 

252 


252 =x giving 240 =x 


‘Therefore the buying-in price is £240. 


In questions 1 to 18, selling price is abbreviated to SP. 


Find the buying-in price. 
1 SP £98, mark-up 40% 5 SP £40, mark-up 25% 
2 SP £64, mark-up 60% 6 SP £920, mark-up 15% 
3 SP £28, mark-up 75% 7 SP £1008, mark-up 125% 
4 SP £12, mark-up 100% 8 SP £21.50, mark-up 7199 
Worked example 


—> А book is sold for £6.30 at a loss of 30%. Find the buying-in price. 


Selling price = 70% of the buying-in price The loss of 30% is 30% of the b ia 


Then if the buying-in price is x pence price, so the selling price is (100% — 30%), 
ЗООГ i.e, 70% of the buying-in price, 


630+0.7=x ie x= 900 
The buying price of the book is 900 p, or £9. 


Find the buying-in price. 

9 SP £30, loss 25% 14 SP £45, loss 10% 
10 SP £56, loss 30% 15 SP £120, loss 25% 
11 SP £70, loss 65% 16 SP £8.50, loss 50% 
12 SP £12, loss 33% 17 SP £64, loss 60% 
13 SP £8.16, loss 40% 18 SP £1200, loss 40% 


4 Percentages 


Worked example 
— After a pay rise of 5% Joshua's weekly pay is £126. How much did he earn before 
the rise? 
If Joshua’s original pay was £x Ta eae T Mp eI 
then 126 = 105% of x pay, so his new pay will be (100% + 5%), 
126-1053 i.e. 105% of his original pay. 
= 126 
ae 55105 
= 120 


Joshua's original weekly pay was £120. 


The table below shows the weekly wage of a number of employees 
after percentage increases as shown. Find the original weekly wage 
of each employee, to the nearest whole penny where necessary. 


Name % increase in pay | Weekly wage after increase 
19 | George Black 10% £232 
20 | Kasia Gorski 8% £335 
21 | John Rowlands 15% £499 
22 | Bianca Lewis 7% £396.88 
23 | Priti Kadam 4% £185.68 
Worked example 
—> The purchase price of a watch is £70.50. This includes sales tax at 171%. Find the 
price before sales tax was added. 
If the price of the watch before tax is added is £C 
then 1.175 x C= 70.5 CUT EUN TEILT 
i = 705 +1. before the tax has been. 
mes атама i.e. purchase price = (100% + 173%) 
= 60 of the price before tax is added. 


The price before sales tax was added was £60. 


Ө | 24 The purchase price of a hairdryer is £13.80. If this includes sales 
tax at 15%, find the price before tax was added. 


Ө | 25 I paid £763.75 for a dining table and four chairs. If the price 
includes VAT at 173%, find the price before VAT was added. 


9 26 John’s income last week was £336 after income tax at 30% had 
been deducted. Calculate his pay before the tax was deducted. 
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27 Water increases in volume by 4% when it is frozen. How much 
water is required to make 884 cm? of ice? 


28 The stretched length of an elastic string is 31 cm. If this is 24% 
more than its unstretched length, find its unstretched length. 


29 Because of a change in the exchange rate, the cost of the Stones’ 
family holiday was increased by 53% to £1631.03. What was the 
cost of the holiday before the increase? 


30 Sara's take-home pay last week was £226.46. This was after 
deductions that amounted to 32.4% of her gross pay. 


Find a hergross pay b her deductions. 


Mixed problems involving percentage increase and 
decrease 


Remember that a percentage increase or decrease is always 
calculated as a percentage of the quantity before the change. In 
questions that ask you to find the original quantity, for example 
question 4, you can check your answer by working through the given 
information using your answer. 


00000 


1 A house is bought for £108 000 and then sold at a profit of 14%. 
Find the selling price. 


2 Carpets that had been bought for £18.50 per square metre were 
sold at a loss of 26%. Find the selling price per square metre. 


3 Potatoes bought at £18 per 50 kg bag are sold at 48 p per kg. Find 
the percentage profit. 


4 An art dealer sold a picture for £1980, making a profit of 65%. 
What did she pay for it? 


5 Rachel's present average weekly grocery bill is £113.40, which is 
8% more than she paid, on average, for the same goods each week 
last year. What was Rachel's average weekly grocery bill last. 
year? 


6 What is Fred's gross weekly wage if, after paying deductions of 
35%, he is left with £223.60? 


7 Between two elections the size of the electorate in a constituency 
fell by 16%. For the second election, 37 191 people were entitled 
to vote. How many were entitled to vote at the first election? 


92 


4 Percentages 


8 When the rate of sales tax is 174%, a CD costs £7.05. 
What will it cost if the rate of sales tax is 


a increased to 20% 
b decreased to 15%? 
9 If Nathan begins his journey after 9 a.m. he is allowed a discount 


of 30% on the cost of his rail ticket. He pays £22.75 for a ticket to 
London, leaving on the 9.15 a.m. 


a Express the discounted price as a percentage of the full price. 
b Calculate the cost of the ticket before deducting the discount. 


10 A camera bought for £300 loses 40% of its value in the first year, 
a What is it worth when it is one year old? 

b Express its value after one year as a percentage of the 
amount by which it has depreciated (decreased in value). 

11 Andrew Bullen received £2055 pay last month. This sum was 
made up of a fixed basic wage of £545 plus commission at 2% of 
the value of the goods he had sold in the preceding month. Find 
the value of the sales Andrew made last month. 

12 Inasale at a department store, a tea set is sold at a discount of 
15%. The sale price is £59.49. 

Find a the pre-sale price b the discount. 


13 In Speake's electrical store, a Blu-Ray player is priced £167.50. 

a Harri pays cash and so is given a discount of 8%. How much 
does the Blu-Ray player cost him? 

b The ticket price of the Blu-Ray player now is 3.5% more than 
it was this time last year. What was the ticket price a year 
ago? 

14 Piedro has a faulty washing machine. He calls out the service 
engineer, who repairs it. 

Copy and complete his bill, which is given below. Give any value 

that is not exact correct to the nearest penny. 


Fixed call-out charge 8850 
Labour: 14 hours at 42А 
Parts — 
"Total before VAT (— 
VAT at 20% 

Total due 178.80 
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Ө | 15 A jeweller buys in watches from a wholesaler. To the price she 
pays for each watch, she adds a mark-up of 50% to give the retail 
price. She then adds value added tax at 173% to the retail price 
and this gives the price to the customer, which is rounded up to 
the nearest penny. A customer buys a watch for £79.99. What did 
the shopkeeper pay the wholesaler for it? 

Ө | 16 Holidays Abroad charge 1% commission when selling foreign 
currency. How much, in pounds sterling, will Kerry have to pay 


for 800 euros if the exchange rate is £1 = €1.21, that is, £1 buys 
€1.21. 


Ө | 17 Ravinder is going to Canada. Her bank will exchange 
1.55 Canadian dollars for each £1, and only gives a whole number 
of dollars. It also charges 1% commission for the transaction. 
Ravinder wants to spend at most £250 for her dollars. 


a What is the maximum whole number of dollars she can buy? 
b How much commission is she charged? 
с How much, if any, of her £250 is left over? 

Ө | 18 The purchase price of a diamond ring increases by £20 when 


the sales tax is increased from 12% to 20%. Find the original 
purchase price of the ring. 


@ | 19 The table shows the original price and sale price of several items 
in a clothes shop. 


Original price (£P) 24 56 65 88 
Sale price (£S) 19.20 44.80 52 70.40 
Plot these values оп a graph using 2cm = £10 on both axes. Scale 
the P-axis from 0 to 100 and the S-axis from 0 to 80. Draw a 


straight line to pass through the four points, and use your graph 
to find 


а the sale price of a garment originally marked 
i £36 ii £75 

b the original price of a dress whose sale price is 
i £44 ii £66. 


Find the gradient of the line and give a meaning to its value. 
Express this gradient as a percentage and use its value to find 


c the sale price as a percentage of the original price 
d the percentage discount. 
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Interest 


Many organisations such as banks and building societies offer savings accounts. If you put 
money into such an account, the bank uses your money for other purposes and pays you for 
that use. The amount that the bank pays for the use of your money is called interest, 

The time may come when you wish to use someone else’s money to buy an expensive item 
such as a car or even a house. You will normally have to pay for the use of borrowed money, 
that is, you will have to repay more than you borrow and the extra you repay is also called 
interest. 

Interest on money borrowed (or lent) is usually a percentage of the sum borrowed (or lent). 
This percentage is often given as a charge per year (per annum, or p.a.) and it is then 
called the interest rate. For example, if £100 is put into a building society account with an 
interest rate of 2% p.a., then after one year, the society pays 


2% of £100, ie. £2 


1 Jade is given £500 for her 18th birthday. She puts the money in 
a savings account with an interest rate of 2.5% p.a. How much 
interest is added to her account after one year? 


2 Ann Peters is given a loan of £650 from the bank which she 
agrees to repay after one year. How much does she have to repay 
if the interest rate is 12}% p.a.? 


Find the interest payable after one year on each of the following 
sums of money invested (i.e. put in a savings account) at the given 
interest rate. 


3 £352 at 1.5% p.a. 
£10000 at 4.25% p.a. 


4 

5 £2600 at 3.3% p.a. 
6 £5840 at 6.4% ра. 
T 


What annual rate of interest is necessary to give interest of £238 
after one year on an investment of £2800? 


8 What is the original size of a loan that costs £45 when repaid 
after one year at an interest rate of 9% p.a.? 


9 Find the original sum borrowed if £287.50 has to be repaid after 
one year when the interest rate is 1556 p.a. 
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10 Mr and Mrs Surefoot invest a sum of money in a deposit account 
with the Highway Building Society. The society quotes a gross 
rate of 4% but add the net interest to the account after deducting 
income tax at 20%. One year after the investment was made the 
statement shows that net interest of £800 was added. Find 
а the gross interest paid by the building society 
b the amount of money invested. 


Compound percentage problems 
There are many occasions when a percentage increase or decrease happens more than 
once. Suppose that a house is bought for £220 000 and increases in value (appreciates) by 
10% of its value each year. 
After one year, its value will be 110% of its initial value, 
ie. 11056 of £220 000 — 1.1 x £220000 — £242000 
The next year it will increase by 10% of the £242 000 it was worth at the beginning of the 
year, so its value after two years will be 

110% of £242 000 = 1.1 х £242000 = £266 200 
While some things increase in value year after year, many things decrease in value 
(depreciate) each year. If you buy a car or a motorcycle, it will probably depreciate in value 
more quickly than anything else you buy. 
If you invest money in a savings account and do not spend the interest, your money will 
increase by larger amounts each year if the interest rate stays the same. 
This kind of interest is called compound interest. The sum on which the interest is 
calculated is called the principal and changes each year. 


Worked example 


— Find the compound interest on £260.60 invested for 2 years at 8% p.a. 


Interest for first year at 8% is 8% of the original principal. 
New principal at end of first year 

= 100% of original principal + 8% of original principal 
108% of the original principal 
:08 x original principal 


es Use all available figures when 
2. principal at end of first year таала betel 
= 1.08 х £260.60 does not work out exactly. 


= £281.448 
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Similarly, new principal at end of second year 


= 108% of the principal at the beginning of the second year 
= 1.08 x £281.448 
2. principal at end of second year 
= £303.963... 
So the compound interest on £260.60 for 2 years 
= principal at end of second year — original principal 
= £303.963... — £260.60 = £43.363... = £43.36 correct to the nearest penny 


In questions 1 to 7, give all answers that are not exact correct to the 
nearest penny. But remember to use all the available figures when 
your intermediate calculations to not work out exactly. Find the 
compound interest on 


1 £200 for 2 years at 10% ра. 
2 £300 for 2 years at 2% p.a. 
3 £400 for 3 years at 8% p.a. 
4 £650 for 3 years at 3% p.a. 
5 £520 for 2 years at 1% p.a. 
6 £690 for 2 years at 4% p.a. 
т £624 for З years at 1.2% p.a. 
8 A house is bought for £110 000 and appreciates at 8% a year. 
What will it be worth in 2 years' time? 
9 A rare postage stamp increases in value by 15% each year. If it is 
bought for £50, what will it be worth in 3 years’ time? 
10 A motorcycle bought for £3500 depreciates in value by 20% each 
year. Find its value after 3 years. 


Worked examples 


> An antique silver teapot is valued at £750 and appreciates by 12% a year. Find its 
value after 3 years. 


Value of teapot. 
after 1 year = 112% x £750 

= 1.12 х £750 
= £840 

after 2 years = 1.12 £840 
= £940.80 

after 3 years = 1.12 x £940.80 
= £1053.70 (to the nearest penny) 
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> By contrast, a hi-fi system costing £750 depreciates by 12% a year. Find its value 
after 3 years. 


Value of hi-fi system 
after 1 year = 88% х £750 
= 0.88 x £750 = £660 
after 2 years = 0.88 х £660 
= £580.80 
after 3 years = 0.88 х £580.80 
= £511.10 (to the nearest penny) 


—- Express the value of the hi-fi system after 3 years as a percentage of the value of 
the teapot after 3 years. 


Value of hi-fi system after 3 years as a percentage of the value of the tea pot after 
3 years 


= Value of hi-fi. 100% 
Value of teapot 


= £511.10 тоф 


~ £1053.70 
= 48.5% (correct to 3 s.f.) 


Remember to use all the available figures when an intermediate 

calculation does not work out exactly. 

11 Three years ago David and Charles each invested £30 000. David 
put his money into shares in a pharmaceutical company while 
Charles invested his money in a really spectacular car. The 
value of the car depreciated by 20% a year, while shares in the 
pharmaceutical company appreciated by the same percentage. 
Find the value of each investment now. 


12 Anew car costing £25 000 depreciated in value each year 
by 18% of its value at the beginning of that year. 
a Find its value 
i after Lyear ii after 4 years. 
b Calculate the percentage decrease in the 
value of the car over 4 years. 
(Give your answer correct to the nearest tenth of a per cent.) 


13 A new motorbike costing £8000 depreciates each year Бу 18% of 
its value at the beginning of the year. Find 
а itsvalue i after lyear ii after 3 years 
b the percentage decrease in value after З years. 
(Give your answer correct to the nearest tenth of a per cent.) 
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14 


15 


16 


17 


The present toll for a car crossing the Midford suspension 
bridge is £3.80. This charge is set to rise by 8% this year and by 
a further 6% for each of the following 5 years. Each increase is 
rounded down to the nearest 5 p. How much will it cost to cross 
Midford bridge 

а in 2 years’ time 

b іп 4 years’ time? 

In the state of Necka the current amount that a person can earn 
without paying any income tax is £3500. This amount, rounded 
up to the nearest £10, is set to increase in line with inflation, the 
projected rates of which are given in the table. 


Number of years from now 1 2 3 4 5 


Expected rate of inflation 
for that year 


3% | 2.5% | 4.5% | 6.8% | 8.3% 


Use these values to find the tax-free amount a single person can 
earn in 

а 3 years’ time 

b 5 years’ time. 

The rabbit population of Ditcher’s Heath has increased by 20% 
a year for the last 3 years. The estimated population is now 400 


rabbits. 
а Estimate, to the nearest 10, the number of rabbits on the 
heath 
i 1year ago 


ii 2 years ago 
iii 3 years ago. 
b State whether each of the following statements is true or 
false? 
A The rabbit population of Ditcher's Heath has increased by 
the same number each year. 
B Every year the increase in the number of rabbits is more 
than the increase was the year before. 
C Ifthe rate of increase stays the same, there will be 420 
rabbits next year. 
D Atthe present rate of increase, there will be more than 
twice as many rabbits on the heath within 10 years. 
The population of Roxley has increased by 5.5% a year for the 
last 5 years and is expected to grow at the same rate for the 
foreseeable future. The present population of Roxley is 
20000. 
a Find the expected population 
i nextyear | ii in 2 years’ time. 
b Find the population of Roxley 
i lyearago ii 2years ago. 
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Worked example 
— William buys a fixed rate bond for 85000 at 
the start of 2014. cen TENE Md 
Interest is added at the end of each year at 4% зам continue until the 
of the value of the bond at the start of the year. аго ЕЕ 
For how many years will William need to keep СМ lait UE stab las 
the bond before its value is at least £6000? 
Date | Elapsed time (years) Value 
2014 0 £5000 
2015 1 104% of £5000 = 1.04 x £5000 = £5200 
2016 2 104% of £5200 = 1.04 x £5200 = £5408 
2017 3 1.04 х £5408 = £5624.32 
2018 4 1.04 x £5624.32 = £5849.2928 
2019 5 1.04 x £5849.2928 = £6083.26... 


William will need to keep the bond for 5 years. 


18 Mr James grows prize marrows. When growing conditions are 
ideal, his marrows increase in weight by 10% each day. How 
many days will it take a marrow whose weight is now 700g to 
a increase in weight to at least 800g 
b increase in weight to at least 1000¢ 
c at least double in weight? 


19 A new town of 2000 houses is to be built in the year 2020 and is 
then planned to increase by 20% each year. At the start of which 
year will the number of houses be at least doubled? 


20 A pest eradication scheme for a railway system aims to decrease 
the number of rats by 30% a month. At the start of July it is 
estimated that there are 10000 rats. After how many months will 
the number of rats be below 


a 5000 b 500? 


21 A classic car is bought for £P. Its value appreciates by 8% each 
year. Find, in terms of P, an expression for the value of the car 


after 
a 1уеаг c 6years 
b 2years d nm years. 


Use the formula you found in part d to find the value after 10. 
years of a classic car bought for £500. 
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Mixed exercise 


1 Tim earns £310 per week and has just received a rise of 4%. 
What is his new weekly wage? 


2 Ina sale a store gives a reduction of 20% off the ticket price. A 
winter coat is marked £99. How much is the discounted price? 


3 Justine May earned £28 500 last year. No income tax was due on 
the first £3900 of her income but she had to pay tax at 20% on 
the next £3750 and 23% on the remainder. How much income tax 
did she pay altogether? 


4 А shopkeeper buys 80 items for £200 and sells them for £3.50 
each. Find his percentage profit. 


5 Engine modifications were made to a particular model of car. As 
a result the number of kilometres it travels on one litre of petrol 
increased by 8%. If the new petrol consumption is 16.2km/litre, 
what was the previous value? 


6 At the end of 2013 the number of a rare species of animal in 
North America was 6000. It is predicted that the number will 
decrease by 14% each year. 

a How many animals will be left at the end of 2016? 
b Bythe end of which year will the number first be less than 
3000? 


Consider again 

Ben buys a batch of shirts from a manufacturer for £11.50 each. His normal practice is to 
add a mark-up of 50%, then he has to add VAT at 20% to give the selling price. 

What does this give as the selling price? 

He prefers to sell the shirt at just under £20, so decides to sell it at £19.95 including VAT. 


Ben needs to work out how much of the £19.95 is VAT, because he will have to pay this 
amount to the tax authority. How much VAT will he have to pay? 


Now can you answer these questions? 
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Consider 

Mina often drives from London to Southampton. 

When she drives at an average speed of 80 km/h she uses 

10 litres of petrol and the journey takes 2} hours. 

When Mina increases her average speed to 100 km/h, how much 
petrol does she use and how long does the journey take her? 


Describe the relationship between Mina's speed and the amount of petrol used, and 
also between Mina's speed and the time taken for this journey. State any assumptions 
you have made. 


You should be able to solve these problems after you have worked through this chapter. 


Direct proportion and inverse proportion 

Richard has an old scooter. 

The instructions state that the tank must be filled with fuel mixed 

from ой and petrol in the ratio 1:50. If Richard puts 20 ml of oil 

in the tank, the ratio 1:50 tells him he needs to add 50 times as 

much petrol, which is 1000 ml or 1 litre. The ratio also tells him 

that 100 ml of oil has to be mixed with 100 x 50 ml of petrol, 

and so on. The relationship between the quantity of oil and the 

quantity of petrol is always the same, that is, 1:50. 

• Any two quantities that vary so that they are always in the same ratio behave in the 
same way, so if one quantity is doubled, the other is too; if one quantity is increased by a 
factor of 4, the other is too, and so on. Quantities that are related in this way are said to 
be in direct proportion. 

Richard uses his scooter to travel to work. The distance is 10 miles. If he leaves home at 

8 a.m. the journey takes him 40 minutes. Using average speed = 

average speed as 15 mph. 

If he leaves at 7.30 a.m. he avoids the rush hour and the journey only takes 20 minutes. 

In this case his average speed is 30 mph. 

• As the distance is fixed, there is a relationship between the average speed and the time 
the journey takes. In this case, however, when the speed doubles, the time halves. So the 
relationship between the speed and the time is not one where they are in the same ratio. 
Quantities that are related in this way (for example, when one increases by becoming 
4 times larger, the other decreases to + of its original size) are said to be in inverse 
proportion. 

Tn this chapter we are going to work with these two forms of relationship. First, however, 

you need to be able to recognise when quantities are related in one of these two ways, and 

equally importantly, when they are not. 
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In each question discuss how the quantities are related. Some may be directly 
proportional, some may be inversely proportional. Some may be related in a 
different way from either of these and others may not be related in any way. 

1 Emma’s pay for working a seven-hour day and her pay for working a 35-hour 
week, assuming the rate of pay per hour is constant. 

2 Simon’s pay for working an eight-hour day and his pay for working a 45-hour 
week, when this includes overtime pay at a higher rate than the standard rate 
of pay per hour. 

3 The age of a woman and her weight. 

4 The number of £1 coins in a pile and the height of the pile. 

5 The time it takes to fill a swimming pool and the number of hoses used to fill 
it, assuming that the rate of flow of water from each hose is the same. 


6 The number of sweets that can be bought for £1 and the cost per kilogram of 
those sweets. 


7 The number of towels in a washing machine and the time it takes to wash 
them. 


8 The cost of a telephone bill and the number of calls made using the telephone. 
9 The cost of an electricity bill and the number of units used. 

10 The area of a square and the length of its side. 

11 The size of an interior angle of a polygon and the number of sides. 


Worked example 


— Ina jar of 357 mixed raisins and peanuts there are 153 raisins. Find the ratio of 
the number of raisins to the number of peanuts. 


The number of peanuts is 357 — 153 — 204 

Ratio of raisins to peanuts (by number) 
= 153:204 Dividing both numbers 
- by 51 
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1 Ina school of 1029 students, 504 are girls. What is the ratio of 
the number of boys to the number of girls? 


2 I spend £7.20 on groceries and £4.80 on vegetables. 
What is the ratio of the cost of 
a groceries to vegetables 
b vegetables to groceries 
c groceries to the total? 


3 One rectangle has a length of 6 cm and a width of 4.5 cm. 
A second rectangle has a length of 9cm and a width of 2.5cm. 
Find the ratios of 
а their lengths € their perimeters 
b their widths d their areas. 


4 Use the diagram to find the ratios of 
the following areas. 
a B:A 
b C:B 
с E:A+B 
e Е:С+р 
f C:whole square 


5 In the diagram, the areas of the 
small triangles are equal. Find the 


NU ratios of the following areas. 
VAX TAX а A:whole figure 
ММА b A:A+B+C+D 

с B+E+F + G:whole figure 


Worked example 


— Express the ratio 5:7 in the form 1:n 


Remember that a ratio is unaltered when each number is 
multiplied (or divided) by the same amount. In this case we divide 
both numbers by 5 to give 1 as the first number in the ratio. 


In questions 6 to 17, express the following ratios in the form 1:n, 
giving n correct to 8 significant figures where necessary. 


6 2:3 9 11:30 12 3:4 15 3:4 
т 5:12 10 5:3 18 4:3 16 0.75:0.25 
8 7:6 11 8:21 14 7:10 17 14:22 
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Worked example 
—> For one brand of emulsion paint, the information given is that 5 litres covers 45 m?, 


Another brand of emulsion paint has an average coverage of 20 m? for 2 litres. 
Compare the ratios of the volume of paint to area covered for the two brands. 


First brand: volume of paint: area covered = 5:45 
Second brand: volume of paint:area covered = 2:20 
The ratios are easier to compare if they are both expressed in the form 1:7 


First brand: ratio = 1:9 
Second brand: ratio = 1:10 


Hence the second brand of paint covers a greater area per litre than the first. 


In questions 18 to 22, compare the ratio of quantity to price and 
hence state which is cheaper. 


18 Gravel at 4p per kilogram or at £38 per tonne. 

19 Eggs at 18p each or £2.40 per dozen. 

20 Gold-coloured chain at £16.20 per metre or 15 p per centimetre. 
21 Screws at 72p for 20 or 4p each. 

22 А 500 ml bottle of liquid fertiliser that covers 90 m? and costs 


£2.56 or a 5 litre bag of granular fertiliser that covers 300 m* and 
costs £28.40. 


We have given 392 to the nearest millilitre. This is probably more accurate than necessary in this 
context for several reasons, one of which is that it is not easy or necessary to measure a quantity 
of oil as accurately as this. 
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Give your answer to each question as accurately as you consider to 
be appropriate in the context of the problem. 


1 Concentrated orange juice has to be diluted with water in the 
ratio 2:5 by volume. How many millilitres of concentrated juice 
are needed to make up 2 litres of juice to drink? 


2 The tank on a chemical spray holds 5 litres. For removing moss 
on hard surfaces, the instructions on a bottle of moss killer 
recommend dilution in the ratio 3:50. 

a Ifthe tank is to be filled, how much moss killer should be put 
in? 

b Ifonly3 litres of spray is to be made up, how much moss 
killer is required? 

З Bronze is a metal alloy which, for one purpose, contains copper 
and tin in the ratio 3 : 22 by mass. What mass of copper is needed. 
to make 5kg of this bronze? 


4 Mr Brown, Mrs Smith and Mr Shah work for AB Engineering plc. 
Their salaries are £24 000, £30 000 and £28 000 respectively. 
A bonus of £6000 is to be divided between these three employees 
in the ratio of their salaries. 
a In what ratio are their salaries? 
b What bonus is paid to each employee? 


5 Two students were presented with 
a telephone bill for £70.22 which 
they had to pay between them. They 
decided to share the cost in the ratio 
of the number of calls they had each 
made. 
a James had made 42 calls and Sarah had made 75 calls. 
How much should they each pay? 
b After they had paid the bill, Sarah remembered that she had 
in fact made 6 more calls. 
How much should she pay James? 
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Worked examples 


— Ifiem!oflead weighs 11.38, what is the weight of 6 cm’? 
1cm? weighs 11.3g 

бст? weighs 11.3 x 6g = 67.88 

— If lem! of lead weighs 11.3 g, what is the weight of 0.8 cm?? 


lem weighs 11.38 
0,8 ст? weighs 11.3 х 0.8g = 9.04g 


1 The cost of 1 kg of sugar is 90 p. What is the cost of 
a 3kg b 12kg? 

2 Тп one hour an electric heater uses 1} units of electricity. Find 
how much it uses in 
a 4hours b lhour 


З А car uses one litre of petrol to travel 18km. At the same rate, 
how far does the car travel on 


a 4 litres b 6.6 litres? 
4 The cost of 1 kg of mushrooms is £3.30. Find the cost of 
a 500g b 24kg. 


We can reverse the process and, for example, find the cost of one 
article if we know the cost of three similar articles. 


Worked example 


— If 18cm? of copper weighs 162g. What is the weight of 1 стэ? 


18cm) weighs 162g 


lem? weighs 1025 = 9g 


a 


Six pens cost £7.20. What is the cost of one pen? 
6 Acar uses 8 litres of petrol to travel 124 km. At the same rate, 
how far can it travel on 1 litre? 

Nick walks steadily for 3 hours and covers 13 km. How far does 
he walk in 1 hour? 

8 А carpet costs £235.20. Its area is 12 m?, What is the cost of 1 m?? 


We can use the same process even if the quantities given are not 
whole numbers of units. 


a 
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Worked example 
— The mass of 0.6 cm? of a metal is 3g. What is the mass of 1 cm?? 


The mass of 0.6 cm? is 3g 
The mass of lem’ is 258 = 5g 


9 8.6 m* of carpet cost £142.76. What is the cost of 1 m?? 
10 The cost of running a refrigerator for 3.2 hours is 4.8 p. What is 
the cost of running a refrigerator for one hour? 
11 A bricklayer takes 0.8 hours to build a wall 1.2m high. How high 
a wall (of the same length) could he build in 1 hour? 
12 A piece of fabric is 12.4 cm long and its area is 68.2 cm?. What is 
the area of a piece of this fabric that is 1 cm long? 


Worked example — Г 000 
—> The mass of 16cm of a metal alloy is 24g. What is the mass of 20 cm of the same alloy? 
First method (using ratios) i h 

Let the mass of 20 cm? be х grams. xg m iu Цанын 
Then x:20 = 24:16 


ie 20-16 


so x= 30 
The mass of 20 cm? is 30 grams. 
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Second method (unitary method) 

16cm? has a mass of 24g Rewrite the first sentence so that it ends 
with the quantity you want, i.e. the mass. 

Ч a ‘There is no need to work 

“+ lem?hasa mass of 5g out the value of 24 yet. 


so — 20cm! has a mass of 20°* x- 30g 


21 


1 Ata steady speed a car uses 4 litres of petrol to travel 75 km. 
At the same speed, how much petrol is needed to travel 60 km? 


2 А hiker walked steadily for 4 hours, covering 16km. 
How long did she take to cover 12 km? 


3 Ап electric heater uses 7} units of electricity in 3 hours. 
a How many units does it use in 5 hours? 
b How long does the heater take to use 9 units? 


4 A rail journey of 300 miles costs £168. At the same rate per mile 
a what would be the cost of travelling 250 miles 
b how far could you travel for £63? 


5 It costs £362 to turf a lawn of area 63 шд, How much would it cost 
to turf a lawn of area 56 m°? 


6 Amachine in a soft drinks factory fills 840 bottles in 6 hours. 
How many could it fill in 5 hours? 


7 А 6kg bag of sprouts costs £6.96. At the same rate, what would 
an 8kg bag cost? 

8 The instructions for setting the tension on a knitting machine 
are 55 rows to measure 10cm. How many rows should be knitted 
to give 12cm? 

9 A scale model of a ship is such that the mast is 9 сп high and the 
mast of the original ship is 12 m high. The length of the original 
ship is 27 m. How long is the model ship? 


Either method will work, whether the numbers are complicated 
or simple. Even if the problem is about something unfamiliar, it is 
sufficient to know that the quantities are proportional. 
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Worked example 


— Ina spring balance the extension in the spring is proportional to the load. If the 
extension is 2.5 ст when the load is 8 newtons, what is the extension when the load 
is 3.6 newtons? 


Ratio method 
Let the extension be x cm. 
x:3.6 = 2.5:8 


25 giving x = 1125 
The extension is 1.125cm. 

Unitary method 

If a load of 8 newtons gives an extension of 2.5 cm, 


then a load of 1 newton gives an extension of 22 cm, 
so a load of 3.6 newtons gives an extension of 


3.6 x 25cm = 1125cm 


10 The rates of currency exchange published in the newspapers on a 
certain day showed that 14 kroner could be exchanged for 
28 pesos. How many pesos could be obtained for 32 kroner? 


11 Ata steady speed, a car uses 15 litres of petrol to travel 164 km. 
At the same speed, what distance could it travel on 6 litres? 


12 Ifa 2kg bag of sugar contains 9 х 10° sugar crystals, how many 
sugar crystals are there in 
a 5kg b 8kg 287777: 


13 The current flowing through a lamp is proportional to the voltage 
across the lamp. If the voltage across the lamp is 10 volts, the 
current is 0.6 amps. What voltage is required to make a current 
of 0.9 amps flow? 


14 The amount of energy carried by an electric current is 
proportional to the number of coulombs. If 5 coulombs carry 
19 joules of energy, how many joules are carried by 6.5 coulombs? 


15 Two varying quantities, x and y, are directly proportional. Copy 
and complete this table. 


х|21416|8 
y | 10 
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16 A recipe for date squares lists the following quantities: 


i Costs 
125 of brown sugar 5009 cost £1.35 
750 of oats 7504 cost £2.04 
750 of flour 1.5 kg cost £1.10 
1009 of margarine 2504 cost 72 p 
100 4 of dates 2509 cost £2.08 
Pinch of bicarbonate of soda - 
Squeeze of lemon juice sp 


Find the cost of making these date squares as accurately as 
possible, then give your answer correct to the nearest penny. 


Inverse proportion 


At the start of this chapter we found that some quantities are not directly proportional 
to one another, although there is a connection between them. When we considered the 
relationship between the average speed of Richard's scooter and the time taken to travel 
10 miles, we saw that when the average speed doubled, the time halved. This means that 
the reciprocal, or inverse, of the time is proportional to the average speed. 


Further, when the speed changes from 20 mph to 40 mph, 
the time changes from 30 minutes to 15 minutes. 


If we multiply the speed and the corresponding time together, the result is 600 in both 
cases. 


As another example, suppose that a fixed amount of food is available for several days. 
If each person eats the same amount each day, the more people there are, the shorter the 
time is that the food will last. In fact, if the food will last 2 people for 6 days, it will last. 

6 people for 2 days. So when we treble the number of people, the number of days the food 
will last decreases to a third. Hence the number of days the food will last is inversely 
proportional to the number of people eating it. 


Again, we see that the product of the number of days and the number of people the food 
will feed is 12 in both cases. 


These examples illustrate the fact that 


when two quantities are inversely proportional, their product remains 
constant. 
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In this exercise, assume that the rates are constant. 


Worked example 


— Four bricklayers can build a certain wall in 10 days. How long would it take five 
bricklayers to build it? 


Constant product method 

Suppose it takes five bricklayers x days to build the wall, 
then 5Xx-4X10 

ie 5x-40 giving x=8 

It would take them 8 days. 


Unitary method 

Four bricklayers take 10 days. 

One bricklayer would take 40 days. 

Five bricklayers would take 10 days = 8 days. 


Eleven taps fill a tank in 3 hours. How long would it take to fill 
the tank if only six taps are working? 


2 The length of an essay is 174 lines with an average of 14 words 
per line. If it is rewritten with an average of 12 words per line, 
how many lines will be needed? 


З Nine children share out the sweets in a jar equally and get eight 
each. If there were only six children, how many would each get? 


4 A field of grass feeds 24 cows for 6 days. For how many days 
would the same field feed 18 cows? 


5 The dimensions of a block of stamps аге 30cm wide by 20cm 
high. The same number of stamps could also have been arranged 
in a block 24 cm wide. How high would this second block be? 


6 А batch of bottles were packed in 25 boxes taking 12 bottles each. 
If the same batch had been packed in boxes taking 15 each, how 
many boxes would be filled? 


7 When used to knit a scarf 48 stitches wide, one ball of wool 
produces a length of 18cm. If there had been 54 stitches instead, 
how long a piece would the same ball produce? 
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8 In a school, 33 classrooms are required if each class has 32 
students. How many classrooms would be required if the class 
size was reduced to 22? 


9 A factory requires 42 machines to produce a given number of 
articles in 63 days. How many machines would be required to 
produce the same number of articles in 54 days? 


10 Two quantities p and q, which can vary in value, are inversely 
proportional. 
Copy and complete the following table. 


p | 20 5 | 0.5 | 0.01 
q | 05 


This exercise contains a mixture of problems, some of which cannot 
be answered because the quantities are in neither direct nor inverse 
proportion. In these cases give a reason why there is no answer. 

For those problems that can be solved, give answers correct to three 
significant figures where necessary. 


1 The list of exchange rates states that £1 = 1.6 US dollars and 
£1 = 1.4 euros, so that 1.6 US dollars = 1.4 euros. 
а How many euros can 54 dollars be exchanged for? 
b How many euros can be exchanged for 100 dollars? 


2 А тап earned £80.60 for an eight-hour day. How much would he 
earn at the same rate for a 38-hour week? 


З А secretary types 3690 words in 44 hours. How long would it take 
him to type 2870 words at the same rate? 


4 At the age of twelve, a boy is 1.6 m tall. How tall will he be at the 
age of eighteen? 


5 А ream of paper (500 sheets) is 6.2cm thick. How thick is a pile 
of 360 sheets of the same paper? 


6 IfI buy balloons at 30 p each, I can buy 63 of them. If the price 
of a balloon increases to 40 p, how many can I buy for the same 
amount of money? 


7 Aboy's mark for a test is 18 out of a total of 30 marks. If the 
test had been marked out of 40 what would the boy's mark have 
been? 


8 Twenty-four identical mathematics text books occupy 60 cm of 
shelf space. How many books will fit into 85 cm? 
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9 A lamp post 4 m tall has a shadow 3.2 m long cast by the Sun. 
Aman 1.8 m tall is standing by the lamp post. At the same 
moment, what is the length of his shadow? 


10 A contractor decides that he can build a barn in nine weeks using 
four men. If he employs two more men, how long will the job take? 
Assume that all the men work at the same rate. 


1 


= 


A twelve-year-old girl gained 27 marks in a competition. How 
many marks did her six-year-old sister gain? 


12 For a given voltage, the current flowing is inversely proportional 
to the resistance. When the current flowing is 2.5 amps the 
resistance is 0.9 ohms. What is the current when the resistance is 
1.5 ohms? 


18 The tables give some corresponding values of two variables. 
Decide whether the variables are directly proportional, inversely 
proportional or neither. 


afw]2[4][7[8]9 [2 
y | 6 | 12 | 21 | 24 | 27 | 36 
b [py 2 [3 [6] 7] 9 [20 
q 20 [10 15 | 6 | 65] 10 
«Гэ |11214181101|20 
р |18 | 9 |45 [2235|18 | 09 

Mixed exercise 


Complete the ratio [ :9 = 2:5 


2 Acar uses 7 litres of petrol for a 100 km journey. At the same 
rate, how far could it go on 8 litres? 


3 Eight typists together could complete a task in 5 hours. 
If all the typists work at the same rate, how long would six 
typists take? 


4 The ratio of zinc to copper in one type of brass is 3:7. What is the 


weight of zinc in 10kg of this brass? 


5 а Express the ratio 3:5 intheform n:1 


b Give the ratio 5:6 inthe form 1: 


6 Тһе ratio of two sums of money is 4:5. The first sum is £6. What 


is the second? 
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7 A typist charges £90 for work which took her 6 hours. How much 
would she charge for 9 hours’ work at the same rate? 


8 James Bond takes 43 minutes to complete a Grand Prix circuit 
when driving at an average speed of 97 mph. How long would it 
take to complete one circuit if he increases his average speed to 
112mph? 


Consider again 

Mina often drives from London to Southampton. 

When she drives at an average speed of 80 km/h she uses 10 litres 
of petrol and the journey takes 21 hours. 

When Mina increases her average speed to 100 km/h, how much 
petrol does she use and how long does the journey take her? 
Describe the relationship between Mina’s speed and the amount of 
petrol used, and also between Mina’s speed and the time taken for 
this journey. State any assumptions you have made. 

Now can you answer these questions? 


Investigation 


Sweets at a ‘Pick and mix’ counter are sold by weight at £0.95 рег 

100 grams. 

а Ifx grams cost y pence, copy and complete this table giving 
values of y corresponding to values of x. 


22 20 50 | 100 | 200 | 500 | 1000 
y 


b Usea scale of 1cm for 50 units on the x-axis and a scale of 2em 
for 50 units on the y-axis to plot these points on a graph. 


с What do you notice about these points? Can you use your graph 
to find the cost of 162 grams? 

d The cost and weight of these sweets are directly proportional. 
Investigate the graphical relationship between other quantities 
that are directly proportional. What do you notice? Is this always 
true? 

e Extend your work to investigate the graphical relationship 
between two quantities that are inversely proportional. Use some 
of the questions in Exercise 5e as examples of quantities that 
are inversely proportional. 
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Distance, speed and time 
The relationship between distance, speed and time is given by 
Distance = speed х time 


: — distance 
which can also be expressed as Speed = distan: 


ime = distance 
Time — СУУТ 
A useful way to remember these relationships is to use the triangle. 
(Cover up the one you want to find.) 


or as 


/81лх 
total distance covered 


Average speed for a journey = fetal distance cover 


Numbers 
Rounded numbers 


When a number has been rounded, its true value lies within a range 
that can be shown on a number line. 


For example, if a nail is 23.5 mm long correct to 1 decimal place, 
then the length, x mm, is in the range from 23.45 mm up to, but not 
including, 23.55 mm. This range is shown on the number line below. 


@—— oO 
mra 
2340 23.45 2350 2355 23.60 
23.45 = x < 23.55 
23.45 is the lower bound and 23.55 is the upper bound of x. 


Reciprocals 

The reciprocal of a number is 1 divided by that number, 
for example, е reciprocal of 4 is } = 0.25 

and the reciprocal of 0.8 is 1 + 0.8 = 1.25 


Recurring decimals 

When some fractions are changed to decimals, the result is a recurring 
pattern of digits that repeats indefinitely. To save space, we place a dot 
over the first and last numbers in the group of digits that recur. 


For example, = 1 + 11 = 0.090909... 
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Division in a given ratio 

To divide £200 into three amounts of money in the ratio 2:5:3, we have 
to divide it into 2 + 5 + 3 = 10 equal parts; 

so the first amount is 2 of these parts, that is, ў. of £200, 


10 
the second amount is 4 of £200 and the third amount is 3, of £200. 


Direct proportion 
When two quantities are related so that when one of them trebles, say, 


the other also trebles, the quantities are directly proportional (that is, 
they are always in the same ratio). 


Inverse proportion 

When two quantities are related so that when one of them trebles, 
say, the other becomes a third of its original size, the quantities are 
inversely proportional and their product is constant. 


Percentage 
Percentage change 
A percentage change in a quantity is expressed as a percentage of that 
quantity before any changes were made. 
For example, if a shirt is sold for £22.50 after a discount of 10% has 
been made, the discount is 10% of the price before it is reduced, 
ie. 22.50 = original price — 10% of original price 
= 90% x original price 


Interest 


When a sum of money is borrowed, interest is usually charged on a 
yearly basis and is given as a percentage of the sum borrowed, for 
example, 3% p.a. When money is lent, interest is paid using the same 
principle. 


Compound percentage change 

Compound percentage change is an accumulating change. If, for 
example, the value of a house increases by 5% of its value at the start 
of each year; its value after one year is 105% of its initial value; after 
another year, its value is 105% of its value at the start of that year, that 
is, 105% of its increased value, and so on. 


Probability 
Adding probabilities 


We add probabilities when we want the probability that one or other of 
two (or more) events will happen, provided that only one of the events 
can happen at a time. 
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Events such that only one of them can happen on any one occasion are 
called mutually exclusive. 
For example, when one dice is rolled, 

P(scoring 5 or 6) = P(scoring 5) + P(scoring 6) 


Multiplying probabilities 
We multiply probabilities when we want the probability that two (or 
more) events both happen, provided that each event has no influence on 
whether or not the other occurs. 
Events such that each has no influence on whether the other occurs are 
called independent events. 
For example, when two dice, A and B, are rolled, 

P(scoring 6 on A and B) = P(scoring 6 on A) х P(scoring 6 on B) 


Tree diagrams 

Tree diagrams can be used to illustrate the outcomes when two or more 
events occur. 

For example, this tree diagram shows First Second 
the possible outcomes when two coins E soin 


are tossed. 1 н 
We multiply the probabilities when we : cc 
1 T 


follow a path along the branches and 
add the results of following several 


paths. p = 
} T 


Venn diagrams 

Venn diagrams can be used to show outcomes when two or more events 
are not mutually exclusive. When there are several outcomes in each 
category, we use the number of outcomes rather than list each outcome. 
This Venn diagram shows the Students in Year 9 
numbers of students in Year 9 of a students in students in 
school who belong to the sports club хосын Ci 
and who belong to the chess club. () 


This shows that 45 students are in the sports club but not in the chess 
club, 10 students are in both clubs, 26 are in the chess club but not in 
the sports club and 59 students are in neither club. 


118 


Summary 1 


REVISION EXERCISE 1.1 (Chapters 1 to 3) 


1 The graph shows the journey of an athlete in a race. 


! 
i 
| 
і 


мово сь 


8 


Ed 


20: 


What was the length of the race? 

How long did the athlete take? 

What was his average speed for the whole journey? 
How far did he travel in the first 1} hours? 

Did the athlete stop at any time during the race? 
Did the athlete travel at more than one speed? 
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2 The graph shows the journey of a car from Amberley to Brickworth 
and on to Coldham. 


Distance in kilometres from Amberley 


а Where was the car at 
i 12.30 
ii 2.15? 
b What was the average speed of the car between 
i Amberley and Brickworth 
ii Brickworth and Coldham? 
€ For how long did the car stop at Brickworth? 
How long did the journey take, including the stop? 
e What was the average speed of the car for the whole journey? 
Give your answer correct to the nearest whole number. 


3 а Acar travels at 72km/h. How far will it travel in 
i 11 hours 
ii 20 minutes 


iii 1 hour 40 minutes? 
b How long will Rob, walking at 6km/h, take to walk 
i 12km 
ii 20km? 
c Pete cycles at 12 mph. How long will it take him to cycle 
i 18miles 
ii 30 miles? 
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4 The graph represents the bicycle journeys of three school friends, 
Ali, Bianca and Craig, from the village in which they live to 
Buckwell, the nearest main town, which is 30km away. 

Use the graph to find 


a their order of arrival at Buckwell 


b Als average speed for the journey 
€ Bianca's average speed for the journey 
d Craig's average speed for the journey 
e where and when Craig passes Ali 
f how far each is from Buckwell at 2 p.m. 
g how far Bianca is ahead of Craig at 2.15 p.m. 
| 
H 
3 
E 
Н 
Ei 
a 
2p.m. 
Time 
" "T 15 2 
5 Find a 4+2 b 2-1 e 32 
6 a Express each fraction as a decimal. 
i$ i 5 їн uL iv 25 
b Express each decimal ав a fraction in its lowest terms, 
i 0.55 ii 0.875 iii 0.015 iv 2.208 
7 Use dot notation to write the following fractions as decimals. 
ah bi с d 
15 1 12 


8 Write down ће reciprocalof a i b 18 е 2 


9 а Itis stated that the number of screws in а box is 200 to the nearest 
10. Find the range in which the actual number of screws lies. 


b A number is given as 2.47 correct to 2 decimal places, Illustrate 
on a number line the range in which this number lies. 
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10 


11 


12 


13 


14 


15 
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A card is selected at random from an ordinary pack of 52. A second 
card is selected at random from another ordinary pack of 52 cards. 
What is the probability that 

а the first card is a red 2 

b the second card is a black queen 

с the first card is a red 2 and the second card is a black queen? 


The probability that Samuel completes his maths homework is 7 and 
that Hanna completes her maths homework is 3. 

What is the probability that. 

a Samuel does not complete his maths homework 

b both Samuel and Hanna complete their maths homework 

€ neither Samuel nor Hanna complete their maths homework? 


Kim rolls an ordinary dice and tosses a coin. 

What is the probability that 

a the dice shows a six 

b the coin lands head up 

€ the dice shows a six and the coin lands head up? 


When the post arrived Val had 3 first-class letters and 4 second- 

class letters, while Dirk had 5 first-class letters and 2 second-class 

letters. A letter is taken at random from each batch. 

а Copy and complete the tree diagram Val's batch Dirk's batch 
by writing in the probabilities on 


Ist class 
each branch. сн а 
Find the probability that 


2nd class 
b both letters are first class 
с one is first class and one is second 3e dur 


class. 2nd class = 


Vicki has a box of 36 biscuits, 12 of which are square biscuits and 
the remainder of which are round biscuits. Joe also has a box of 
36 biscuits but 20 of his are square and the Vicki's box Joe's box 
remainder are round. A biscuit is taken at 
random from each box. 
а Copy and complete the tree diagram by 
writing in the probabilities on each branch. 
s the probability that 
both biscuits are round 
с one biscuit is square and the other is round. 


2nd class 


square 


round 


a Show іп a Venn diagram, А = [the different letters in the word 
SQUASH) and B = (the different letters in the word SCHOOL). 

b Опе letter is chosen at random from the alphabet. What is the 
probability that it is not a letter in either SQUASH or SCHOOL? 
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REVISION EXERCISE 1.2 (Chapters 4 and 5) 


1 A chair costing £85 is sold at a gain of 60%. Find the selling price. 
2 Find the cost of an electric heater marked £34 + VAT at 173%. 


3 The selling price, excluding VAT, of a CD player is £127.50. If this 
includes a mark-up of 50% find the buying-in price. 


4 Mrs Denham has a gross annual income of £12750 and allowances 
of £3925. She pays tax at 23% on her taxable income. 
a How much tax must she pay? 
b Express the tax as a percentage of her gross pay. Give your 
answer correct to the nearest whole number. 


5 Find the compound interest on £800 invested for 2 years at 5%. 
6 а Express in the form 1:n 
i 5:9 ii š iii 3:7 
(giving n correct to 3 significant figures when necessary) 
b Express in the form n:1 
i 7:4 н 1:2 iii 11:3 
(giving n correct to 3 significant figures when necessary) 


7 Kyle spends £1.20 on a pen and 90 p on a pencil. What is the ratio 
of the cost of 
a the pen to the pencil 
b the pencil to the pen 
€ the pencil to the total? 


8 A bus journey of 120 miles costs £15.60. At the same rate per mile 
a what would be the cost of travelling 150 miles 
b how far you can travel (ог £26? 


9 Ifit takes 21 men 4 days to mark out the field in a stadium for an 
athletics meeting, how long would it take 12 men to do the same job? 


10 For a youth camp the organisers take enough supplies to support 42 
campers for 14 days. In the event 49 campers attend. How long will 
the supplies last? 


REVISION EXERCISE 1.3 (Chapters 1 to 5) 


1 Luiz sets out on his bike on a journey of 12km. He has cycled 10km. 
at 15 km/h when his bicycle suffers a puncture. As a result, he 
pushes his bike the rest of the distance at 5 km/h. 

a For how long does he cycle before the puncture? 

b How far does he have to push the bike and for how long? 
с Find the total time for his journey. 

d Find his average speed for the whole journey. 
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2 a Give 34.678 cm correct to the nearest tenth of a centimetre. 


b The acceptable thickness of a metal plate is 4mm, to the 
nearest mm, Find the range in which the actual thickness lies. 


зга а 3+1 bateg © 2x(§-S)+} 
4 Write down 

a the reciprocal of? 

b ¥ as a decimal using dot notation 

с 0.275 as a fraction in its lowest terms. 


5 When Mrs Hussain needs to buy bread, the probability that she 
buys it at the supermarket is 4, while the probability that she buys 
it at the local bakery is 1. What is the probability that 
a she buys bread either at the supermarket or at the local bakery 
b she buys bread somewhere else? 


6 a Sam Nolan has a taxable income of £7600 a year. How much tax 
must he pay if the rate of tax is 23%? 
b Ina sale, а shirt is marked at £16.50, which includes a 
reduction of 25%. What was the pre-sale price? 


7 Because they are emigrating, Mr and Mrs Thomson are anxious 
to sell their house quickly. They put the house on the market at. 
£100 000 but reduce the price every week by 4% of its price at the 
beginning of that week. It is sold the first week the price drops 
below £90 000. 

а How many weeks did it take to sell? 
b What was the selling price? (Give your answer correct to the 
nearest £1000.) 


8 А car bought for £12 000 depreciates in value Бу 20% each year. 
Find its value after 3 years. 


9 A hotel charges £259 per person per seven-day week. What would 
be the charge for 16 days at the same rate? 
10 Under normal conditions a school boiler consumes 0.75 t of fuel a 
day and the stock of fuel is sufficient to last for 12 days. A cold spell 


causes the consumption rate to rise to 0.9 t per day. How long will 
the fuel last? 


REVISION EXERCISE 1.4 (Chapters 1 to 5) 


1 а Express į as a decimal correct to З decimal places. 
b Use your answer to part a to find 5 of £50. Then use fractions 
to find 5 of £50 correct to the nearest penny. Explain your two 


answers. 
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2 Express as a fraction а 06 b 0.06 е 0.606 
3 Find a 1-1 b (8-11)х1| е (12+21)+54 
4 Carl takes one disc at random from a bag containing 2 red discs 
and 3 blue discs. He then takes another disc from a second bag 
containing 3 red discs and 5 blue discs. What is the probability that. 
a both discs are red 
b both discs are blue 
€ either both discs are red or both discs are blue? 


5 Courtney has two bags. Bag A contains 4 sweet apples and 5 sour 
apples, while bag B contains 6 sweet apples and 4 sour apples. 
Jamie takes one apple from each bag. 

a Copy and complete the tree diagram by filling in the 
probabilities on the branches. 

Find the probability that. 

b both apples are sweet 

€ one apple is sweet and the other is sour. 


BagA BagB 


a sweet apple 
сарі ae 
a sour apple 
a sweet apple 
asourapple ша 


a sour apple 


e 


A dress costing £55 is sold at a loss of 20%. Find the sale price. 


When a fireside rug is sold for £39 the retailer suffers a loss of 40%. 
Find the buying-in price. 


8 a Find the interest payable after one year if £8500 is invested at 
5.25% a year. 
b Ifthe original sum, plus the interest, remains invested at the 
same rate, find the total value of the investment at the end of 
the second year. 


9 A bookshelf will hold 360 books of thickness 2 ст. How many copies 
of National Geographic magazine will it hold if each copy is 6mm 
thick? 

10 U = (whole numbers from 1 to 14 inclusive] 
A = {even numbers from 3 to 13] 
B = (multiples of 3 between 1 and 14] 
One number is chosen at random from the members of U. What is 
probability that it is not a member of A or of B? 


a 
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Mental arithmetic practice 1 


1 Find 2.1 + 0.7 
2 What is the value of (—2)!? 
3 Find 1} -$ 
4 Find 0.15 х 300 
5 What is the second significant figure in 0.0203? 
6 Find 2 — 0.05 
7 Which is larger, 0.7 or $? 
8 Give 1.25 as a percentage. 
9 What has to be added to 37 to give 100? 
10 Express 2.15 as a fraction. 
11 Express 25 ст as a fraction of 1 metre. 
12 Divide 35 kg into two parts in the ratio 3:4 


13 A discount of 20% is given in a sale. What is the sale price of a table 
marked £120? 


14 What is the value of 5-5? 


15 Helen weighs 64 kg to the nearest kilogram, What is the upper 
bound of her weight? 


16 Give 0.3 recurring as a fraction. 
17 What is the reciprocal of 0,5? 


18 The probability that it will rain tomorrow is 0.15. What is the 
probability that it will not rain tomorrow? 


19 Express } as a decimal. 

20 Express 12.5% as a fraction. 
21 Find 1.4? 

22 Find 3 — 0.08 

23 Find 0.5° 

24 Write 36000 in standard form. 
25 Simplify a? + a* 

26 Express 1.45 as a percentage. 
27 Find} +4 

28 Which is larger: 10-5 or 10:97 
29 Find the value of 6 minus —7. 
30 Express 2 as a percentage. 
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Ben's height is 160 ст correct to the nearest em. What is his least 
possible height? 


Write 3. as a recurring decimal. 
What number is halfway between 1.2 and 1.7? 


What is the reciprocal of 0.2? 
Find the square root of 0.16 
Find 1 + 0.2? 
A book costing £9 is sold at a profit of 80%. Find the selling price. 
Find} +1 
Estimate 38.4 х 5.31 
Which number is nearer to 0: 10° or 10:27 
И 
Ета –1 
Find 219 of £60. 


43 Kate pays tax at 22% on £7000 of her income. How much tax does 


she pay? 


44 What is the reciprocal of 3? 


59 
60 


A cuboid is 3 cm deep, 4cm wide and 5 em high. What is its volume? 
Express 3192 as a decimal. 

Increase £70 by 5%. 

Express 48cm as a percentage of 2 metres. 

Give 64% as a fraction in its lowest terms. 

Express 3.75 as a percentage. 

Write 0.000 006 in standard form. 

What is the simple interest on £750 invested for 1 year at 8%? 
Increase 55 ст by 10%. 


What name is given to a polygon with 8 sides? 
Find За х 4a 
Find 12a + 3a 


The lengths of the two shorter sides of a right-angled triangle are 
6cm and 8cm. How long is the third side? 


What is the lowest common multiple of 9 and 12? 
Decrease 60 ст? by 15%. 
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Consider 
Andy asked how he could find an expression for the area of this rectangle. 
Past 


Anna said, ‘It is 2x? — x — 2” 
Is Anna right? Give a reason for your answer. 
You should be able to answer this question after you have worked through this chapter. 


Brackets 

We will start with a reminder about multiplying out simpler brackets. 
Remember that 50: + 1) = 5x45 

and that 4(у +2) = 4xy + 4xz 


Expand, i.e. multiply out 


1 21) 5 5х(у + z) 9 8r(2t — в) 
2 35-1 6 4у(4х + 32) 10 3a(b — 5c) 
3 4x3) 7 2n(8p — 54) 11 4x(3y + 22) 
4 -3х + 2) 8 -3b(a – с) 12 -3x(y — 22) 
The product of two brackets 


Frequently, we need to find the product of two brackets, each of which contains two terms, 
for example, (а + b)(c + d). 


Each term in the second brackets has to be multiplied by each term in the first bracket 


so (а + 0)(с + 0) means a X(c- d) bX (c +d) 
Now a X (c * d) +b X (c + d) =ac + ad + be + bd 
Therefore, (a + 0)(с + d) = ac + ad + be + bd 


In the same way, (p + q)(2r — Зв) = p(2r — 3s) + g(2r — Зв) 
= 2pr — 3ps + 2gr — 3qs 
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We can miss out the middle step and we can do the multiplication in any order. However, it 
is easier if we always follow the same pattern to make sure we don’t miss anything out. 


Always multiply the brackets together in the following order: 
1 the first terms in the brackets 
2 the outside terms 
З the inside terms 
4 the second terms in the brackets. 
Thus 
1 4 1 2 з 4 
(à + b) (c + d) =ae + ad + be + bd 
52 


3 
2 


Worked example 

— Expand (x + 2y)(2y — 2) 

E a D = Day — x2 + 4y* — Dye 
2224 


Remember that the product of two numbers with the same sign gives а positive 
result and the product of two numbers with different signs gives a negative result, 


Expand 
1 аж bc +d) 11 (p + qs — 30 
2 ф+Ф6 +0 12 (а — 2b)(c — d) 
8 (2a  bYe + 2d) 13 (би — 5v)(w — 5r) 
4 (х + 2y)e + 3) 14 (За + 4b)(2c — За) 
5 (x ye — 4) 15 (3x + 2y)(32 + 2) 
6 (a — Бе +d) 16 (3p — qX4r — 35) 
7 (x + yw +2) 17 (За – 46)(3e + 4d) 
8 (2a + bX3c + d) 18 (7x — 2yX3 – 22) 
9 (5x + 4y)le + 2) 19 (2a + b)(5e — 2) 
10 (Зх – 25)(5 – 2) 20 (5a — 46)(3 — 2d) 
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We get a slightly simpler form when we find the product of two brackets that contain the 
same letter together with a number, such as (x + 2) and (x + 4). 


For example, using the order we chose earlier 
1 4 i 2 Wow 
(GOED de 2х+8 
3 
=x*+ 6x +8 Because 4x and 2x are like terms, 


2 they can be collected together. 
ie — (e+ 2x +4) =x? + 6x +8 


Expand 

1 (x + 3x + 4) 6 (а + 4)(a + 5) 
2 (x + 4x + 2) 7 (b 2)b + 7) 
3 (x + 1x 6) 8 (e + 4)(с + 6) 
4 (x + 5) + 2) 9 (р + З)(р + 12) 
5 (x + 8)(x 3) 10 (4 + 7)(9 + 10) 
Worked example 


— Expand (x — 4)(x — 6) 


1 4 

PER 

G ~ 4) & ~ 6) = x? — 6x — dx + 24 ОБ 

хэ» 

2 =x" – 10x + 24 

Expand 
11 х-21х-3) 16 (x — 3)(x — 4) 
12 (x — 5x – 7) 17 (x — 4)(x — 8) 
13 (a – 2)(a – 8) 18 (b — 4)(b — 2) 
14 (x – 10) - 3) 19 (a — 4Ya — 4) 
15 (b – 5b — 5) 20 (p- 7p – 8) 


130 


6 Algebraic products 


Worked example 
— Expand (x + 3)(x — 6) 
| 
KQ QE - 8) = 
3 
2 
Expand 
21 (x + 3) - 2) 26 (x + Tx- 2) 
22 (x – 4)(x + 5) 27 (x — 5) 6) 
28 (x — Tx + 4) 28 (x + 10) — 1) 
24 (a + За — 10) 29 (b – 8(b + 7) 
25 (p + Bp – 5) 30 (z + D – 12) 
Finding the pattern 


You may have noticed in Exercise 6c that when you expanded the brackets and simplified 
the answers, there was a definite pattern. 


eg. (x + B) + 9) = x? + Ox + Bx + 45 
= xt + Mx + 45 

We could have written this as 

(x + 5) 9) = x? + (9 + 5)х + (5) х (9) 

=x? + l4x + 45 

Similarly (x + 4x 7) = x? + (—7 + 4) + (4) x (77) 
=x? — 3x — 28 

and (x — 3x — 8) = x? + (-8 — 3x + (—3) x (-8) 
=x? – Пх + 24 


In each case there is a pattern: 


the product of the two numbers in the brackets gives the number term in the 
expansion, while collecting them gives the number of xs. 
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Use the pattern given on the previous page to expand the following products. 


1 (x + 40+ 5) 9 (a + 2a – 5) 
2 (a 2a + 5) 10 (y - 6(y + 3) 
3 œ- 4x- 5) 11 (z + 4) — 10) 
4 (a — 2а — 5) 12 (p + 5) – 8) 
5 (x + 8)(x + 6) 13 (a — 10)(a + 7) 
6 (a+ 10a +7) 14 (y + 10(y – 2) 
7 (x — 80 — 6) 15 (2-12 + 1) 
8 (а – 10а – 7) 16 (р + 2)(р — 13) 


The pattern is similar when the brackets are slightly more complicated. 


Worked example 
—> Expand (2x + 3)(х + 2) 
1 4 
ГЭЭЖ CU 
(Se + 3) Ge +0) = 202 + 4x + Bx + 6 
ao 
3 
2 = 252 + Ix 6 
Expand the following products. 
1 (2x +1) + 1) 5 (8x + 2) +1) 
2 (x + 2)(5x + 2) 6 (x + 33x +2) 
3 (5x + 2) + 3) т (Ax-- S)x 
4 (8x + Ax + 5) 8 (7x + 2x +3) 
Worked example 
-> Expand (3х — 2)(2х + 5) 
1 4 
— 2) x + 5) = 6x? + 15x — 4x — 10 
"s 
2 = 6x? + Lx 10 
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Expand 
9 (3x + 2)2x + 3) 17 (2a + 3)(2a — 3) 
10 (4x — 3)03х — 4) 18 (3b — 7)(36 + 7) 
11 (Бу + 6)(2x — 3) 19 (Ty — 5)(7у + 5) 
12 (Ta — 33a — 7) 20 (5a + 4)(4a — 3) 
18 (5x + 3Х2х + 5) 21 (4x + 3)4x — 3) 
14 (Tx — 203х – 2) 22 (5y — 2)(5у + 2) 
15 (Зх — 2)4x + 1) 23 (3x — 1)(8x + 1) 
16 (3b + 5)(2b — 5) 24 (4x — Tdr + 5) 
Worked example 
> Expand (4 + x)(2 — х) 
3... 
({+ x) Q — x) = 8 — 4x + 2x -x* 
3 
2 = 8-2 —x% 
Expand 
25 (2-35 +x) 29 (7 + x)3 - х) 
26 (4 + 3x2 — х) 30 (1 + 4x2 — x) 
27 œ- D- x) 31 (x -3X2 - х) 
28 (5 -y)4 + y) 32 (4 – 2pY5 + 2p) 
Worked example 
—- Expand (3х — 2)(5 — 2x) We have rearranged the terms so that the 
powers of x are in descending order of size. 
(Зх — 2)5 — 2x) = 15x — 6x? — 10 + 4x This is the conventional way of writing 
decreti Ч expressions such as this one. It is also 
helpful to have the terms in this order for 
= —6x? 19x – 10 GRISE 
Expand 
33 (2x + DA + 3x) 38 (5x + 2)(4 + 3x) 
84 (5x + 2X2 — x) 39 (Tx + 4)(3 — 2x) 
35 (6x - 1(3 — x) 40 (4x — 3)(3 — 5x) 
36 (ба — 2)(3 – Та) 41 (3-р) + p) 
87 (3x + 2)(4 — x) 42 (x —5)(2+x) 
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Important products 
Three very important products are: 
(x + a)? = (x + ax + й) 
ic a 
=x? +ха +ах +a? 
= x? + 2ax + а? (since xa is the same as ах) 
ie (x +a)? = х? + 2ax + a? 
so + 3) = 22 + 6x+9 
(x — a) = (x — a)x – a) 
=x? — xa — ax +a? 
ie (х -а)? =x? – Зах + a? 
во (x — 4? = x? — 8x + 16 
(x + a)(x — a) = xè — xa + ax — a? 
=x -a 
ie  (@+a)(x-a) =x- а? 
and (x —a)(x + a)= x-a? 
so (x + 5)(x — 5) = x? — 25 
and (x — 3)\(x+3)=2x7-9 


You should learn these three results thoroughly, as they will appear time and time again. 
Given the left-hand side, you should know the right-hand side and vice versa. 


Worked example 


— Expand (x + 5)? Comparing (x + 5) with (x + a tells us 
that a = 5 in this case. 
Sox? + 2ax + a? becomes x? + 2(5)x + (5)* 


-— 
(serm 106426 Alternatively, write (x + 5) as (x + 5X + 5) 


and multiply out in the usual way. 
Expand, by comparing with (x + a)? 
D ty 4 (Бар 7 (+d) 
2 (+2) 5 (xt+z? 8 (m+n? 
3 (а+3) 6 (y +x? 9 (a9? 
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Expand by writing as the product of two brackets 


10 (t + 10 13 (p + 7* 

11 (x + 12 14 (p +q? 

12 (x + 8)? 15 (a + bY 
Worked example 


16 (e +f)? 
17 (w+ vy 
18 (M + m}? 


— Expand (2x + 3)? 


(2x + 3)? = (2x)? + 2(2x)(3) + (39 
іе. (2х + 3)? = 4x? + 12x + 9 


Expand 

19 (2x + 1} 22 (6c + 1? 

20 (4b + 1? 23 (3a +1? 

21 (5х + 2} 24 (2x + 5)? 
Worked example 


(e UAI EUIS 


25 (За + 4) 
26 (4y + 3)? 
27 (3W + 2» 


— Expand (2x + 3y)? 
(2х + By)? = 4x? + 12xy + 9y? 


9 (2x + Зу)? = (2x)? + 2(2х)(Зу) + (3y)? 


Expand 
28 (x + 2y}? 31 (За + 2b}? 34 (Tx + 2y}? 
29 (3x + у)? 32 (За + b} 35 (3s + 4t? 
30 (2x + 5y) 33 (p + 44)? 36 (3s + 02 
Worked example 
— Expand (x – 5)? 
(x — 5)? = x? – 10x + 25 
Expand 
37 (x — 2) 41 (x – 3? 
38 (x – 6} 42 x — Т)? 
39 (a — 10? 43 (a — b? 
40 (x-y? 44 (u — v? 
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Worked example 


— Expand (2x — 7)? 


ааа) ОБЕ Ss | 


Expand 

45 (3х — D? 49 (2a - 1)? 

46 (5z — 1) 50 (4y —1)? 

47 (10a – 9)? 51 (7b - 2? 

48 (4x – 3} 52 (5x — 3)? 
Worked example 


—> Expand (7a — 45)* 


(Ta — А)? = 49a? — 56ab + 165? [9] (Ta — 4) = (Ta. + 2(7a)(—4b) + (-4b* 


Expand 

53 (2y – x}? 57 (a — 3b)? 

54 (5x – y? 58 (m — 8n}? 
55 (3m — 2n}? 59 (ба – 2b) 
56 (Tx — 3y)? 60 (3p — 5q)? 


Worked example 


=» Expand a (а + 2)(a – 2) b (2x + 3)(2x - 3) 


а (42їа-2)-а -4 
b (2x + 3)(2х — 3) = 4-9 


Expand 
1 (x + 4)(x - 4) 8 (с-3їс-3) 
2 (2+6 -6) 4 (+19012) 
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5 (x + 5-5) 11 (Ta + 2)(Ta – 2) 
6 (a - Ta +7) 12 (ба – 4)(5a + 4) 
7 (q + 10)q – 10) 18 (5х +1)(5x — 1) 
В (x — 8) + 8) 14 (2a – 3)(2a + 3) 
9 (2x - 1)(2x + 1) 15 (10m — 1)(10m + 1) 
10 (3x + 18x - 1) 16 (ба + 5)(6a — 5) 


Expand 

17 (Зх + 4y)(8x — 4y) 21 (10a - 9b)(10a + 9b) 
18 (2a — 5b)(2a + 5b) 22 (ба — 4b)(5a + 4b) 
19 (1 – 2a)1 + 2a) 23 (1 + $90 — Зх) 

20 (Ту + 32)(7у — 32) 24 (3 — 5х)(3 + 5x) 


The results from this exercise are very important when written the 
other way around, 

ie а? – = (а + Ьа – b) 

We refer to this as factorising the difference between two 
squares, and we will deal with it in detail in Chapter 7. 


More complex expansions 


Simplify 
1 G3) +4) + xl + 2) 3 G4 + 5) + 6x2) 
2 xx +6) + 0+ 00+ 2) 4 (а – 6а – 5) + Aa + 3) 
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5 (a — 5)(2a + 3) – 3a - 4) 
6 (x + 3) + 5) + 5x + 2) 
7 (x — 3)(x + 4) – 3(x + 3) 
8 (x + 7) — 5) – 40 – 3) 
9 (2х + D(3x — 4) + (2x + 3)(5х — 2) 
10 (5х — 2)(3х + 5) — (Зх  5)x + 2) 


Worked example 
— Expand (xy — z}? 
аса 1, нил 
11 Gy - 3)? 14 (8ра + 8) 17 (6 — рд)? 
12 (5 — yz? 15 (a — bc? 18 (mn + 3} 
18 ay + 4? 16 (ab – 2} 19 (uv — 2w} 
Summary 


The following is a summary of the most important types of examples considered in this 

chapter that will be required in future work. 

1 2(3х + 4) = 6x8 

2 (x + 2x +3) = 2+ 5х+6 

8 (х 2х – 3) =22 – 5x +6 

4 (x-2x-3)-x-x-6 

5 (2x + 1035 + 2) = 6x? + 7x + 2 

6 (2x — 1)(8x — 2) = 6x? - Tx + 2 

7 (2x + 0(3х — 2) = 6x? -x-2 

8 (2+x\(3—x)=6+x-2? 

Note that а ifthe signs in the brackets are the same, i.e. both + or —, then the 
number term is + 
(examples 2, 3, 5 and 6) 

whereas b ifthe signs in the brackets are different, i.e. one + and one —, then the 
number term is — 
(examples 4 and 7) 


€ the middle term is given by collecting the product of the outside terms in 
the brackets and the product of the inside terms in the brackets, 
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ie, іп2 the middle term is 3x + 2x or 5x 
in 3 the middle term is —3x — 2x or —5x 
in 4 the middle term is Зх — 2x or x 
in 5 the middle term is 4x + 3x or 7x 
in 6 the middle term is —4x — Зх or —7x 
in 7 the middle term is —4x + 3x or ~x 
in 8 the middle term is -2х + 3x or x. 
Most important of all, we must remember the general expansions: 
(x + a)? = х? + 2ax + a? 
(x – а)? =x? - 2ax + a? 
(x + а) - a) =x- а? 


Mixed exercise 


Expand 
1 5x + 2) 16 (у + 2z}? 
2 8p(3q — 2r) 17 (6y — 2)(6у + 5z) 
З (За + 6)(2a — 5b) 18 (4a + 1? 
4 (4x + D(3x — 5) 19 (5a – 7) 
5 (х + 6)(x + 10) 20 (62 — 13у)? 
6 (х — 8)(x — 12) 21 3(2 — a) 
7 (4y + 3)(4у - 7) 22 4a(2b c) 
8 (4y – 9)(4у + 9) 23 (ба + 2b)2c + 5d) 
9 (5x + 2)? 24 (x — 7)(х — 12) 
10 (2a — 7b)? 25 (a + 7)(а + 9) 
11 4(2 — 5x) 26 (a + 4)(a — 5) 
12 8a(2 — 3a) 27 (Зх + 1)(2x + 3) 
18 (4а + 3)(3a – 11) 28 (5x — 2)(5x + 2) 
14 (x + 119 – x) 29 (Зх — 7}? 
15 (2x + 5)(1 — 10x) 30 (5x + 2у)(5х — 2y) 
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Determine which of these are expressions, which are identities and 
which are equations. 


1 2x4)-22x42 5 5(х + 2) – З(х – 4) 

2 2x*1-4 6 &-Dc4)-22-1 
3 3x*6-23x42) 7 Зх + 40 – 2) 

4 xxtl-zx 4x 8 (x t+ 1x + 4) = (х + 2 
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Consider 
How can you quickly find the value of 8.8? — 1.2? without using a calculator? 


You should be able to do this after you have worked through this chapter. 


In Chapter 6 we saw that we could expand algebraic expressions 
involving brackets, for example, (x + 3) (x +2) can be multiplied out 
to give x? + 5x + 6. 


Later in this book we meet situations where we need to reverse this 
process, that is, we need to change from the form x? + 5x + 6 to the 
form (x + 3) (x +2). 


In this chapter we build up the skills necessary to do this. 


Finding factors 


When we reverse the process of expanding expressions, we are finding the factors of an 
expression. This is called factorising. 


Common factors 


In the expression 7a + 145 we could write the first term as 7 X a and the second term as 
7 х 2, 


ie. Ta + Mh 2 7Xa* 7 X 2b 

The 7 is a common factor. 

However, we already know that та +2b)=7Xa+7 X 2b 
52 Та + 14b = 7 Xa +7 X 2b = Та + 2b) 


Worked example 
> Factorise 3x — 12 


Бий ea Expand your answer to 


check that it is correct, 
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Expand your answer in your head to check that it is correct. 


Factorise 

1 4+4 4 ба — 10b 7 12a 44 

2 125-3 53-9 8 2а + 4b 

З 6a +2 6 10a -5 9 14x - 7 

Worked example 

> Factorise x? — 7x 

02 - 7х=ххх-7хх 

= x(x – 7) 

Factorise 
10 x? + 2x 13 2x? + x 16 x? – 4x 
11 x? — 7x 14 4t - 20 17 b? + 4b 
12 a? + ба 15 x? + 5x 18 4a? -a 

Worked example — 0 

—- Factorise 9ab + 12bc 

9ab + 12bc = 3b X За + ЗЬ X 4c 

= 3b(3a + 4c) 

Factorise 
19 2x? — 6x 22 12x? + 16x 25 2a* — 12a 
20 2254 42 23 5ab — 10bc 26 Gp? + 2p 
21 25a? — 5a 24 3y? – 27у 27 9? - 6y 

Worked example 

— Factorise ab + 2bc + bd 

ab + 2bc + bd = bla + 2c + d) 
Factorise 
28 2x? + Ax +6 30 ab + 4bc — 3bd 
29 10a? — 5a + 20 31 &— dy + 122 
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32 9ab — 6ac — 3ad 
33 3x? — 6x + 9 
34 4a? + 8a - 4 


Worked example 


35 бху + 4х2 + Зх 
36 5ab + 10bc + 5bd 
87 2xy – 4уг + Вуш 


— Factorise 8х? — 4x? 
8x3 — 4x? = 4x? (2x — 1) 


Sometimes we do not ‘see’ ай the common factors to begin with. 
In this case, we may spot that 4 is a common factor and not ‘see’ 
the a, giving 

e — 4x? = 4002 — a?) 

A check on the terms inside the bracket shows that there is 
another common factor, namely x?, 

so Bx! = dx? = dx 2x — 1) 


Remember to check that all the common factors have been removed 


from inside the bracket. 
Factorise 


38 x? + x? 
99.24% = ad 

40 20a* — 5a? 
41 12x? — 16x? 
42 4x* + 12x? 
43 a? + a^ 

44 3 — b? 

45 4x3 — 2x? 
46 27a* — 18a? 
47 10x? – 15x* 


Worked examples 


48 12x + 8 

49 8x? + 12x 

50 9x? — 6x 12 

51 5x* — 10x 

52 8pq + 4qr 

53 x* — 8x 

B4 12 4 9y? 

55 19ху + l6xz + 8x 
56 4x? + 6x 

57 12abe — 8bed 


— Factorise 2r? + 2arh 
Qur? + Qarh = Qur(r + h) 
-> Factorise 1 Mu? — imu? 


1Ми? - imu? = і, = 
Ми? – іти? = 1uXM — т) 
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62 2o! + rh mu? + іти? 


58 jah + 181. 64 2gh, — 2gh; 
59 mg — ma 65 jmv? — mgh 
60 imi? – imu? 66 iar? — Larth 
өт p+ ВЕТ 67 37r? + 2arh 
68 
69 


mR? + тг? 


Factorising quadratic expressions 
‘The type of expression we are most likely to want to factorise is one such as x? + 7x + 10. 
This type of expression is called a quadratic expression. To factorise such an expression, 
we look for two brackets whose product is the original expression. 
When we expanded (x + 2)(x + 4) we had 
(x + 2)x + 4) =2? + 6x + 8 
If we write x? + бх + 8 = (x + 2)(x + 4) we say we have factorised x? + 6x + 8, 
ie. justasl0is2 X 5 so x* + 6x -Bis(x-- 2) X (x + 4). 


To factorise an expression of the form x? + 7x + 10, where all the terms are positive, we 
need to remind ourselves of the patterns we observed in Chapter 6. 


We found when expanding brackets that: 

e If the sign in each bracket is +, then the number term in the expansion is +. 

» The х? term comes from x X x. 

» The number term in the expansion comes from multiplying the numbers in the brackets 
together. 

* The middle term, or x term in the expansion, comes from collecting the product of the 
outside terms in the brackets and the product of the inside terms in the brackets. 


Using these ideas in reverse order 


Atat t ) 
= (x + 2)\(x + 5) 


Choose two numbers whose product is 10 and whose sum is 7, 


‘The other pair of numbers whose product is 10 is 1 and 10, but the sum 
of 1 and 10 is 11. 
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Worked example 
—> Factorise x? + 8x + 15 


‘The product of 3 and 5 is 15, and their sum is 8. 


FREUEN MT ‘The other possible pair is 1 and 15, but 1 + 15 = 16 not 8. 


Remember that 2 x 3 is the same as 3 X 2 so that (x + 3)0х + 5) is the same as (x + 5)(x + 3). 
‘The order in which the brackets are written does not matter. 


Factorise 

1 x?+3x+2 11 22+ 8x +16 
2 х + 6x+5 12 x* 15x + 36 
З 2+ 7х +12 13 x* + 19х + 18 
4 x? + 8х + 15 14 x? + 22x + 40 
5 x? + 21x + 20 15 х? + 9х +8 

6 22+ 8х+7 16 x? + 6х + 9 

7 x? + 8х + 12 17 x? + 20x + 36 
8 x? + 13x + 12 18 x? + 9х + 18 
9 x? + 16x + 15 19 x? + 11x + 30 
10 x? + 12x + 20 20 x? + 14х + 40 


To factorise an expression of the form x* — 6x + 8, remember the pattern: 


* The numbers in the brackets must multiply to give +8, so they must have the same sign. 
Since the middle term in the expression is —, they must both be — . 


* The x? term comes from x X x. 


» The middle term, or х term, comes from collecting the product of the outside terms and 
the product of the inside terms. 


Thus =x? — 6x + 8 = (x — 2)(x — 4) 
sine  (—2) x (4) = +8 
and x X (—4) + (—2) Xx = —4x — 2x = —óx 
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Worked example 


— Factorisex? — 7x + 12 


гэн ааг аг ана ‘The product of -3 and —4 is +12. 


The outside product is -4х and the inside product is — Зх. 
Collecting these gives —7x. 
Other pairs looked at and discarded are —2 and —6, and 


—1and -12. 
Factorise 
12-9r48 6x-5x46 
8545-7512 7 t= 16x 15 
3 x? – 17x + 30 8 x? -6+9 
4 x? – 11x + 28 9 x? – 18x + 32 
5 x? — 13x + 42 10 22 — 16x + 63 


Similarly х? + x — 12 = (x + 4)(x – 3) 
If the number term in the expansion is negative, the signs in the brackets are different. 
Thus (+4) x (-3) = -12 


Working as before, the product of the outside terms is —3x 
and the product of the inside term is +4x 


Therefore the total is +x. 
Similarly x? + 2x — 15 = (x + 5\(x — 3) 
or x? + 2x — 15 = (x — Bx + 5) 


Factorise 

1558-23-86 6 2° – 2х – 24 
231 -х-20 11:24: Зи 
З x2-x-12 8 х? – 9x - 22 
4 х2 + 3х – 28 9 х? – 2х - 35 
5 22 + 2x — 15 10 x? – 8х – 20 
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Most of the values in the previous three exercises have been easy to spot. Should you have 
difficulty, set out all possible pairs of numbers, as shown below, until you find the pair that 
gives the original expression when you multiply back. 


Factorise 
a х2 – 115 24 


21 —24 -25 
-2 -12 -14 
-3 ES cu 


(Because the number term is +, the two numbers in the brackets must have the same 


sign.) 
^ х? – 1x 24 


b х2 + 5х – 24 


= (x – 3) – 8) 
E +24 +23 
-2 +12 +10 
-3 +8 +5 


(Because the number term is —, the two numbers in the brackets have different signs.) 
x? + 5x — 24 = (x — 3)(x + 8) 

Remember that + before the number term means that the signs in the brackets are the 

same, whereas — before the number term means that they are different. 


Worked example 


—> Factorise х? + 


x? + 18x + 36 = (x 


Factorise 

1 x? + 9х + 14 
2 х? – 10x + 21 
3 x? + 5х – 14 
4 x? +x- 30 
5 х2 + 9х + 8 


13х + 36 
+ 4)(x + 9) 


The possible pairs of numbers whose product is 
36 are 1 х 36,2 х 18,3 х 12,4 x 9 and 6 x 6. 
4 and 9 is the only pair that gives a sum of 13. 


6 x? — 10x + 25 
Tatti 
8 x? — 15x + 26 
Ea 56 
10 x? + 32x + 60 


147 


STP Maths 9 


11 x? - 6x 27 
12 x? + 16x – 80 
13 x? + 14x + 13 
14 x? + 12x — 28 
15 x? + 2x — 80 
16 x? – 11x + 30 
17 x? + 8x — 48 


18 x? + 18x + 72 
19 x? + 17x + 52 
20 x* – 12x — 28 
21 x? + 11x + 24 
22 x! - 11x — 42 
23 x? - 18x + 32 
24 x! - Tx – 60 


‘his conia tob rearranged into the familiar frm, 
first, then the x term and finally the num 


25 8+2? + 9x 
26 9 +2? – 6x 
27 lix + 28 +x? 
28 x- 20 +x? 
29 9+ 2x7 + 6x 
30 8 + x? – 9x 
31 17x + 30 + х 
32 бх — 27 + х? 


33 x? + 22 + 13x 
34 x? - 11x - 26 
35 7 +x? — 8х 

36 x +x? – 42 

37 х? – 5x – 24 
38 14 + x? – 9x 
39 28x + 27 + x? 
40 2x — 63 + x? 


Ifyou cannot see the numbers required, write 
down all the pairs whose product is 9. 


3x3 
or1x9 


41 x? + 10x 425 
42 x? — 10x + 25 
43 P+ det 4 

44 x? — Mx + 49 
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45 x? + 12x + 36 
46 х? — 12x + 36 
473 - 4+4 

48 x? + 16x + 64 


7 Algebraic factors 


Worked example 


-> Factorise 6 — 5x — a? When the x? term is negative, the terms should be arranged: 
number term, then the x term and finally the x? term. This 
‘means that the x term appears at the end of each bracket. 


6 — 5х — x? = (6 + xl — x) 


2x3 
or6x1 
Factorise 
1 9 10 — 3x – х? 
2 10 12 + 4x — x? 
3 11544x-3? 
4 12 14- 5x - x? 
56-x-x 13 6 + 5x — х2 
6 2+5=2 14 20-х - 
Li 15 15-2x- х? 
8 16 12 +х- 22 


The difference between two squares 
In Chapter 6, one of the expansions we listed was 


(x + a) — a) = x? а? 
If we reverse this, we have 
x? — a? = (x + a)(x — a) 
or a? — a? = (к-а) (x + a) 
(The order of multiplication of two brackets makes no difference to the result.) 
This result is known as factorising the difference between two squares and is very 
important. 
When factorising, do not confuse x? — 4 with x? — 4x. 
x? — 4 = (x + 2)(x — 2) 
whereas x? — 4x = x(x — 4) (4x is not a square) 
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Worked example 


— Factorise x? — 9 


x? 9=x2 3? 


= (x + 3)(x — 3) QS 
Factorise 
122-25 42-1 7 x- 36 
22-4 5 x? - 64 835-81 
3 x? — 100 6 x? — 16 9 xt- 49 
Worked example 


— Factorise 4 — x? 


4-2= 2-22 


= (2 + х)(2 – x) О 
Factorise 
109-x* 13a*-b* 16 25 - x? 
11 36 – x? 14 9y? – 22 17 81-22 
12 100 -x 15 16 — x? 18 $-5» 


We began this chapter by considering common factors. The next 
exercise starts with a reminder of how to extract common factors, 
followed by factorising expressions such as 2x? — 8х — 10 where 2 isa 
common factor. 


Worked example 
— Factorise 12x — 6 


12x -6 = 6(2x — 1) 
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Factorise 

1 +12 4 14х +21 7 9x? — 18x 
2 25x? + 10x 5 4x2 +2 8 20x + 12 
З 127-8 6 21х-7 9 8x? — 4 


Factorise 

10 3x? + 12x +9 15 4x? — 24x + 20 

11 5x? — 15x — 50 16 3x? + 18x + 24 

12 4x? + 8x – 32 17 5x? – 45 

13 8x? – 12 18 322 — 12x — 63 

14 2x? — 18x + 28 19 18 – 3x – За? 
Calculations using factorising 


Find, without using a calculator 


1 2.5°+0.5 x 2.5 5 52'-08x52 
2 13x 3.7 + 3,72 6 26x 3.4 + 3.42 
3 5.9? -29x 5.9 7 43°-13% 43 
4 8.76? – 4.76 х 8.76 8 16.27? – 5.27 x 16.27 
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Find, without using a calculator 


9 55? — 45? 13 10.2? - 9.8? 
10 20.6? – 9.4? 14 13.5? – 6.5? 
11 7.82? – 2.822 15 8.79? - 1.21? 
12 2.667? — 1.333? 16 0.763* — 0.237? 


Factorise, where possible 

1 22 + 13x 40 13 x? + 8x +12 
23-1118 14 52-х-30 
З x – 36 15 x? – 49 
4x4 16 х2 7х +2 
5342-8412 17 22 - Tx — 10 
6 x – 11х – 10 18 x? + 13x + 42 
T+ 6-7 19 2-9 

8 x? + 13x – 30 20 x? — 10x + 24 
9343-11-24 21 x? + 13x — 68 
10 x? + 11x +12 22 x? + 11x – 26 
11 x? + 14x - 15 23 a* — 16a + 63 
12 28 - 12x - x? 24 28 + 3x – x? 
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Mixed exercises 


1 Factorise а 10a +20 b 15р? – 10р 
2 Factorise а 4ab — 8be b 5b-15b-5 
3 Factorise a а? + 9а + 18 b 25-78-68 
4 Factorise а 21-143 b 10-7х-2 
5 Factorise а а? – 36 b 16-2 
6 Find, without using a calculator 

а 3.7 +1337 b 77х 2.3 + 2.3? 
1 Factorise а 82-42 b 5xy — 20yz 
2 Factorise a 7а-а! b x? - 6х – 27 
З Factorise а х? + 12х+35 b 2а? – ба – 8 
4 Factorise а 100-2? b 2-9 
5 Factorise a 7x-8 x? b а? – 14а + 49 
6 Find, without using a calculator 

a 10.3° – 9.72 b 0.643° — 0.357° 
1 Factorise a 1222 – 62 b 8xy - 12у2 
2 Factorise a х2+10х+25 b x? – 2x – 24 
3 Factorise a a?ta-6 b x? 7x —44 
4 Factorise a b?—49 b 16p-p 
5 Factorise a 30-17%x+2? b B-r- 
6 Find, without using a calculator 

а 13.2 х 6.8 + 13.2? b 9972 — 797? 
Consider again 


Now do you know how to quickly find the value of 8.8? — 1.2? without using a calculator? 
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8 Organ sing data 


Consider 

The local health authority wants some information about the 

heights of five-year-old children in their area. The information 

is obtained from the first school medical examination, when the 

height of each child is recorded. 

* There are 1256 five-year-olds in primary schools in the area. 
What does the health authority need to do to the data in order 
to obtain useful information from it? 

* The health authority may want to compare the distribution of heights in its area with 
those in other health authority areas. What measures can it usefully use to compare 
different sets of information? Give reasons for your answers. 


You should be able to answer these questions after you have worked through this chapter. 


Data can be organised by grouping it. The data can be summarised by 
giving the range, and one or more measures of central tendency, either 
the mean, the median or the mode. You can use the Summary of Years 
7 and 8 and Revision exercise 8 at the front of this book to remind 
yourself what these measures are and how to calculate them. 


1 In Area A, the height of the shortest child is 92 ст and that of the 

tallest child is 112 ст. The range of heights is therefore 20 cm. 

In Area B, the range of heights is also 20 cm. 

а Does this mean that the height of the shortest child in Area B 
is 92cm? 

b What can you say about the height of the tallest child in Area B? 

c 15 the range on its own a good way of describing a set of data? 
An unusually tall five-year-old joined a primary school in 
Area B. As a consequence, the range of heights in this area 
increased to 30 cm. Is it reasonable to use the ranges alone to 
compare the heights in Area B with those in Area A? 


2 Тһе first three students entering a classroom had with them 
2 books, 2 books and 8 books respectively. The next three 
students entering the room had with them 3 books, 4 books and 
5 books respectively. 

а For the first group of students, write down the mean, median 
and the range of the number of books. 
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Repeat part a for the second group of students. 

c 15 the mean number of books, on its own, a satisfactory way of 
describing either set? 

d Ifthe mean and the range are used, is this a better way to 
describe a set of data? 

e Isthere any advantage in using the median instead of the 
mean? 

f The numbers of books brought in by the first three students 
lie in the interval shown on this number line. 


0123456789 


For a third group of three students who enter the room, the 
range is 4 books. Try drawing this range on a number line. 
What problems do you have? 

f For the third group of students, the median number of books 
is 4. Does this help to locate the range on a number line? 


3 The health authority wanted to investigate the possible long- 
term harm that students may suffer by carrying heavy loads 
to and from school in unsuitable bags. They made a start 
by gathering information about the weights carried by 800 
secondary school students. 

The data collected made it possible to ask questions such as 

What is the range of weights? 

What is the mean weight? 

What is the range of the lowest 90% of these weights? 
Discuss how you could go about answering these questions and 
what problems you might have. 


Analysing large sets of information 

Your discussion of the questions in the class discussion should show that, to give a 
reasonable summary of a set of data, we need to use either the mean or the median 
together with the range. It should also show that the range has disadvantages as a 
measure of spread; other ways of describing the spread of a distribution are discussed later 
in this chapter. 

In your discussion of question 3, you may have concluded that it is difficult to carry out 

the calculations needed to analyse a large set of data unless the data is entered into a 
spreadsheet, or other statistical computer program. 


Consider the following figures, collected on behalf of the local health authority. 
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Heights (rounded down to the nearest centimetre) of 90 five-year-olds from one 
primary school 
99 107 102 98 115 95 106 110 108 105 118 102 114 108 94 
104 113 102 105 95 105 110 109 101 106 108 107 107 101 109 
105 116 109 114 110 97 110 118 116 112 101 92 105 104 115 
111 103 110 99 93 104 103 113 107 94 102 117 116 104 99 
114 106 114 98 109 107 114 106 107 109 113 112 100 109 113 
118 104 94 114 107 96 108 103 112 106 115 111 115 101 108 
These figures were written on record cards in the same order as the children came into the 
medical examination, so the heights are listed in a random order. Disorganised figures like 
these are called raw data. Some form of summary, such as the mean, the median, the mode 
and the range, are needed to describe these figures. 
If the mean height of five-year-olds in one school is required, it can be found from the raw 
data. For the 90 heights given, the mean can be calculated by adding up the heights and 
then dividing by 90; this is a tedious job and, even with the help of a calculator, mistakes 
are likely. With 1256 heights, it is not sensible to use the raw data unless they have been 
entered into, say, a spreadsheet that can do the calculations. 
Grouping the data not only helps to give a ‘picture’ of the distribution of heights, it also 
reduces the complexity by replacing hundreds of individual figures with a much smaller 
number of groups of figures. However, it does reduce the amount of detail given by the 
individual figures. 
First we will organise the data into groups. If we use a number line to represent the height 
of these children, there is no point on the line which could not represent someone's height, 
that is, heights are continuous data. So the grouping we choose must not have any ‘gaps’ 
between the values included in consecutive groups. 
Taking h cm to represent the height of any child, a suitable grouping is 
90 < h < 95, 95 = h < 100, 100 = h < 105, 105 < h < 110, 110 « h < 115, 115 = h < 120 


and these are used to construct the following frequency table. 


90<h<95 |f 5 
95-h-100 | 9 
10051 «105 | Jf f Bf ll 17 
105 <h < 110 |U BAT JA AT JH Ill 28 
11041115 | ИГ | 21 
115 «1 «120 | ИПИГ 10 
Total 90 


When you make a frequency table from raw data, work down the columns, making a tally mark in 
the appropriate row for each value. Do not go through the data looking for values that fit into the 
first group and the second group and so on. 

Now we can see that the modal group is 105 cm to 110 cm. We can estimate the range of 

height as 

(upper bound of last group — lower bound of first group) = (120 — 90)ст = 30cm 
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Stem-and-leaf diagrams 

Placing the data in groups loses some of the detail. For example, we can give the modal 
group but not the mode from the table on the previous page. Another way of organising 
data is to draw a stem-and-leaf diagram. This also groups the data but preserves the 
detail of individual figures. 

This is a list of the number of pages in twenty-five text books. 


201, 325, 188, 410, 241, 377, 506, 309, 220, 162, 386, 180, 424, 258, 275, 463, 336, 174, 310, 
379, 510, 234, 371, 292, 380 


The groups form the stem: the number of pages are all between 100 and 600, so we use the 
number of hundreds as the numbers for the stem, i.e, 1, 2, 3, 4, and 5. These are written 
down the left-hand side. 


The leaves are the corresponding tens and units, and these are written on the right, next 
to the appropriate stem. Therefore, 201 is represented by 2 in the stem and 01 in the leaf 
next to the stem. 


Start by working across the rows, marking each number of tens and units in the 
appropriate place, but do not attempt to order them. 


Stem | Leaves 

88 62 80 74 

01 41 20 58 75 34 92 

25 77 09 86 36 10 79 71 80 
10 24 63 

06 10 


orf [eo | te |i 


1|88 means 188, 2|20 means 220, 4 |63 means 463, etc. 
Next redraw the diagram with the numbers in order of size and provide a key. 


Number of pages |1162 means 162 

62 74 80 88 

01 20 34 41 58 75 92 

10 25 36 71 77 79 80 86 
10 24 63 

06 10 


onf [оо 
E: 


Now we can see that there is no mode (all the numbers are different). We can find the 
median: there are 25 numbers so the median is the 13th number. This is 310, so the 
median number of pages is 810. We can also find the range: the least number of pages is 
162 and the greatest number of pages is 510, so the range is 510 — 162 = 348. 
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1 Use the stem-and-leaf diagram on the previous page, giving the number 
of pages in 25 books, to answer these questions. 
а How many books have more than 250 pages? 
b How many books have fewer than 350 pages? 


2 This stem-and-leaf diagram gives the heights from the list on page 156. 


Stem | Leaves 9|2 means 92 


9 |23444556788999 


10 |011112222333444445555566666777777788888999999 


11 (0000011222333334444445555666788 


What is the modal height? 

What is the median height? 

What is the range of heights? 

How many of these five-year-olds are less than 103 cm tall? 


mors 


Finding the mean of an ungrouped frequency distribution 

Next we need to develop methods for finding the mean and the median from grouped data. 
Firstly, we will remind ourselves how to find the mean of an ungrouped frequency distribution. 
In Book 7, we found the mean value of a frequency distribution by multiplying each value by 
its frequency, adding these products and dividing the result by the total number of values, 
that is, the sum of the frequencies. This example (from Book 7) summarises the process. 


The symbol 57 means ‘the sum of all items such as’. 


Test marks 
0 1 0 
i 1 1 
2 8 16 
3 1 33 
4 5 20 
5 4 20 
Total, xf, = 30 Total, £ fr, = 90 
ipt Efx _ 90 
The mean mark is given by Sp = 3g = 3. 


This method can be used to find the mean of any ungrouped frequency distribution, i.e. 
the mean value of a frequency distribution is given by 
х/х 
Ef 
where x is the value of an item and fis its frequency. 
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Finding the mean of a grouped frequency distribution 
From the table below we can see that 5 children had heights, h cm, in the range 90 = h < 95. 


If we assume that the mean height of 
ЁО 2 е 
95 = h = 100 9 90cm and 95cm, i.e. 92.5cm, then we 
can estimate the total heights of the 
Jooos 1 5 children as 92.5 X Bem = 462.5cm, 
105 = A < 110 28 
10 =h - 115 21 
115 =h < 120 10 


The middle value of a group is called the midclass value. 


Using the midclass value as an estimate for the mean value in each group, we can find 
(approximately) the total height of the children in each group and hence the total height of 
all 90 five-year-olds. 


It is easier to keep track of the calculations if we add another two columns to the frequency 


table. 
90 = h < 95 5 92.5 462.5 
95 = h < 100 9 97.5 877.5 
100 < h < 105 w 102.5 1742.5 
105 =h < 110 28 107.5 3010 
110 < h < 115 21 112.5 2362.5 
115 = h < 120 10 117.5 1175 
Totals Xf-90 Efx = 9630 


The total height of all 50 children is estimated as 9630 cm, so the mean height is 
approximately 


9630. = 
“др om = 107cm 


Remember that this calculation is based on the assumption that the average height in each 
group is halfway through the group, so what we have found is an estimate for the mean. 


This process can be used with any grouped frequency distribution, so 
the estimated mean value of a grouped frequency distribution is given by 
Bf 
xf 
where x is the midclass value and f is the frequency of items in the group. 
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1 Fifty boxes of peaches were examined and the number of bad 
peaches in each box was recorded, with the following result. 
Estimate the mean number of bad peaches per box. 


No. of bad peaches per box | 0-4 | 5-9 | 10-14 | 15-19 
Frequency 34 11 4 1 


2 Twenty tomato seeds were planted in a seed tray. Four weeks 
later, the heights of the resulting plants were measured and the 
following frequency table was made. Estimate the mean height of 


the seedlings. 
Height, h (ст) | 1<h<4 | 4<h<7 | 7<h<10 |10<A<13 
Frequency 2 5 10 3 


3 The table shows the result of a survey of 100 students on the 
amount of money each of them spent in the school tuck shop on 
one particular day. Find an estimate for the mean amount of 
money spent. 


Amount (pence) | 0-24 | 25-49 | 50-74 | 75-99 


Frequency | 26 15 3s | 21 

4 The bar chart shows the result of an examination of 2 
20 boxes of screws. 10 
Make a frequency table and estimate the mean number Ё 
of defective screws per box. H 


ona ae 


0-2 3-5 68 9411 
Number of defective screws per box 


5 The table shows the distribution of heights of 100 adult females, 
rounded down to the nearest centimetre. Estimate the mean 


height. 
[eas 145 = h < 150 | 150 = h < 155 | 155 = h < 160 | 160 = h < 165 | 165 = h < 170 | 170 = h < 175 
Frequency 2 6 42 36 10 4 
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Ө | 6 Anew income tax form was trialled by asking 
some people to complete it. The time each 
person took was recorded and the frequency 
polygon summarises the results. 

a How many people were asked to complete 
the form? 

b Estimate the range of times taken. 

с Copy and complete this table. 


Midclass value, 
t (minutes) Ч I 
Tregu 25 0-3 10 i 2 5 


Time (min) 


Frequency 
oSBSE5USÓ5258 


25 


d Estimate the mean time taken to complete the form. 


The median 

The table on page 156 shows the heights of 90 five-year-olds collected from one primary 

school by a local health authority. These are some of the 1256 heights collected from all 

primary schools in the area. 

» The authority may want to use these figures to find the median height, which is the 
height matched or exceeded by half the five-year-olds. 

» It may also want answers to questions such as ‘What proportion of five-year-olds are at 
least 105 cm tall?’ or ‘Below what height are the shortest 25% of the children?” 

In order to answer these questions, the heights need to be arranged in ascending order. 

Without the help of a computer, this is a time-consuming task for 90 figures; for 1256 

figures it is daunting. 


Running totals 

The proportion of the 90 children in one school who are at least 105 cm tall can be found 
from the grouped frequency table by working out a ‘running total’. This means finding the 
total number of heights below 95 em, the total number of heights below 100 cm, and so on. 
We add another column to the table to show the running totals. 


90 =h< 95 5 5 heights below 95cm 

95 =h < 100 9 5 + 9, i.e. 14, heights below 100 ст 
100 = л < 105 17 14 + 17, 31, heights below 105cm 
105 =h} < 110 28 31 + 28, i.e. 59, heights below 110cm 
110 =h < 115 21 
115 = h < 120 10 


The last column shows that 31 out of 90 children are less than 105 ст tall, 


ЗІ — 34.4% are less than 105cm tall, so 65.6% are taller than 105 cm. 


=e 0D. 
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1 The following table shows the separate subject results achieved 
by a certain student, with the running total given in the fourth 


column. 
Lesson Subject Mark | Running total 

1 Physics 54 54 
2 French 72 126 
3 Biology 62 
4 [Chemistry 45 
5 History 78 
6  |Mathematics 64 
1 English 45 
8 | Оеонтарву 82 

Copy and complete the table. 


2 The table shows the running totals of students who have school 
lunch each day during a certain school week. Complete the table 
to find out how many had lunch on each day. 


Number of lunches Running total of 
реку served each day lunches served 
Monday 126 
Tuesday 280 
Wednesday 424 
Thursday 599 
Friday 717 


3 The mile-posts along the M4 motorway show that the distances, 
in miles, between various places are as follows. 
Cardiff to Newport 10. 
Newport to Severn Bridge 16. 
Severn Bridge to Leigh Delamere 28. 
Leigh Delamere to Swindon 18. 
Swindon to Reading 39. 
Reading to Heathrow Airport 28. 
Heathrow Airport to Central London 15. 
a Make a running total of the distances along the motorway 
from Cardiff to Central London. 
b Use your table to find the distance from 
i Swindon to Heathrow Airport 
ii Newport to Reading. 
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Ө | 4 During a week's holiday a family spent the following amounts on 


snacks, 
Amount spent | Running total of expenditure 

Monday £25 
Tuesday £48 
Wednesday £8 
Thursday £55 
Friday £34 
Saturday £15 
Sunday £5 


а Copy and complete the table. 

b How much in total did the family spend in the week on 
snacks? 

c By which day had they spent over half of their total 
expenditure on snacks? 


Cumulative frequency 
‘The running total of frequencies is called the cumulative frequency. 


A cumulative frequency table is constructed by adding each frequency to the sum of all 
those that have gone before it. 


The cumulative frequency table for the 90 heights of five-year-old children can be 


constructed as follows. 
90 «5-95 5 h«95 5 
95 =h < 100 9 һ< 100 (5 + 9 =) 14 
100 =} < 105 17 h< 105 (14 + 17 =)31 
105 =h < 110 28 h «110 (31 + 28 =) 59 
110 <h < 115 21 h< 115 (59 + 21 =) 80 
115 =h < 120 10 h< 120 (80 + 10 =) 90 


Even if the second column is omitted, we can find the frequency of heights in any group 
from the cumulative frequencies. 


For example, the number of heights in the group 105 = л < 110 is given by the cumulative 
frequency up to 110 cm minus the cumulative frequency up to 105 cm, that is, 59 — 31 = 28. 


Notice that we can use the last number in the cumulative frequency column as a check on 
accuracy. It confirms that the total number of heights is 90. 


One of the questions the health authority may want to answer is ‘What proportion of the 
children are shorter than 115 cm?" 


163 


STP Maths 9 


Keep your tables for questions 1 to 3 because you will need them for the 
next exercises. 


1 Copy and complete the following table, which shows the distribution of 
goals scored by the home sides in a football league one Saturday. 


Score | Frequency | Score | Cumulative frequency 
0 3 <0 3 
$ 8 <1 3+8=11 
2 4 =2 
3 3 =3 
4 5 =4 
5 2 =5 
6 2 <6 


a How many matches were played? 
b In how many matches were 3 or more goals scored by the home side? 


the marks scored by Year 7 students in their English test. 


Frequency (no. of students" Cumulative 
MEE scores within each range) cess frequency 
1-10 T =10 
11-20 14 =20 
21-30 18 =30 
81-40 33 =40 
41-50 36 x50 
51-60 43 =60 
61-70 21 =70 
71-80 15 =80 
81-90 8 =90 
91-100 5 х 100 
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3 


4 


How many Year 7 students are there? 
How many scored 50 or less? 
How many scored more than 60? 


Can you say how many students scored 75? Explain your 
answer. 


во ср 


e Ifyou were asked to give the number of students who scored 
less than 55, what difficulties would you have in providing an 
answer? 


The table is based on a cricketer's scores in each innings during 
one season. Copy and complete the table to show the cumulative 


frequencies. 

Score 0-19 | 20-39 | 40-59 | 60-79 | 80-99 | 100-119 | 120-139 
Frequency | 8 14 | 33 6 5 3 1 
Score =19 | «39 | «59 | «79 | «99 | «119 | «139 
Cumulative 

frequency 


а How many innings did he play? 
b Та how many innings did he score less than 60? 
с In how many innings did he score at least 40? 


A school is organising a Grand Prize Draw to raise money to 
buy a mini-bus. Tickets are sold at 50 p per book and the school 
is encouraging students to sell as many books as possible by 
offering a £20 prize to the student who sells the most books. 
The table shows the distribution of the numbers of books sold by 
the students in the school. 


0-5 | 6-10 | 11-15 | 16-20 | 21-25 | 26-30 | 31-35 | 36-40 | 41-45 | 46-50 


Frequency. 77 124 73 32 22 9 
=5 | <10 | <15 | <20 | «25 | <30 | «35 | <40 | «45 | «50 


383 611 775 867 


Сору and complete the table and use it to find 
a the number of students who sold more than 30 books 
b the number of students who sold fewer than 21 books 


€ the number of student who sold more than 10 books but 
fewer than 31 books. 


d Was the £20 prize won by one student or could it have been 
shared? Give a reason for your answer, 
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Ө | 5 The table is based on a golfer's scores on the professional circuit 


one summer. 
Score 67 | 68 | 69 | 70 | 71 | 72 | 73 | 74 | 75 | 76 | 77 | 78 
Frequency 2 4 9 
Score = 67 | =68 | =69 | =70 | =71| =72 | =73| «74 | =75 | 576 | $77 | 5 78 
Cumulative| 2 6 15 | 24 | 36 | 51 | 64 | 72 | 77 | 85 | 91 | 95 
frequency 


Copy and complete this table and hence find 
а the number of rounds in which she scored 73 
b the number of rounds in which she scored 75 or more. 


Cumulative frequency diagrams 


We used this cumulative frequency table for the height of 90 five-year-old children to find 
the number of children who were less than 105 cm tall. 


901-95 5 h «95 5 
95 =h < 100 9 h< 100 14 
100 =h < 105 17 h< 105 31 
105 =h < 110 28 h< 110 59 
110 =k} < 115 21 h<115 80 
115 =h < 120 10 h< 120 90 


It is not possible to find the number of children who are less than 102cm tall, because 
102cm is in the middle of a group and we do not know the individual heights in this group. 
They may all be less than 102cm, or all greater than 102 сш, or any distribution between 
100 ст and 105 cm. 


We can make an estimate of this number ав follows: 
102 ст is just under halfway through the group 100 ст to 105 ст, 
there are 17 heights in this group so assume that just under half of them (8) are less 
than 102cm, that is, assume that the heights are evenly spread throughout the group. 
This gives 14 + 8 = 22 as an estimate of the total number of heights less than 102 cm. 


We can find this estimate more easily from a graph drawn by plotting cumulative 
frequencies against the upper ends of the groups. When the points are joined with straight 
lines, the graph is called a cumulative frequency polygon. If we draw a smooth curve 
through the points, the graph is called a cumulative frequency curve. 


This graph shows the cumulative frequency polygon (blue) and the curve (black) for the 
distribution of heights given above. 
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‘Cumulative frequency 


Height (cm) 


Notice that the graph starts at the point where the cumulative frequency is zero at the 
lower end of the first group. This is because there аге no heights less than 90 cm. 


When we join the points with straight lines, we are assuming that the items in any one 
group are evenly spread throughout that group. For example, we are assuming that the 
five heights in the group 90 = A < 95 and the nine heights in the group 95 < A < 100 are 
spread as shown on this number line. 


E US EE CHOR A 100 


They are more likely to be less evenly spread, for example as shown on this number line. 


Drawing a smooth curve through the points assumes this more likely distribution of the 
heights. 


We can now use the curve to estimate the number of children whose heights are less than 
102cm. 
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8 


E] 


è 
3 


‘Cumulative frequency 


90 95 100 105 110 115 120 
Height (cm) 


We draw а line up from 102 ст to the curve and then draw a line across to the cumulative 
frequency axis. The reading is 19, so we estimate that 19 children are shorter than 102 cm. 


Keep your curves because you will need them for Exercise 8f and 
Exercise 8g. 


1 Draw cumulative frequency curve for question 1 in Exercise 8d. 


2 а Draw a cumulative frequency curve to illustrate the data given in 
question 2 of Exercise 8d. 


b Use your curve to estimate the number of students who scored 75 
or more. 


€ The pass mark for the examination was 45%. How many students 
passed? 


3 a Draw a cumulative frequency curve for question 3 in Exercise 8d. 


b Estimate the number of innings in which the batsman scored 90 or 
more. 
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Finding the median of a grouped frequency distribution 
For an ungrouped frequency distribution, we can find the median directly from the 
cumulative frequency table. 


For example, this table gives the scores from shots in a shooting competition. 


<1 3 
=2 7 
<3 25 
<4 41 
=5 50 


50 +1 


‘The median of these 50 scores is the 2—2 


26th score. 


th score, that is, the average of the 25th and 


From the cumulative frequencies, we see that the 25th score is 3 and the 26th score is 4, 
so the median score is (3 + 4) = 3.5 


Now consider again the grouped distribution of 90 heights. 


h<95 5 
h<100 14 
h<105 31 
h<110 59 
A<115 80 
h < 120 90 


The median of the 90 heights is the average of the 45th and 46th heights when they have 
been arranged in order of size. The table shows that these both lie between 105cm and 
110cm. 


Therefore, the median is in the interval 105 = A < 110. 


Although we cannot locate the median exactly, we can estimate its value from the 
cumulative frequency curve. When we do this, we read the value from exactly halfway 
through the total frequency. 
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n 
! 


Height (ст) 

The median is halfway through the 90 heights; 45 is halfway between 0 and 90 on the 
cumulative frequency axis, so we read across from 45 and then down to the horizontal axis. 
The reading here is 107.5 cm, and this is used as an estimate for the median. 


We can also use the curve to estimate answers to questions such as ‘Below what height are 
the shortest 25% of the children?” 


Because 25% of 90 is 22.5, we read across from 22.5 and then down to the horizontal axis 
to 103 cm. This gives us the estimate that 25% of the children are shorter than 103 cm. 


1 Find the median from each of the graphs you drew for Exercise 8e. 


2 Use the cumulative frequency table below to draw the cumulative 
frequency curve for the prices of all the houses advertised in a 
property magazine one weekend. 

n of £s) =70 | =80 | «90 <100] «но =120 ЕЕ = 150 |= 160 


Cumulative | | 
3 10 22 60 | 128 | 170 | 187 | 197 | 203 | 208 | 210 
frequency 


Use your graph to estimate the median advertised price for a house. 
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3 


This is the cumulative frequency curve for the marks awarded in 

a maths exam. 

а What is the median mark? 

b The pass mark will be set so that 25% of candidates fail. 
What should this mark be? 


8 


Cumulative frequency. 


8 


Mark 


The cumulative frequency curve for the marks in an English test 
is given below. Use the graph to find 

a the number of students sitting the test 

b the median mark. 


‘Cumulative frequency 


10 20 30 40 50 60 70 80 
Mark 
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Ө | 5 Use the following cumulative frequency table to draw the 
corresponding cumulative frequency curve for the marks 
obtained by candidates in an examination. 


7 


Marks <9 |=19|=29|=39| <49| <59 | «69| =79 | <89| «99 
Cumulative 

7 16 | 28 | 47 | 80 | 125 | 174 | 202 | 212 | 220 
frequency 


Use your graph to estimate the median mark. 


The number of cars using a ferry on each trip during a particular 
month was noted and the results are given in the following table. 


Nomba 40 | 41 | 42 | 43 uas 46 | 47 | 48 | 49 | 50 
of cars 
Number 
of tri 21416110 121816121111 


Construct the corresponding cumulative frequency table and use 


it to find the median number of cars making the trip. How many 
trips did the ferry make during the month? 


A traffic survey counted the number of cars per hour passing 
Southwood Post Office each hour of the day from 8 a.m. to 6 p.m. 
for a week. The results are given in the table. 


Use groups 0—5, 6— 10, 11-15, etc. to make a frequency table and 
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a cumulative frequency table. Draw the cumulative frequency 
curve and use it to estimate the median number of cars passing 


Southwood Post Office per hour. 


Sum. | 9 алаг [10 ал.-[11 am.- [12 noon] 1 p.m. | 2 pm- | 3 p.m- | 4p-m- | 5 pam— 

92m. | 10am. | 11 am. |12 пооп - pm. | 2pm. | 3pm. | 4pm. | 5pm. | 6pm. 
Monday 39 37 46 36 41 34 33 32 22 23 
Tuesday 16 31 40 39 42 43 39 37 24 17 
Wednesday| 24 39 37 45 44 39 38 36 29 27 
‘Thursday 19 33 32 34 42 38 37 39 25 27 
Friday 30 37 36 а 48 47 40 43 35 34 
Saturday | 28 38 46 39 42 48 42 40 31 38 
Sunday 3 7 42 14 n 33 36 35 27 26 


8 Organising and summarising data 


Interquartile range 


Consider this set of marks obtained by a student in the end-of-year exams. 
54, 93, 86, 75, 8, 59, 73, 83, 55, 64, 78 
‘The marks range from 8 to 93. All the marks except one, however, are over 50. 


Therefore, the range of these marks gives a misleading impression of their spread and it 
would be better to quote the range of a restricted section of the marks. 


The mark of 8 is an example of an outlier. An outlier is a value that is much higher or 
lower than the rest of the values in a set. 


Now consider again the heights of five-year-olds collected by a local health authority. 


The health authority may want to compare the range of heights with those from other 
areas, If there are one or two abnormally short or tall children in any one health authority 
area, comparing the full ranges is not as helpful as comparing the ranges of restricted 
sections of the heights. Clearly the comparisons are valid only if the same sections of each 
distribution are compared. 


The restricted range that we usually use is the middle half, that is, from 1 to 2 of the way 
through a distribution. 


The value that is 1 of the way through a distribution is called the lower quartile. 


For n values arranged in order of size, 


п+1 
4 


the lower quartile is the th value. 


‘The value that is of the way through a distribution is called the upper quartile. 
For n values arranged in order of size, 


the upper quartile is the зна 


th value. 


We use Q; to denote the lower quartile and Q; to denote the upper quartile. (Q, is used to 
denote the median.) 


For an ungrouped distribution, we can find the lower and upper quartiles exactly. 


For a grouped distribution, we use a cumulative frequency curve to estimate 
Qi as the “th value, and Q, as the Snin value. 


The difference between the quartiles is called the interquartile range. 


The interquartile range is Qs — Qi. 
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This is the cumulative frequency curve of the heights of 90 children. 


Ї 


‘Cumulative frequency 


Height (em) 


Qı is the Mth, i.e. the 22.5th, value 


and 0, is the хво i.e. the 67.5th, value. 
Reading from the graph, Q, = 103cm and Q; = 111.8cm 


Therefore, the interquartile range is Qs — Q; = 111.8 — 103cm 
= 88cm 


(Note that readings from graphs can only give estimates for values.) 


1 Use the cumulative frequency curves you drew for Exercise 
8e to find the upper and lower quartiles and the interquartile 


ranges. 


2 The cumulative frequency curve opposite shows the weekly 
earnings, in pounds, of a group of teenagers. 
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Use the graph to find 
a the median 


b the upper and lower quartiles. 
c Hence find the interquartile range. 


100: 


8 


‘Cumulative frequency 


s 


Weekly earnings (£) 


3 The table shows the distribution of the ages of people attending a 


public concert. 


40-59 


60-79 


80-99 


110 


56 


Copy and complete the following cumulative frequency 


use it to draw a cumulative frequency curve. 


table and 


<20 


<40 


<60 


<80 


<100 


Hence find 


a the number of people attending the concert 


b the median age 


€ the upper and lower quartile ages, and the interquartile 


range. 
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4 Several darts players were chosen at random and each was asked 
to throw 50 darts at the bullseye on a dartboard. The number of 
bullseyes scored by each person was noted and the following frequency 
table was constructed. 


No. of Frequency No. of Cumulative 
bullseyes bullseyes frequency 

0-4 25 =4 
5-9 20 «9 

10-14 15 =14 

15-19 12 

20-24 10 

25-29 3 

30-34 2 

35-39 1 

40-44 1 

45- 0 


Copy the table and complete the third and fourth columns. Draw the 
corresponding cumulative frequency curve, using a scale of 2em to 
represent 10 bullseyes on one axis and 2 cm to represent a cumulative 
frequency of 10 on the other axis. Use your graph to estimate 

а the median 

b the upper and lower quartiles. 


5 In the first round of a golf tournament the following scores were 
recorded. 

70 68 71 67 74 69 69 71 68 70 
71 70 72 69 69 68 т 70 70 72 
72 69 68 70 68 69 67 71 69 70 
68 67 70 70 73 69 71 67 69 68 

Construct a cumulative frequency table for these scores, 

How many rounds of less than 70 were there? 

How many rounds of more than 69 were there? 

Find the median score. 

Explain why you do not need a cumulative frequency curve to find 

the median, 


орао ср 


Ө | 6 The marks obtained by the candidates sitting a test are given in the 


following table. 


Mark 0-9 | 10-19 (20-29 | 30-39 | 40-49 | 50-59 | 60-69 | 70-79 


Frequency | 3 13 | 27 | 43 | 33 | 20 | 12 | 8 


Draw a cumulative frequency curve for these figures. Use 2cm to 
represent 10 marks on one axis and a cumulative frequency of 20 on 
the other axis. 
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Use your graph to estimate 
а the median 

b the upper and lower quartiles and, hence, the interquartile range 
c е pass mark if 75% of the candidates pass. 


Mixed exercise 


1 The following cumulative frequency table gives the percentage 
marks of 250 students in an English examination. 


Mark 10 | 20 | 30 | 40 | 50 | 60 | 70 | 80 | 90 | 100 
Number of students scoring 
up to and including this e 5 | 15 | 29 | 52 | 89 |142 | 197 | 223 | 240 | 250 


a How many students scored a mark of more than 70? 
b How many students scored a mark from 41 to 60? 
c Plot the values from the table on a graph and draw a smooth 
curve through your points. (Use a scale of 2m to represent 
20 marks on one axis and 2 ст to represent a cumulative 
frequency of 25 on the other axis.) 
d Use your graph to estimate 
i the median 
ii the upper and lower quartiles. 
e State the probability that a student chosen at random will 
have a mark 
i less than or equal to 50 
ii greater than 60. 


2 The bar chart on the following page illustrates the distribution 
of the weekly pocket money of the 240 students in Year 6 of a 
school. 

a How many students received from £6 to £10 inclusive? 

b Halfthe students received more than £x per week. Estimate 
the value of x. 

c The line AB indicates that the value of the lower quartile of 
the distribution is £1.50. What does this mean? 

d The value of the interquartile range is £2.70. What is the 
value of the upper quartile? What information does the 
interquartile range give us about the weekly pocket money of 
the group? 

e Estimate the total amount of pocket money received by the 
Year 6 students. 

f Hence estimate the mean amount of pocket money received 
by the Year 6 students. 
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Weekly pocket money of 240 Year 6 students 


Frequency 
= 2 


Pocket money (£) 


The following marks were obtained by the 80 candidates in an English 
test, which was marked out of 60. 


54 52 31 47 24 36 27 15 44 26 8 20 46 32 
27 31 33 57 39 32 43 32 23 33 31 21 38 28 
40 19 52 37 38 39 29 30 47 29 8 13 33 35 
48 18 36 39 23 58 34 35 16 21 32 38 34 13 
27 32 37 23 37 49 25 38 24 27 48 36 45 18 
41 34 43 12 47 24 8 29 37 33 


10-19 x19 
20-29 <29 
30-39 
40-49 
50-60 


Use the information in your table to draw a cumulative frequency curve 

and from it estimate 

a the median mark 

b the upper and lower quartiles 

€ the number of candidates who passed, if the pass mark was 40 

d the pass mark if 70% of the candidates passed 

e the probability that a student selected at random scored less than 30. 

f Draw a stem-and-leaf diagram of this data. Use the number of 10s as 
the stem. 


8 Organising and summarising data 


Ө | 4 An agricultural researcher wanted to compare the milk yields from two 
herds of cows. The following evidence was collected. 


Herd A 

Yield per cow per day, c litre) | 0<c<5 | 5 =с<10 |10 <c < 15|15 < e <20 
Frequency | 2 6 | 2⁄4 14 
Herd B 

Yield per cow per day, с (litre) | 0-с-5 | 5 =с<10 |10<c<15|15<c<20 
Frequency | 3 14 18 5 
а Find the median, the range and the interquartile range for the yields 

from each herd. 


b Use your results from part a to compare the yields from these two herds. 


Ө | 5 A group of Year 6 students went on a school outing. The diagram shows the 
distribution of spending money that the students had at the beginning of 
the trip in the form of two bar charts drawn back to back. 


£14.01-£16.00 
£1201-£1400| 
£10.01-£12.00 
£8.01-£10.00 
£6.01-£8.00 


i 
so 40 30 20 10 20 30 50 
Frequency Frequency 
How many i girls ii boys went on the trip? 

What fraction of the i boys ii girls had more than £10? 

Draw a cumulative frequency table for both sets of data. 

Find the median and interquartile range for each set of data. 

Give two differences between the girls’ and the boys’ spending money. 


оро стр 


Consider again 

The local health authority wants some information about the heights of five-year-old 

children in their area. 

* There are 1256 five-year-olds in primary schools in the area. What does the health 
authority need to do to the data in order to obtain useful information from it? 


* The health authority may want to compare the distribution of heights in its area with 
those in other health authority areas. What measures can it usefully use to compare 
different sets of information? Give reasons for your answers. 


Now can you answer these questions? 
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Consider 
A newspaper headline reports: 


skULL 
ANCIEN en PEAT BOG 


From this single part of the skeleton it is possible to draw several conclusions about the 
person to whom the skull belonged. For example, the scientists say that it belonged to a man 
who was between 1.78 m and 1.80 m tall. They worked this out by using data that shows 
that an adult’s height is just over three times the distance measured round their head 
immediately above the eyebrows. 

Express this formula algebraically, using H m for the height and C m for the circumference 
of the head. 

There is also a relationship between the length of the femur bone and height: the height in 
centimetres is approximately 54 plus 2.5 times the length of the femur (in centimetres). 
Express this formula algebraically, using H em for the height and L ст for the length of the 
femur. 

Use these two formulas to find the length of the femur in terms of the circumference of the 
head. 

You should be able to answer these questions after you have worked through this chapter. 


When a definite relationship between two quantities has been established, we can find 
either one when we are given the other: In this case, we can calculate the height if we know 
the circumference of a person’s skull. 


The relationships between the quantities referred to in the Consider section is not exact, 
but in other cases it may be. For example, if grapefruit cost 33 p each, the formula C = 33n 
enables us to find the exact cost, C pence, when we buy n grapefruit. 


In this chapter we look at some formulas that are more complicated than the ones we 
studied in Books 7 and 8. 
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9 Formulas 


Discuss in a group whether or not each of the following statements 
is true. If you come to the conclusion that a particular statement is 
true, list examples to support your conclusion. 

1 There are many examples to show that two quantities can be 
connected by an exact relationship. 

2 Sometimes two quantities are related, but not in an exact way. 
(If you can, list some quantities that are very closely related and 
others that are related but not strongly.) 

3 In some cases, one quantity can be related to several different 
quantities at the same time. 


4 There are cases where two quantities are not related in any way. 


Constructing formulas 
Electricity bills are presented every quarter (every three months). They are made up of a 
fixed standing charge plus the cost of the number of units used in the quarter. 
By using letters for the unknown quantities, we can construct a formula for a quarterly 
electricity bill. 
If £C is the total bill, £R is the standing charge, the cost of one unit is x pence and N units 
are used, then 

the cost of the units is Nx pence or £A. 


100 
E Nx 
therefore C = R + 156 


Notice that pounds are used throughout — the cost of the units is converted from pence to 
pounds so that we add pounds to pounds, not pounds to pence. 


Worked example 


=» А number p is equal to the sum of a number q and twice a number r. Write down a 
formula for p in terms of q and r. 


p=q+2r 


In questions 1 to 7, write a formula connecting the given letters. 
1 A number a is equal to the sum of two numbers b and c. 


2 A number m is equal to twice the sum of two numbers n and p. 
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2 


A number z is equal to the product of two numbers х and y. 
A number a is equal to twice the product of two numbers b and c. 


an 


A number d is equal to the difference of two numbers e and f, 
where e is greater than f. 


e 


A number n is equal to the sum of a number p and its square. 


EI 


A number v is equal to the sum of a number u and the product of 
the numbers a and ¢. 


w 


Fabric is sold at £p per metre. The cost of N metres is £R. Find a 
formula for R in terms of N and p. 

A shop sells two brands of tinned beans. It has N tins of beans 
altogether; y of them are one brand and z of them are the other 
brand. Find a formula for N in terms of y and z. 

10 A ship moving with constant speed takes x minutes to cover one 


nautical mile. It takes X minutes to cover y nautical miles. Find a 
formula for X in terms of x and y. 


2 


11 Acard has P metres of lace edging wound on it. Nerys buys n 
lengths of edging, each x centimetres long. If Q metres of edging 
are left on the card, find a formula for Q in terms of P, n and x. 


12 Fertiliser is applied at the rate of a grams per square metre. It 
takes b kilograms to cover a field of area c square metres, Find a 
formula for b in terms of a and c. 

13 A bag of coins contains x ten-pence coins and y twenty-pence 
coins. The total value of the coins is £R. Find a formula for R in 
terms of x and y. 


Substituting numbers into formulas 


Worked example 
— Given that s = ut — 180, find s when u = 8,t = 6 and g = –10 
s — ut — igt 
Menem ао азаар Notice that we have put each number in brackets. 
s = (8X6) — (20—106)? ‘This is particularly important when we are 
48 — (-5Y36) dealing with negative numbers, 
48 — (—180) 
= 48 + 180 
= 228 
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[ESI 


15 


Given that v = “+, find v when u = 4andt = -2 


J, find z whenx = 2andy = 4 


If C = rt, find C when r = -3andt = —10 


Given thatz = 2 + 


Іх = rt — v, find x when r = 2,2 = 10 and v = —4 


Ifp = x + x, find p when 


a x-2 b х-ЗА e x=0.79 


Given that s = 1(a + b + с), find s when 

а a=6,b=9ande=5 

b a =5.04,b = 7.35 апіс = 4.83 

If p = r(2t — s), find p when r = 1,2 = 3 and s = -2 
Ifa = (b + с), find a when 

a b=8ande=-5 

b b-4landc-78 


"E sdiri 
Ifr= -2p fndrwhens=}andt =} 


Given that a = be — 240, find a when b = 3,¢ = -4 and d = 7 

Given that V = 1X — ҮР, find V when X = 3 and Y = -5 

If P = 2Q + 5RT, find P when Q = 8,R = -2 and T = 1 

Given that a = (b — сХе — d), find a when b = 2,с = 4 and d = 7 

The displacement (D em?) of an engine is given by the formula 
р= тх Gy xs 


where n is the number of cylinders, b is the bore (diameter) of 
each cylinder in centimetres and s is the length of the stroke in 
centimetres. 

Find the displacement of a 4-cylinder petrol engine that has a 
bore of 78mm and a stroke of 84mm. 


A person’s mean blood pressure (P), in millimetres of mercury, is 
calculated using the formula 


Р-р-8-0) 

3 
where D is the diastolic pressure and S is the systolic pressure, 
both measured in millimetres of mercury (mm Hg). Use this 
formula to find Gwen’s mean blood pressure if her diastolic 
pressure is 82 mm Hg and her systolic pressure is 146 mm Hg. 
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Ө | 16 The gross yield of a government stock, as a percentage, is given 
by the formula 


Gross yield = $ x 100 


where 118 the annual rate of interest and Р is the price of the 
stock. Find the gross yield on 

a Treasury 113% stock at 121 

b Exchequer 4% stock at 94. 


Sometimes the letter whose value we need to find is not isolated on one side of the formula. 
For example, to use the formula v = и + at to find a when v = 20, u = 8 and t = 2, we 
substitute the values for v, и and t. This gives the equation 20 = 8 + 2a, which we can then 
solve to find a. 


Worked examples 
— Given that p = q — 5r, find the value of g when p = 5 and r = 2 
p=q-65r 
Replacing p by 5andrby2gives 5=q~-10 ee 
15-4 Ф) 
ifp = 5 andr = 2,q = 15 


— Given that p = q — 5r, find the value of r when p = 4 and q = 24 


p=q-5r : 
Ifp = 4 and q = 24, 4 = 24 - 5r Qa 
Br +4 =24 Subtract 4 from each 

side. 
5r = 20 о ‘Divide both sides by 5. 
r=4 
ifp = 4andq = 24,7=4 

1 Ifa=6 + 2c, find 2 Given that x = y — z, find 
a bwhena = 10апіс= 2 a ywhenx=9andz=4 
b cwhena = 13andb = 5 b zwhenx-5andy-8 
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3 Ifp=qr, find 
а qwhen p = 36 andr =9 
b rwhenp = 24andq = 8 


4 Given that v =u + 8t, find 
a uwhenv = 45 and¢t = 3.5 
b twhenv = 64 and u = 0 


5 Ifs=}a+b +c), find 
а awhens =5.8,b = 4.5 and c = 34 
b cwhens = 47,а = 2.7 and b = 3.8 


6 At an athletics meeting a points system operates for the long 
jump event. The number of points scored (P) is calculated using 
the formula 

P-ax(L-b* 

where L is the distance jumped in metres, measured correct to 

the nearest centimetre, and a and b are non-zero constants. 

а The points score for a jump of 6 metres is 0. Which constant 
does this information enable you to find? What is the value of 
this constant? 

b Ajump of8 metres gives a score of 400 points. Find the value 
of the other constant. 

c What is the shortest jump that will score points? 

d How many points are scored for a jump of 

6.5m 


Changing the subject of a formula 


In question 16 in Exercise 9b the gross yield, G, of a government stock is given by the 
formula 


=l 
G= рх 100 


where / is the annual interest rate and P the price of the stock. This formula can be used to 
find G directly for different values of I and Р. 


tE 


A financial adviser may want to use this formula to find the interest rate for a gross yield 
of 10% when the price of the stock is 120. 
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He can do this by substituting the numbers directly into the formula to give 


10 = 54, x 100 


and then solving this equation for Z. This gives J = 12. 

The adviser may wish to find values of I for several different values of G and P. He can 
repeat the method used above or he can start by rearranging the formula so that Г is alone 
on the left-hand side. 

We can do this by thinking of G = Z, х 100 as an equation and solving it for I 

As with any equation, we start by getting rid of any fractions. Multiplying both sides by P 
achieves this; 


ie PxG@=pL x 100 > PG = 1001 The symbol = means 
$ ‘gives’ or implies. 

"Then dividing both sides by 100 gives GF 

: 2 GP 

ie 1-88 


Now we can find J directly for different values of G and Р. 
When the formula is in the form G = 5 X 100, С is called the subject of the formula. 


When the formula is written as J = Lum Tis the subject of the formula. 


Rearranging G = i х 100 as I = g is called changing the subject of the formula. 


Note that when we enter a formula into a spreadsheet, it has to be in the form where the 
required quantity is the subject of the formula. It is therefore important to be able to change 
the subject of a formula. Since changing the subject of a formula is like solving an equation, 
we start by solving some equations where the letter is the denominator of a fraction. 


Worked example 


—> Solve the equation 4 + 2 


4+2=7 
‘Multiplying each term by 
teed То T% x gets rid of the fraction. 
A 
4x+2= Tx 
‘Take 4x from both sides, 
я 2 


Check: LHS = 4 + 2+2=4+2x3=7=RHS 
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Solve 
1425 6344-5 
2142-3 71-1=9 
a 

33-4=6 89-í 
42-1 92-8-17 
55-2 

y 


We need to ‘sol те лоша ок 


Make the letter in brackets the subject of the formula. 


10 p=st+r (s) 20 х = 2y o) 
llx=3+y (у) 21v-jt [7] 
12a-b-c [2] 22 a=be (b) 
13 u=v-5 (v) 23:-4 (u) 
14 2=х+у [2] 241-5 (m) 
15 X-Y-Z [^4] 25 a = 3b (b) 
16 r=s+2t (s) 26 Х= 00 (N) 
17 Ё-14т (m) 27 v=ut (u) 
18 N=P-Q (P) 28 2— 109 (w) 
19 v=u +10 (u) 29 п-п (p) 


One operation only was needed to change the subject of a formula in 
the last exercise. In the following exercise, more than one operation 
is required. 
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Worked example 
—- Make t the subject of the formula v = u + 2¢ 

yap S tied 
Take и from each side v — и = 2t term containing ¢ on. 
: хув one side of the formula, 
Divide each side by 2 1-00 


Make the letter in brackets the subject of the formula. 
Зу 


1 p=2s+r (s) 98:-1 0) 
2v=u-3t [7 10 u=v+5t [7 
3a-b-4c (e) 1 А=Р+ Ф 
4 V-2v + 3u (v) 122-2x-Y [7] 
5x-2w-y (w) 13 у= 22 (R) 
6 l=k+4t (t) 14 p=2r-w (r) 
7 w=x- by [2] 15 а=Ь+1с (e) 
8 N=It— 2s (s) 16 р=9- 6 (r) 


17 Make u the subject of the formula v = u + at. 
Find и when v = 80,a = —10 and t = 6 


18 Make B the subject of the formula A = Ys +B 
Find B when A = 20 and C = 250 


19 Make C the subject of the formula P = 
Find C when N = 20 and P = 1 


c 
N 


20 Make x the subject of the formula z = 1x -34 
Find x when z = 4 and t = -3 


21 A number a is equal to the sum of a number b and twice a 
number c. 
a Finda formula fora in terms of b and c. 
b Finda whenb = 8andc = -2. 
c Маке Б the subject of the formula. 
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22 A number x is equal to the product of a number z and twice a 
number y. 


a 
b 
с 


Find a formula for x in terms of z and y. 
Find x when z = 3 and y = 2. 
Make y the subject of the formula. 


23 A number d is equal to the square of a number е plus twice a 
number f. 


a 
b 
c 


Find a formula for d in terms of e and / 
Make f the subject of the formula. 
Find f when d = 10 and e = 3. 


Ө | 24 The heat setting on a gas oven is called its gas mark. The formula 
F — 25G + 250 will convert a gas mark G into a temperature F 
measured in degrees Fahrenheit. 


Sally puts a joint into her gas oven, which she has previously 
set at gas mark 6. What is the temperature inside the oven? 
Make G the subject of this formula. 

Gary wants to bake some bread. The recommended baking 
temperature is 450*F. 

What gas mark should Gary set on the oven? 


Ө | 25 The length of a woman's femur (fem) and her height (h cm) are 
approximately related by the formula h = 3.5f + 40 


Part of the skeleton of a woman is unearthed at an 
archaeological dig. The length of the femur is 34 ст. Use the 
formula to estimate her height. 

Rearrange the formula to make f the subject. 

A woman is 1.58 m tall. Calculate the length of her femur if 
her measurements fit the formula exactly. 

Sophie was 50cm long (tall) at birth. Use the formula to find 
the value for the length of her femur and state why this is 
impossible. 


Ө | 26 The body mass index (I) for an adult is given by the formula 


1 = d, where W is the weight of the person in kilograms and 
H the height in metres. 


a 
b 


Use this formula to express H in terms of Z and W. 
Hence find the height of a person whose body mass index 
is 23.4 who weighs 94.2 kg. Give your answer correct to 2 
decimal places. 
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Substituting one formula into another 


b a 


c 


a(b c), 2 
— 1 жа 


‘The area of this shape is given by the formula A = 
It is also known that a = 2b. We can use this fact to simplify the formula for the area so 
that A is given in terms of only two letters instead of the three, a, b and c. We do this by 
replacing every a in the formula by 25. 


ie. 
2b)(b + 5 Notice that we place 2b in brackets, 
A GNO EO + apy ‘This reduces the likelihood of mistakes. 
-2Xbx(b*o,,» This can now be simplified by cancelling 
2 the common factor, 2, from the fraction. 
= b? + be + 4b? 
A = 5b? + be 


Worked example 


— Given V = и + at and u = 3t, find V in terms of a and t. 


Мешти 0 To find V in terms ofa and ¢ means that 


Substituting 3t for u gives V — (3t) at we have to eliminate u from the formula. 
5 e BU for V. We can do this by replacing u by 
MC E 2 3t, i.e. by substituting З for u. 


Substitute 2u for a in the formula v? = u? + 2as 


Given that p = 7 and r = 2v, find p in terms of v. 


Ifp =r — nt and n = 4t, find a formula for p in terms of r and t. 


Substitute За for b in the formula A = be + 2 P. 


If A = (b — cb — a) and b = 4c, find A in terms of a and b. 


Use the formula s = ut + 5t? together with t = 2s to give a 
relationship between s and u. 


oa km oe ыю н 
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a 


Given that P = (V — 20)? and that U 


ЗУ, find P in terms of V. 


8 Find a formula for n in terms of p and q, given that = =" 


andr-p*q. 


91p-p4 G.D 


and D = 


S, find P in terms of S. 


10 Given that a = ( + с)? (b — c) and that = c, find a in terms 
ofc. 


11 The capacity of this tank is given by V — Jab(c * d). 
The surface area of the tank is given by A = 2b(c + e) + a(c + d). 
If V = 300, A = 150,c = 5 ande = 1, 
show that 26° – 255 + 100 = 0. 


The nth term of a sequence 


In a sequence the terms occur in a particular order, that is, there is a first term, a second 
term, and so on. The value of each term depends on its position in the order. (This is the 
difference between a sequence of numbers and a set of numbers, which can be in any order.) 


The letter n is used for a natural number, so we can refer to the nth term of a sequence 
in the same way as we refer to the 4th term or the 8th term. 
If we are given a formula such as 
nth term = n(n + 1) 
then we can find any term of the sequence by giving n a numerical value, In this case, we 
find the first term by substituting 1 for n in n(n + 1), 
ie. dstterm-1x2-2 
Similarly, | 2ndterm -2X3-—6 (substituting 2) 
8rd term = 3 x 4 = 12 


and so on. 
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Worked example 


—> The nth term of a sequence is given by the formula 
nth term = (n — 1) 
Give the first two terms and the eighth term of the sequence. 


n=1 lstterm- (1— 1? = 0 
n=2 2ndterm-(2-1?- 1?=1 
n=8 8th term = (8 — 1) = 7? = 49 


Write down the first four terms and the seventh term of the sequence 
for which the nth term is given. 


1 2041 5 (n-1nD 
2 20-1 6 n*4 
32» 7 3425 

4 п si 


Finding an expression for the nth term 
When we know the pattern in a sequence, we can often find an expression for the nth term. 
Consider the sequence — 2,4,6,8,... 


We need to find the relationship between each term and the number, n, that gives its 
position. It is helpful to start by making a table of values of n and the corresponding terms 
in the sequence. 


1121314 
21416 18 


The pattern here is that each term is twice its position number, so the 10th term will be 
2 х 10 and the nth term is 2n. 


Now we can check that this does give the correct sequence, i.e. 


ifn = 1, Ist term = 2X 1 = 2, 
ifn = 2, 2nd term = 2 x 2 = 4, and so on. 


Each term in the sequence 2, 4, 6, 8, ... is 2 more than the term before it and it is an 
example of an arithmetic progression. 


An arithmetic progression is one in which successive terms always differ by the same 
amount. 
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Formula for the nth term of an arithmetic progression 


If the first term is a and the difference between successive terms is d, then the second term 
is a + d. Adding another d gives the third term: a + d + d = a + 2d. Similarly, the fourth 
term is a + 3d, and so on. Note that d is called the common difference. 


We can now make a table like the one above. 


Hi 2 3 4 
a at+d |a-2d | a-* 3d 


The pattern is that we add on one less d than the position number. 
So the 20th term is a + 19d, and so on, so the nth term is a + (n — d. 


The nth term of an arithmetic progression whose first term is a and 
whose common difference is d is given by 
nth term = a + (n — 1)d 


Worked example 


— Find the nth term of the sequence 6, 4, 2, 0, — 


The first term is 6, soa — 6. 
Each term is 2 less than the term before it, sod = —2 
Therefore, using nth term = a + (n — 1d, gives 
nth term = 6 + (n — 1-2) 
=6-2n+2=8-2n 
1, Ist term = 8 - 20) = 6 You ean do this check 
2, 2nd term = 8 — 2(2) = 4 and so оп. Inysertend: 


Check: — whenn 


when n 


Find, in terms of n, an expression for the nth term of each of the 
following sequences. 


12/6/9127. 6 5,10, 15, 20, ... 
2 -1,-2,-8,4,... 7 1:9:41,18,- 

8 ARES 00 8 0,3, 6,9, 12,... 
4 0,1,2,3,... 9 3,2,1,0,-1,... 
5 4,8, 12, 16,... 10 3,2.5,2,1.5,1,... 
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Some of the following sequences are arithmetic, some are geometric and 
some are neither, When a sequence is arithmetic, use the formula to find 
the nth term. For other sequences make a table like the one above and 


hence find an expression for the nth term. 


1 3,6, 12, 24, 48, ... 7 5,6,7,8,9,... 
2 5, 15, 45, 135, 405, ... 8 2,-1,0.5, -0.25. 0.125, ... 
З 3,3.2, 3.4, 3.6, 3.8, 4,... 9115. 
4 10,5, 2.5, 1.25, 0.625, ... 10 1x 3,2 4,3 x 5,... 
5 0,05,1,15,2,... 11 1,8, 27, 64, ... 
6 2, -4,8, -16, 32, ... 12 1x 2,2 X 4,3 x 8,4 X 16, ... 
Worked example 
— Find an expression for the nth term of the sequence 
4, 7, 12, 19, 28, 39, ... 


Neither the differences nor the. 
ratios between consecutive terms are 
constant, so we must try something. 
different. Consider the square of each 
position number. 


nth term. 


El 
ЁО 
(ee 


ie. nth term =n? +3 Comparing the values of n? with the 
terms in the given sequence, we see that 
| every term in the sequence is 3 more 
| than the corresponding value of n?. 
In questions 13 to 16, find an expression for the nth term of the sequence. 


13 6,9,14,21,30,.. 14 3,9,19,33,... 15 11,8,3, 4,... 
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16 
17 


3, 10, 29, 66, ... 

a Write down the nth term of the sequence 2, 4, 8, 16, 32,... 

b Show algebraically that the product of any two terms is also a 
term of the sequence. 

с What term will the product of the nth term and the next term 
give? 


B аж cow нан ныг 


One of the races at a school sports day is set out with bean bags 
placed at 1 metre intervals along the track. 

A competitor starts at S, runs to the first bag, picks it up and 
returns it to S. Then she runs to the second bag, picks it up and 
returns it to S, and so on. 


How far has a competitor run when she has returned 
a lbeanbag b 4beanbags с n bean bags? 


Mixed exercises 


A number z is equal to three times a number x minus a number y. 
Write down a formula connecting x, y and z. 

Ма + b + c) to find 

2.76 and c = 4.27 

8.2 andc = 12.3 


Use the formula s 
а swhena = 3.45, 
b awhens = 15.1, 


2 


Make d the subject of the formula 


a C=nd b a=c+d 
Make 6 the subject of the formula 
a a-Tb*c b а=с-5 


a Write down the first four terms and the twelfth term of the 
sequence for which the nth term is n(n + 3). 

b Find, in terms of n, an expression for the nth term of the 
sequence 2, 6, 12, 20, ... 

Given that z = 5, find 

a xwheny =4andz = 12 b ywhenx = 20andz = 5 


Use the formula v = u + 10¢ together with ¢ = 2u to find v in 
terms of u. 
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1 Arectangle is 5 cm longer than it is wide. If the perimeter of 
the rectangle is Pem and the length is x cm, find a formula 
connecting P and x. 


2 Given that P = 1001 find P when 


a 1=3,R=4andT=2 
b 1= 63.14, Р = 5.74 and T = 2 


З Given thatu = v — gt, find u when 
a о= 16,5 = -10апіѓ = 4 
b 0= 1322,5 = 9.8апі! = 3.5 


4 Маке Q the subject of the formula 
-Q - 
a Р= 1 b P=R+3Q 
5 а Write down the first four terms and the 20th term of the 
sequence for which the nth term is 5n — 3. 
b Find, in terms of n, an expression for the nth term of the 
sequence 3, ~6 , 12, —24, ... 
6 Solve the equation 4 ~ 3 = 6 


7 Substitute r = л + 2 into the formula A = г? — 2rh to give A in 
terms of h. 


Consider again 

A newspaper headline reports that an ancient skull has been found in a peat bog. The 
scientists say that it belonged to a man who was between 1.78 m and 1.80 m tall. They 
worked this out by using data that shows that an adult's height is just over three times the 
distance measured round their head immediately above the eyebrows. 

Now express this formula algebraically, using H m for the height and Cm for the 
circumference of the head. 

There is also a relationship between the length of the femur bone and height: the height in 
centimetres is approximately 54 plus 2.5 times the length of the femur (in centimetres). 
Express this formula algebraically, using H cm for the height and L cm for the length of the 
femur. 

Use these two formulas to find the length of the femur in terms of the circumference of the 
head. 

Now can you solve these problems? 
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A school governor has most, but not all, of the information she needs to carry out an audit of 

the equipment in Highfield School. 

There are two types of desk in the school: those that seat two students and those that seat 

three students. The governor knows that there are 200 desks in total and that 550 students 

can be seated at these desks but she does not know how many there are of each type. 

» The school governor can go round the school and count the numbers of each type of desk 
but this is likely to take an hour or longer. 


* She can use algebraic methods to find the information she needs and this will take about 
one minute. Can you do this for her? 


You should be able to answer this question after you have worked through this chapter. 


There are several ways in which we can obtain answers to the 
following problems. Do not attempt to solve these problems, but 
discuss at least two methods for solving them and the efficiency of 
each method, that is, how long it would take and how accurate an 
answer it would be likely to give. 


1 Glasses suitable for hot drinks are sold either in packs of four 
with one ‘free’ glass holder at £9.50 a pack, or in packs of six 
with one ‘free’ glass holder at £13.20 a pack. Assuming that the 
glasses are the same price in both packs, is the ‘free’ holder really 
free? 


2 А 20m long rod is cut into two pieces so that one piece is 2m 
| longer than half the other piece. How long is the shorter piece? 


Solving simultaneous equations 

Your discussion of the questions in the class discussion will show you that algebraic 
methods often give the quickest and most accurate answers to problems. In Book 8 we found 
that it may be possible to solve a problem that involves two unknown quantities by forming 
two equations and then solving them simultaneously. The method used was to eliminate 

one of the letters by addition or by subtraction of the given equations. This works when 

the coefficient (number) of one of the letters is the same in both equations. You can use 

the Summary of Years 7 and 8 and Revision exercise 6 at the front of this book to remind 
yourself of the method. 
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Та this chapter we look at equations where we need to adapt one or both of the equations 
before we can add or subtract to eliminate one of the letters. 
Consider this problem: 
The seats in an aeroplane can be arranged in either groups of two or in groups of four. 
A total of 160 groups are to be used for 450 passengers. How many two-seat groups are 
needed? 
There are two unknown numbers here; the number of two-seat groups and the number of 
four-seat groups. 
If there are x two-seat groups and y four-seat groups, then, as there are 160 groups in 
total, 
x+y=160 Ш 
The number of passengers in two-seat groups із 2x and the number of passengers in four- 
seat groups is 4y. As there are 450 passengers in total, we have 
2x + 4y = 450 121 
We now have two simultaneous equations, but they do not have the same number of xs 
or of ys. But if we multiply equation [1] by 2, we get 2x + 2y = 320. We can now solve this 
equation and equation [2] using the same method as in Book 8. 
The solution can be set out as follows. 
х+у=160 Ш 

2х + 4y = 450 12) 

Ш х 2 gives 2x + 2y = 320 [3] 


[2] – [8] gives  2y = 130 
so y=65 
Substituting 65 for y in [1] gives 


x=95 
Therefore, there are 95 two-seat groups. 


Notice that we have numbered the equations and explained what we have done with them 
= this is essential so that other people can follow the argument. 


Worked example 
— Solve the equations — 3x-2y = 1 
4x ty =5 
3c-2y-1 Ш A ETS 
= ipl gives us the 
cere | (Le) same number of ys ав in [1]. 
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[2] x 2gives 8х + Зу = 10 [3] 
Зх – 2y ni 

Ш + [3] gives 1х 

8 х= 

Substitute 1 for х in [2] 4+y=5 

Take 4 from both sides y= 

Check in [1]: LHS =3-2=1= 


Therefore, the solution is x = 


Solve the following pairs of equations. 


Write [1] down again to bring the 
equations together for the next step. 


5 6x — dy = 
Bx + 2y 
6 4x + Зу 
x+ 5y 


"on 


1 3х -2у-11 3 9x + Ty = 10 
Qty =7 Зх+у=2 
2 5x- 4у = -3 4 5x + 3y = 21 
Зх+у=5 2х+у =3 
Worked example 
= Solve the equations бх + Зу =7 
10x + 4y = 16 
5r-3y-7 Ш 
10х + 4у =16 [2] 
Ш х 2 gives 10x + бу 
10x + 4y 
I3] — [2] gives 2y 
у=-1 
Substitute —1 for y in [1] 5x - 3 = 7 
Add 3 to both sides 5x = 10 
хэ? 
Check in [2]: LHS = 20 + (— 4) = 16 = RHS 


Therefore, the solution is x = 2,у = —1 


Solve the pairs of equations. 


We will subtract [2] from [3] so 
we write [2] again underneath. 


7 Bx + Зу =11 9 2x + By =1 11 4x + Sy =1 
4x + 6y = 16 4x + 8y =9 16x — 5y = 21 
82x-3y-1 10 9x + 5y = 15 12 Tp + 2q = 22 
5x + 9y = 19 3x-2y = -6 3p +44 - 11 
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Sometimes we need to multiply both equations before we can add or 
subtract to eliminate a letter. 


Worked example 
— Solve the equations Зх + 5у =6 
Qx + By =5 
&+hy=6 Ш We сал get 15y in both equations from [1] x 3 
and [2] х 5, (Alternatively, we could get 6x in 
2+ 3By=5 [2] both equations from [1] x 2 and [2] х 3.) 


[1] х 3 gives Өх + 15у =18 [3] 


[2] x 5gives 10х + 15у = 25 [4] EUR 


Өх + 15у -18 [3] write [3] again underneath [4]. 
I4] – [3] gives x=7 
Substitute 7 for x in [2] 14 + Зу = 5 
Take 14 from both sides 3y 


Divide both sides by 3 y 
Check in [1]: LHS = 21 ~ 15 = 6 = RHS 
Therefore, the solution is x = 7,y = —3 


Solve the following pairs of equations. 


1 2x + 8y =12 8 9x + 8y 15 бх + 5y =8 22 Bx + 8y = 56 
Bx + 4y = 23 2x — 6y = Bx + dy =1 5x — бу = 16 
2 3x- 2y =-7 9 9x -2y = 14 16 Tx - 3y = 20 23 Tx + 3y = -9 
4x + Зу = 19 Tx + Зу = 20 2x + 4y = -4 2x + By = 14 
З x- 5у =1 10 5х + 4у = 11 17 10x + 3y = 12 24 Tx + 6y = 0 
5x + Зу = 18 2x + Зу =3 Зх + By = 20 5x — 8y = 43 
4 6x +5y =9 18 6x- 5y =4 25 2х + 6y = 80 
4x + 8y =6 4x + 2y = -8 3x + 10y = 49 
5 Мх - Зу = -18 19 5x+3y =8 26 4x — 3y = -7 
6x + 2у = 12 3x + 5y =8 3x + 2y = 16 
6 6х – Ту = 25 20 Tx + 2у = 23 27 17x — 2y = 47 
Tx + 6y = 15 3x — By = 4 5x- 3y =9 
7 bx + dy =21 14 3p+4q=5 21 6x- 5y =17 28 8r + Зу = -17 
3x + 6y = 27 2p + 104 = 18 5x + dy =6 Tx- 4y =5 
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In this exercise, you can solve some pairs of equations without 
having to multiply either equation, for some you will need to 
multiply one equation by a number and for others you will need to 
multiply both equations by numbers. 


Solve the following pairs of equations. 


5х+у=6 92x-5y-1 
х-у-1 Bx + 4y = 18 
10 7х + Зу = 35 
2x — Бу = 10 
11 9х + 2у = 8 
Tx + Зу = 12 

8 5x + 2y =16 12 Зх — 2y 


Bx - dy = 1 2x-3y = -5 5x- y 


Sometimes the equations are arranged in an awkward way and need 
to be rearranged before we can solve them. 


Worked example 
— > Solve the equations х = 4 — Зу 
2у-х-6 
We must first arrange the letters in. 
х=4-3у Ш the same order in both equations. 
2y-x-6 (2) By adding Зу to both sides, we can write 


equation Ш Зу +x = 4. 
Ш becomes 3y+x=4 [3] 


18) + [2] gives 


Substitute 2 foryin Ш x =4-6 
х--2 

Check in [2]: LHS = 4 — (-2) = 6 = RHS 

‘Therefore, the solution is x = —2,y = 2 


Solve the following pairs of equations. 
13. y-6-x 15  3-2x*y 17 2у-16-х 


2y4y-8 4x + 6 = 10у х-2у--8 
14 x-y-2 16 94x-y 18 Зк + 4у =7 
2y-x41 x2y-12 2x -5—-3y 
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As long as the x and y and number terms are in corresponding 
positions in the two equations, they do not need to be in the order we 
have had so far. 


Worked example 
— Solve the equations y =x+5 
yx 
y7x*5 ш 
у-7-х [2 
Rewrite [1] ав »-5*x [8] 
121 + [3] gives 2y =12 
vec 
Substitute 6 fory in Ш 6 =x+5 
x=1 
Check in [2]: LHS = 6 
RHS =1+5=6=LHS 


Therefore, the solution is x = 1,y = 6 


Solve the following pairs of equations. 


23 х44-у 
y=10- 2х 

24 x+y =12 
у=3+х 


Special cases 


Some pairs of equations have no solution and some have an infinite 
number of solutions. 


Try solving the following pairs of equations. Comment on why the 
method breaks down. 


1х+2у=6 8 y=442x 
x*2y-7 y-2x-6 

23x*4y-1 4 9x -3—- 6y 
6x + 8у= 2 3x + у =1 


5 Make up other pairs of equations which either have no solution 
or have an infinite set of solutions. 
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Worked example —  . 0 
— > Ina right-angled triangle, the two smaller angles are such that one is twice the size 
of the other. Find the smallest angle. 
First we draw a right-angled triangle. The size of the two smaller angles 
is unknown, so we let one be x* and the other be y*. There is no need to 
write this down; it is sufficient to show the letters clearly in the diagram. 
Q "This information is given in the question. 
у = 2х Ш 
у +х = 90 I2] We know that the sum of the. 


angles in a triangle is 180*. 
Ш becomes у – 2x = 0 I3] 
[2] – [3] gives Зх = 90 
580 Check: using the information in the question, 


The smallest angle is 30°. if the smallest angle is 30°, this gives the other 
angles as 60° and 90° and they all add up to 180°. 


1 The perimeter of a rectangle is 30 cm. The shorter side is x cm long and is 3 ст less than 
the longer side, which is y cm long. Use this information to form two equations in x and y. 
Find the length of the shorter side. 


o 2 Ina pentagon, four of the angles are each x°. The fifth angle is y* and is half the size of 


each of the others. Form two equations in x and y. Find the size of the largest angles. 


QQ | з The perimeter of an isosceles triangle is 280 mm. The base of the triangle is 70 mm longer 


than the other two sides. Find the length of one of the equal sides. 
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Worked example 


— А shop makes a profit of 6 pence on each brown roll 
sold and a profit of 8 pence on each white roll sold. 
One Saturday the shop sells 180 rolls and makes 
a profit of £12.40 on these rolls. 
How many brown rolls were sold? 


Ifx brown rolls and y white rolls were sold, 


then 6x +8y=1240 Ш 1 brown roll gives a profit of 6 p, so x brown 
and x+y = 180 12] mec AC 
a 1 on the 
[2] x 6 gives бх + Gy = 1080 [3] rolls sold is £12.40, e. 1240p, 
6x + 8у = 1240 Ш 
6x + бу = 1080 [8] (9) 180 rolls are sold. 
Ш – [3] gives  2y = 160, so y = 80 


Substituting 80 for y in [2] gives x + 80 = 180 
= 100 


100 brown rolls are sold. 


Check: profit on 100 brown rolls is £6, profit on 80 white rolls is £6.40, 
so total profit is £12.40. 


When three times a number, x, is added to a second number, y, 
the total is 33. The first number added to three times the second 
number 18 19. 

а Form two equations connecting x and y. 

b Find the two numbers. 


Find two numbers such that twice the first added to the second is 
26 and the first added to three times the second is 28. 


Find two numbers such that twice the first added to the second 
gives 27 and twice the second added to the first gives 21. 


A cutlery manufacturer packs 200 teaspoons into boxes holding 

either four spoons or six spoons. There are 48 full boxes. 

а If there area four-spoon boxes and b six-spoon boxes, use the 
information to find two equations relating a and b. 

b How many boxes hold four spoons? 


The manager of a bookshop ordered 70 copies of Teen magazine; 
s of these were charged at £1.90 each and the remainder, t, were 
charged at a discounted price of £1.70 p each. 

The bill for all 70 copies was £124. 

How many magazines were charged at the discounted price? 


10 Simultaneous equations 


Ө | 9 Airdale Study Centre can accommodate 128 students in 20 rooms, x of 


e 


© o 


which have eight beds and y of which have four beds. How many four-bed 
rooms are there? 


10 The charge at a leisure centre for renting a tennis court for 30 minutes 

is £4 for non-members and £1 for members, who also pay an annual fee of 

£50. 

a Write down an equation for C in terms of n, where £C is the cost for a 
non-member to hire the court for n hours. 

b Write down another equation for C in terms of n, where £C is the total 
cost for a member to hire the court for л hours in one year. 

c Hence find the number of hours a year a member would have to hire 
the court for it to be worth paying the membership fee. 


11 The equation of a line is y = mx + c. The line goes through the points (1, 3) 
and (2, 5). Find the equation of this line. 
Questions 12 and 13 were in the class discussion. Now solve them. 


12 A 20m long rod is cut into two pieces so that one piece is 2m longer than 
half the other piece. How long is the shorter piece? 


13 Glasses suitable for hot drinks are sold either in packs of four with one 
‘free’ glass holder at £9.50 a pack, or in packs of six with one ‘free’ glass 
holder at £13.20 a pack. Assuming that the glasses are the same price in 
both packs, is the ‘free’ holder really free? 


Graphical solutions 
In Book 8 we saw that simultaneous equations can be solved graphically. For example, to 
solve the equations 
x+3y=6 Ш 
and 3x-y=6 [2] 


we start by rearranging each equation so that they are in the form y = ..., that is, we make 
y the subject of the equation. 
nl becomes 3y 

giving y [3] 


[2] becomes 3x =y +6 
giving 3x-6=y,iey=3x-6 [4] 


Now we can plot the lines whose equations are 


We can do this by drawing up a table of values and plotting the points on graph paper, or 
by using a graphics calculator or a graph drawing program on a computer. 
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Using the values 0 <x <5 and 0 = y <5 gives 
this display using a graph drawing program, 
The solution is the point where the two lines 
intersect. The solution given by the program 
isx = 2.4 andy = 1.2. 


We do not know whether this solution is exact or 
correct to 1 decimal place. 


24,12). 


We can find out by solving the equations 
algebraically. 


point of intersection — 
ji 
i 


1 In the above explanation we used a graphical method to solve the equations 
x+3y=6 and 3x-y-6 
Solve these equations algebraically. 
Comment on the advantages and disadvantages of each method of solution. 


Solve the following equations graphically, either by plotting the graphs on graph paper or 
by using appropriate technology. In either case, use values for x and y in the ranges given. 
Check your answers by solving the equations algebraically. 


2 3x*2y-9 0<x<4,-2<y <5 


+2 


The examples in this exercise show that, when using graphical methods, we 
cannot always tell whether solutions obtained are exact or not. 


Consider again 

There are two types of desk in Highfield School: those that seat two students and those 

that seat three students. The school governor knows that there are 200 desks in total and 

that 550 students can be seated at these desks but she does not know how many there are 

of each type. 

The governor can go round the school and count the numbers of each type of desk but 
this is likely to take an hour or longer. 

• She can use algebraic methods to find the information she needs and this will take her 
about one minute. 


Now can you use algebraic methods to solve this problem for the school governor? 
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Algebraic expressions 


The number, including the sign, that is multiplied by a letter is called 
the coefficient of that letter. In the expression 3x — 4y, for example, the 
coefficient of x is З and the coefficient of y is —4. 


Product of two brackets 
(a + bc + d) means a X (c + d) + b X (c + d) 
— ac + ad + be + bd 


that is, each term in the second bracket is multiplied by each term in 
the first bracket. The order in which the terms are multiplied does not 
matter, but it is sensible to stick to the same order each time, 


1 4 
eg Éx- [m +3) = Qx)4x) + (2x8) + (7343) + (78) 
М 37 = Be? + 10r- 12: – 15 = Bx? — 2: — 15 
2 


In particular, when squaring a bracket we can use 
(x +a} = (x + ax + a) = x* + 2ax + a? 
or (x — af = (x — ах — a) = x? — 2ax + a? 
‘The product of two brackets that are the same except for the sign 
between the two terms is called the difference between two 


Factorising 


Factorising is the reverse of the process of expanding (multiplying out) 
an algebraic expression. 


A common factor of two or more terms can be seen by inspection and 
can be ‘taken outside a bracket’, 


eg. the terms 2ab + 4bc both have 2b as factors, 
so 2ab + 4bc = 2b(a + 2c). (We can check this by expanding the result.) 


To factorise an expression such as x + 3x — 10, we look for two 
brackets whose product is equal to the original expression. 


We start by writing x? + 3x — 10 = (x + Xx- ) 

The sign in each bracket is determined by the signs in the original 
expression, i.e. 

а +ve number term and a +ve x-term gives a ‘+’ sign іп both brackets 
a +ve number term and a —ve x-term gives a ‘~’ sign in both brackets 
а —ve number term gives ‘+’ in one bracket and ‘—’ in the other bracket. 
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The numbers at the ends of the brackets have to satisfy two conditions: 
» their product has to be equal to the number at the end of the original expression 
collecting the product of the outside terms in the brackets and the inside terms 

in the brackets must give the x term in the original expression. 
In the case ofa? + Зх — 10, the product is —10, so the numbers could be 
10 and —1, —10 and 1, 5 and —2 or —5 and 2. 
We try each pair in turn until we find a pair (if there is one) which give the correct. 
x term when the brackets are expanded: 

x? + 8x — 10 = (x 5X — 2) 

If we cannot find two numbers that satisfy the conditions, the expression does not 
factorise. 


Formulas 
The formula v = u + st gives v in terms of u, s and t; v is called the subject of the 
formula. 


When the formula is rearranged to give s = , 5 is the subject. 


и 


The process of rearranging v = u + st ass = is called changing 


the subject of the formula. It is achieved by thinking of v = u + st as an equation 
which has to be ‘solved’ to find s. 


Start by isolating the term containing s on one side of the formula: 
take и from both sides: v-u=st 
divide both sides by t: zo 


Sequences 

The nth term of a sequence is sometimes expressed in terms of n, which is the 
position number of the term. We can then find any term of the sequence by giving 
n a numerical value. 

For example, when the nth term — 3n — 2, 

the 10th term is given by substituting 10 for n, i.e. by 3(10) — 2 — 28 

An arithmetic progression is a sequence where successive terms always differ by 
the same amount, for example, 4, 4.5, 5, 5.5, 6, ... 

If the first term is a and the difference between successive terms is d, then the 
second term is a + d. Adding another d gives the third term, a + d + d =a + 2d, 
and so on. The formula for the nth term is a + (n — 1)d 

A geometric progression is one where the ratio between successive terms is 
constant, i.e. each term is multiplied by the same quantity to get the next term, for 
example, 3, 6, 12, 24, ... 


Simultaneous equations 

We can solve a pair of simultaneous equations in two unknowns algebraically 
by eliminating one of the letters. It may be necessary to multiply one or both 
equations by numbers to make the coefficients of one of the letters the same in 
each equation. 
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For example, to solve 2y-x=7 Ш 

and 3y-4x -5 [2] 
Ш x 4 gives Sy-4x-28 [3] 
then [2] + [3] eliminates x to give Цу = 33 
soy = 3 and, from [1], x = —1 


Statistics 
Mean value 
The mean value ofa frequency distribution is given by “2 


where х is the value of an item and f is its frequency, and X means ‘the 
sum of all such items’. 


In the case of grouped data, x is the midclass value and the mean 
obtained is an estimate. 


Cumulative frequency 

Cumulative frequency is the sum of the frequencies of all values up to 
and including a particular value. 

A cumulative frequency polygon is drawn by plotting the cumulative 
frequencies against the upper ends of the groups and joining the 
points with straight lines. A cumulative frequency curve is obtained by 
drawing a smooth curve through the points. 

For example, the grouped frequency distribution given in this table of 
heights of tomato plants gives this cumulative frequency curve. 


20= л <30 30 =h < 40|40 =h <50 50 « «60 


55 


ss 


8 


‘Cumulative frequency 
ё 


Height, h (cm) 


The median of a grouped distribution of n values is the gu value in 
order of size and is denoted by Qz. 


The median can be estimated from a cumulative frequency curve. 
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The lower quartile is the value that is 1 of the way through a set of 
values arranged in order of size and is denoted by Q. 

The upper quartile is the value that is 2 of the way through a set of 
values arranged in order of size and is denoted by Qs. 

For a grouped distribution, Q; is the ju value, and Q; is the За value. 
Q; and Q; can be estimated from a cumulative frequency curve. 


Interquartile range 

The interquartile range is the difference 
between the upper and lower quartiles, 

ie Qi- Qi 

The graph shows the median, the upper and 
lower quartiles and the interquartile range 
of the distribution described above. 


Cumulative frequency 
888828 
ILLE 


G 
E 


car 


o 
0 
Interquartile 
range 

REVISION EXERCISE 2.1 (Chapters 6 and 7) 
1 Expand 

a 310-2) b (a-bXa + 2b) e (х – 3) – 6) 
2 Expand 

a (x+7x-3) b (х – 4)(8x + 5) e (8x — 2)(5x + 1) 
3 Expand 

a (x+5)? b (2x + 8y\(2x – 3y) е (x+D& + 2) + a(x + 3) 
4 Factorise 

a 4a+12 p a=b e b – 36° 
5 Factorise 

a eFt 12 551-5(23:50) с x*- 10x25 
6 Factorise 

pui prt b a ELS (2715 20204825 d 14+ 5x —x? 
7 Factorise 

a a-b? b р – 44° с 16x? — y? 


8 Find, without using a calculator 
а 67° — 33° b 7.31? — 2.69? 
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REVISION EXERCISE 2.2 (Chapters 8 to 10) 


1 Forty boxes of oranges were examined and the number of bad 
oranges in each box was noted. 


0-5 6-11 | 12-17 | 18-23 
25 8 5 2 


а What is the modal group for this distribution? 
b Estimate the mean number of bad oranges per box. 


2 Use the frequency table from question 1 to make a cumulative 
frequency table for this data. 
Draw the cumulative frequency curve and use it to find the median 
number of bad oranges per box, the upper and lower quartiles and 
the interquartile range. 


3 The masses of a group of boys were measured and the results 
recorded in the following table. 


60 = 64 | 64 = 69 | 69 = 74 | 74 = 79 | 79 = 84 | 84 = 89 
3 7 13 15 п 6 


а How many boys were there in the group? 

b How many boys had a mass of more than 79 kg? 

с Use the data to draw a cumulative frequency curve and use 
your curve to find 
i the median mass ii the upper and lower quartiles. 


4 Write down a formula connecting the given letters. 
a A number x is equal to three times the sum of two numbers р 
and q. 
b Anumberz is twice the product of two numbers x and y. 
с Anumberz is the sum ох and y minus their product. 
5 Given that a = b° + c, find a when 
a b-2andc-3 
b= –1апіс 
-3 and c = 


2 


6 a Write down the first four terms and the tenth term of the 
sequence for which the nth term is 2n — 5. 
b Find, in terms of n, an expression for the nth term of the 
sequence 4, 8, 12, 16, ... 


7 a Solve the equation 4 = 12 


b Given that R = 3st and that s = 5t, find R in terms of £. 


8 Solve the simultaneous equations. 
а Tx+y=25 b 7x + 5у = 30 
2х+у=5 4x —y =21 


211 


STP Maths 9 


9 Solve the simultaneous equations. 
a 4-Зу-11 b 8x4 Ty =27 
бх + 4y =8 5x + 2y = 16 


10 a Two numbers, x and y, are such that three times the first number 
added to twice the second number is 24 and the first number added 
to twice the second number is 23. 
i Form two equations relating x and y. 
ii Solve the equations to find the two numbers. 
b Solve the following simultaneous equations graphically, either by 
plotting the graphs on graph paper or by using a graphics calculator. 
In either case, use values for x and y in the ranges given. 
8х-2)-11 2<x<4,-1<y<5 


Бх — 2y = 10 
‘VISION EXERCISE 2.3 (Chapters 6 to 10) 
1 Expand 
a 5(2 – За) e (р – 3) – 8) 
b (8x + 2y)(1 – 22) а (8x + 4)(3 – x) 
2 Expand and simplify 
a (3х – 1)? b (x + 205+ 3) + 4+ 1) 
3 Factorise 
а 15 – 5х e 22—10: +21 
b 52-2 - 15 d 2? +4r+8 
4 Factorise 
а 12-1к4-2 e 9-a? 
Юа а 25-2 


5 The lengths of 35 leaves taken from the same tree are given in the table. 


8=h< 5<h<9 | 9=<h<95 |9.5=<h<10| 
3 10 18 4 


a Estimate the mean length of the leaves. 
b Construct a cumulative frequency table and draw a cumulative 
frequency curve. 
c Estimate 
i the median length of these leaves 
ii the upper and lower quartiles, and the interquartile range. 


6 Grapefruit are sold at x pence each. The cost of n grapefruit is 


C pence. Find a formula for C in terms of x and n. 
7 If R = (p + 29), find R when 

a p=10andq=-3 b p-21andq-3.7 
yx 
x 


8 Given that V = 2xy? + ~ and that y = 2x, find V in terms of x. 
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9 Solve the simultaneous equations. 


3x + 4y =17 b х=5+3у 
2x4y-8 2y-8x-8 


REVISION EXERCISE 2.4 (Chapters 1 to 10) 


la 


b 
с 


Esther drives for 13 hours at an average speed of 72 km/h. 

How far does she travel? 

Rohan cycles at 20km/h. How long will it take him to cycle 36km? 
Penny runs 3 miles at 12 mph then walks 2 miles at 4 mph. 

Find her average speed for the whole journey. 


2 A coach leaves Wexley at noon to travel to Swanson, a town 95 miles away. 
It travels the first 40 miles at an average speed of 40 mph and, without 
stopping, completes the journey to Swanson arriving there at 2.30 p.m. 

A second coach leaves Swanson and travels at 60 mph, arriving at Wexley 
at 2.44 pm. 

Taking 2 ст to represent 10 miles on one axis and 20 minutes on the 
other, draw travel graphs for the two journeys and use them to find 


a 
b 
с 


За 


b 


с 


the time at which the second coach begins its journey 
when and where the two coaches pass each other 
the average speed of the first coach for the whole journey. 


Illustrate on a number line the range of possible values of a number if 
it is given as 0.7 correct to 1 decimal place. 

One evening 100 people were asked if they had drunk coffee that 
morning. To the nearest ten, 60 people said that they had. What is the 
largest possible number who had not drunk coffee that morning? 


Find [2 - —L—| + (4+. 
1+ 2+3 


Д 
3 


4 Two dice are rolled one after the other. Find the probability of getting 


a 
c 


a 3 on the first dice b adouble3 
a double 3 or a double 4. 


5 After a pay rise of 3%, Sheila's weekly wage is £226.60. 
How much did she earn before the rise? 


6a 


А page of text in a book is 42 lines, with an average of 16 words per 
line. The text is rewritten with an average of 14 words per line. How 
many lines will be needed? 

In a mixed choir of 156 people there are 72 men. What is the ratio of 
the number of men to the number of women? 

The cost of a 25 kg bag of potatoes is £15.75. At the same price рег 
kilogram, how much will a bag containing 12 kg cost? 


7 Expand 


a 
b 


5a (2b + 3c) e (7x + 8x + 1) 
(1 — аа + 3b) а (x — 4у) 
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8 Factorise 
a x? + 6x с Bit — êr 
b x?- 10x + 24 d p*-36 


9 The bar chart shows the number of flowers on 
a new variety of plant grown from the seeds 
in one packet. 

а Make a frequency table and estimate 
the mean number of flowers per plant. 

b Make a cumulative frequency table for 
this data and draw the cumulative 
frequency curve. Hence find estimates 
for the median, the upper and lower 
quartiles and the interquartile range. 


Frequency 


0-4 — 5-9 10-14 15-19 
Number of flowers per plant 


10 a Make T the subject of the formula = ERT. 


Find T when I = 28, P = 350 and R = 4. 
b Makes the subject of the formula v? = u* + 2as. 


11 Solve the simultaneous equations. 
a 6x—Ty=31 b y=x+6 
Tx + 6y = 22 2y = 15 +x 


REVISION EXERCISE 2.5 (Chapters 1 to 10) 


1 а Write down the reciprocal of 


i20 йі iii L8 

b Use dot notation to write the following fractions as decimals. 
BEI SET ЖИН 
Hu ee iii 


е Express as a fraction 
i 0.05 ii 0.005 iii 0.08 іу 0.06 
d Simplify(2 x $) + (81 - 45) 

2 The probability that the postman calls before I leave for school in 
the morning is 8. He never calls at the moment I am leaving. Find 
the probability that 
а the postman calls after I have left for school 
b next Monday and Tuesday the postman will сай before I leave. 


3 The selling price of a patio set is £177. This includes VAT at 18%. 
Find the price excluding VAT. 
4a Express 3:7 in the form 1:n. 
b А scale model of a car is such that the model car is 6.5 cm long 
and the actual car is 4.68 m long. The height of the car is 1.44m. 
How high is the model? 
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5 Expand 
а 8x(5y — 22) с (5х + 3yXe + 4) 
b (а+ 4а +6) d (а +36) 


6 The graph shows Alex's journey from Antford to Combly via Beasley 
and Bianca’s journey from Combly to Antford along the same road. 

How far is it from Antford to Combly? 

How far did Alex travel before he rested for the first time? 

What was his average speed for this part of the journey? 

How far is it from Beasley to Combly? 

How long was Alex’s second stop? 

What was Alex's average speed between his two stops? 

What time did Alex arrive at Combly? 

How long did Bianca take to travel from Combly to Antford? 

What was Bianca’s average speed for her journey? 

When and where did the two pass each other? 

How far apart were they at 1.34 p.m.? 


ro pm њо ро ср 


m 


Hi 


Distance from Antford in kilometres. 
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7 Factorise 
a 3t— 62 e x-4x-12 
b 3х2 + 9х – 12 d x + 8r+16 


8 The duration of the telephone calls made from an office on 
one particular day were recorded and the frequency polygon 
summarises the results. 


17: 
16 
15 
14 
13 
12 
n 
10 


Frequency 


oceoruodco 


6 9 12 15 18 
Time (minutes) 

a How many telephone calls were made? 

b Estimate the range of the times taken. 

с Сору and complete the table. 


d Estimate the mean duration of a telephone call that day. 


9 Make the letter in brackets the subject of the formula. 
a z-x-2y (0) 
b p=q+2r (r) 
© a-3b-c (b) 


10 The perimeter of a triangle is 172 mm. The shortest side is 50mm 
shorter than each of the other two sides, which are equal. If the 
length of the shortest side is х mm and the length of each of ће 
longer sides is y mm, form two equations in x and y and solve them 
simultaneously to find the lengths of the three sides. 
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Mental arithmetic practice 2 


28 
29 


Find? +2 

What is the value of x, given 2x + y = 6 and x + y = 4? 

Three nails weigh 25 grams. What do nine similar nails weigh? 
The radius of a circle is 6 cm. What, roughly, is its cireumference? 
What is the sum when 11 is added to the next prime number? 
Divide 36kg into two parts in the ratio 2:7 

Express the ratio 3:5 in the form n:1 

Express the ratio 5:9 in the form 1:n 

Increase 60 cm in the ratio 2:3 

Express the ratio 3:3 in the form 1:n 

What is the square root of 1.44? 

What is the reciprocal of 0.25? 

What is the sum of the exterior angles of a nine-sided polygon? 
Express the ratio 1:3 in the form 1:n 

Find the coordinates of the point where the line y — 2 — x cuts the 
y-axis. 

A rope is 5.4 m long. Two-thirds is cut off. What length remains? 


A pen costs £1.40 and a pencil costs 80 p. What is the ratio of the 
cost of a pencil to the cost of a pen? 

Express 7 as a decimal correct to З decimal places. 

What is 7. 0788 m? 

What is the value of 3x + 2 when x = —}? 

Find 1846 + 967 


It takes three men four days to build a wall. How long would it take 
two men to build the same wall? 


A table costing £120 is sold at a loss of 20%. Find the sale price. 
What is the formula for the area of a circle? 


A copy of Dead Easy is 6mm thick. What is the height, in 
centimetres, of a pile of 30 of these books? 


Find § as a decimal. 

Expand (x — 4)(x — 5) 

What is the largest prime number before 30? 
Express 12cm? in mm? 

What is the solution of the inequality x + 3 > 2? 
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In questions 31 to 35, expand 


59 


60 
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Ax(3y + 22) 
(x + a)x + b) 
(x + a 

(= = a)? 


(x + ах — a) 


Decrease 500 cm by 45% 

Expand (a + За — 2) 

Expand (a — ЗХа + 2) 

Give 15 as the sum of three prime numbers. 
What is the formula for the volume of a cylinder? 
Find £3 as a percentage of £60. 


A rectangle is 4x em long and x cm wide. Find an expression for its 
perimeter. 


Find 0.81 + 0.09 

Expand (b — 4)(6 — 7) 

Expand (b + 4)(b + 7) 

What is the value of 3? — 49? 

Find the density of a block weighing 200 g whose volume is 8cm?. 
Expand (x + 4)? 

Express 3:7.5 in the form 1:n 


What name is given to a quadrilateral with just one pair of opposite 
sides parallel? 


What is the next prime number after 60? 

Does x = 4 satisfy x < 4? 

Solve the inequality 3 — x > 5 

How far will a car going at 60 mph travel in 2} hours? 

The nth term of a sequence is 5n — 3. What is the 8th term? 
Solve x +2<8 

Find 4 of 75m. 

Expand (a + 3bXa — 3b) 


Find the length of the diagonal of a rectangle whose sides are 5cm 
and 12cm long. 


In a triangle, one angle is 74° and another is 68°. What is the third 
angle? 


11 Quadrat 


С 


Consider 

Paul is designing an electronic chip and wants to make a prototype. 
Because of the number of pins needed along each side, the chip 
must be at least 5 mm longer than it is wide. 


For Paul’s purposes, the larger the chip the better. The material he 
needs to use, however, is expensive so the surface area must be no 
more than 150mm?. 


Paul needs to work out the length and width of the chip (excluding the pins). 

* He can try various values for the width until he finds one that fits the constraints. As we 
saw in Year 8, this is a ‘hit and miss’ affair; it can take ages to find a suitable value. 

• Не can carry out а more organised search by forming an equation and using trial and 
improvement methods. 


» Trial and improvement methods give solutions that are as accurate as are needed for 
the purpose. The disadvantage is that they involve a lot of arithmetic, which is tedious 
without the help of suitable technology. 


Use an algebraic method to find the dimensions of the chip. 
You should be able to answer this question after you have worked through this chapter. 


1 Amy needs to find a value for x that satisfies the equation 
x? — 6x = 17.01 
Discuss the advantages and disadvantages of these methods: 
a trial and improvement 
b drawing a graph 
с using a suitable graph drawing program on a calculator or 
computer, 
2 There are two values of x that satisfy the equation 
х2 — 6x = 17.01 
a Discuss which of the methods in question 1 will find both 
values of x. 
b Discuss whether any of the methods in question 1 can tell 
you whether the solutions are exact values or whether they 
can only be given correct to a number of significant figures. 
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Quadratic equations 

The class discussion shows that there are disadvantages in using numerical and graphical 
methods for solving equations. One disadvantage is the time it can take to find a solution 
80, when it is possible, using algebraic methods is more efficient. 

We can always solve equations such as 2x — 3.5 = 5x + 8.5. Equations like this, which do 
not involve powers of the unknown letter, are called linear equations. 

Equations such as x* — 6x — 17.01, which have a term involving the square of the unknown 
letter, are called quadratic equations. 

In this chapter we shall solve some straightforward quadratic equations. The method we 
shall use depends on the product of two numbers being zero. 


Worked example 
—> Find the value of (x + 3(x — 7) if 
ах 8 b x-7 e x--8 


а Ifx = 8, (x + 3Xx — 7) = (8 + 3X8 — 7) 
ana) 
=11 
b Ifx=7, (x + З) — 7) = (10X0) 
=0 

8, (x + Зх — 7) = (-3 + 3-10) 

= (0X —10) 

=0 


с Их 


1 Find the value of (x — 4)(x — 2) if 


a x-6 b x-4 e x-2 
2 Find the value of (x — 5)x — 9) if 

a x-5 b x=10 e x-9 
3 Find the value of (x — 7)x — 1) if 

a x-1 b x-8 e х=7 
4 Find the value of (x — 3)(x + 5) if 

a x-6 b х=3 с x2-b 
5 Find the value of (x — 4)(x + 6) if 

a x-0 b x-2-6 е х=4 
6 Find the value of (x + 4)(x + 5) if 

a х=4 b x=-5 e x=0 
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When we consider the product of two factors, questions 1 to 6 show that, if one or both of 
them are zero, so is the product. 


Further, if neither factor is zero, the product is not zero. 
In general, we can say 

if AxB=0 

then either A=0 or 8-0 


Remember that ‘A = 0 or B = 0’ is not mutually exclusive, so it is possible that A = 0 
and B = 0. 


In questions 7 to 12, find, if possible, the value or values of A. Note 
that if A x 0 = 0, then A can have any value. 


7AX6-0 9Ах4-0 11 3ХА-12 
ЗАХТ7-0 10 0ХА-0 12 8ХА-8 
13 IfAB = 0, find 14 IfAB = 0, find 

a AifB=2 a AifB=5 

b BifA=10 b BifA=5 
Worked example 


-» Finda and 6 ifa(b — 3)=0 


Either a-0 or b-3-0 

ie. either а=0 or b=3 
Find a and b if 
15 ab - 0-0 17 ab -2)-0 19 (a-3b-0 
16 ab -5)-0 18 alb - 4) - 0 20 (a - 9b = 0 
Solving quadratic equations 


Consider the equation (x — 1)(х — 2) = 0 

This is true either when x — 1 = 0 or when x - 2 = 0, 

ie. either when x = 1 or when x = 2 

There are, therefore, two values of x that satisfy the equation 
(к – 00 – 2) = 0. 

Expanding the left-hand side gives x? — 3x + 2 = 0 

This is a quadratic equation and we have solved it. 
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We can solve any quadratic equation written in the form 


(х= а) – Б) = 0 
because we know that 
either х-аз0 and/or х-0-0 
ie. хэа and/or x-b 


Worked example 

—> What values of x satisfy the equation x(x — 9) = 0? 
Tf xx-9)-0 

either x-0 or x-9-0 

i.e. either x-0 о x-9 


What values of x satisfy the following equations? 


1 0-3) =0 6 хіх – 6) =0 

2 x(x -—5)=0 7 x(x - 10) =0 
3(-3x-0 8&-7x-0 

4 xx 4)- 0 9 xx 7-0 
5G-5x-0 10 (x + 9)x=0 
Worked example 

— What values of x satisfy the equation (x — 3)(x + 5) = 0? 
If (к – 3) + 5) =0 

either x-3=0 o x+5=0 

ie.eiter х=3 or 


What values of x satisfy the following equations? 


1(x-1«-2)-0 17 (x — 3)x + 5)=0 
12 (x - 5x – 9) = 0 18 (x + 7(x-2)-0 
13 (x — 10Xx - 7) = 0 19 (х + 2х + 3) = 0 
14 x-4x- 7) = 0 20 (х + 4(x + 9) = 0 
15 (х – 6х - 1) =0 21 х + 105 +8) = 0 
16 (х – 8Xx + 11) = 0 22 (x — рх – 4) = 0 
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23 (x + a(x +b) =0 27 (x + 10x + 11)=0 
24 х-4х +1) = 0 28 (x — а)(х — b) 

25 (х + 9-8) = 0 29 (x + ax – b) = 0 
26 (х + 6x + 7) = 0 30 (x — ск +) = 0 


31 (2х - 32x + 1) = 0 
32 (4x + 73x - 1) = 0 


Solution by factorisation 
Quadratic equations do not often come in the form 
-4(x-0-0 
‘They are more likely to arise in the form 3? — 5x + 4 = 0 
Exercise 11b shows that if the left-hand side of such a quadratic equation can be 
expressed as two linear factors, we can use these factors to solve the equation. 
eg. x- 5х+4=0 
gives  (x-4x-0D-0 
from which we see that either x — 4 = O or x — 1 
ie. x-4 or х-1 


Worked example 
— Solve the equation x? — 10x + 9 = 0 


If x? - 10x +9=0 

then (x — 1x – 9) = 0 

2 either “—1L=0 or х-9-0 

ie. c= 1 or 9 

Check: when x = 1,LHS = 1— 10+ 9 = RHS 
when x = 9, LHS = 81 — 90 + 9 = 0 = RHS 


Solve the equations. 


1 x?-3x+2=0 6 x°- бх +5 = 0 
2 x? - 8х + 0 7 3-12x4 11-20 
Bx? -5x+6=0 8 x*-6x+8=0 
4x°-Tx+10=0 9 x?- 8 +12=0 
5 22- 7х+12=0 10 x? – 18x + 12= 0 
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Worked example 


— Solve the equation x? + 2x — 8 = 0 


If 22 + 2x—-8=0 
then (x + 4x – 2)=0 
2 either x+4=0 or 
ie. х= —4 or 


Check: when x 


х-2-0 
2 


—4, LHS = 16 - 8- 8 = 0 = RHS 


when x = 2, LHS = 4 + 4 — 8 = 0 = RHS 


Solve the equations. 
11 x? +6r-7=0 
12 ?-2x-8=0 
13 2 -x-12=0 
14 x? - 2x- 15 = 0 
15 59-7х-18-0 


16 х – 12x - 13 = 0 
17 22 +х-6=0 
18 x- 4x -12=0 
19 x? +x- 20=0 
20 x? – 5x – 24 = 0 


Worked example 


—> Solve the equation x? + 9x + 8 = 0 


n $e 8-0 
then Gt Da +8) = 0 
“either х+1= 0 ог 
х ог 


Solve the equations. 
21 22+ 3х+2=0 
22 52 + 8+7=0 
23 х? + 8х + 15 = 0 
24 x? + 8х + 12 = 0 
25 х? + 11х+18=0 


Worked example 


x+8=0 
-8 


26 х2-7х-6-0 

27 x* + 7x € 10-0 
28 x? + 14x + 13 = 0 
29 x? + 16x + 15 = 0 
30 х + 9x + 18-0 


— > Solve the equation x? — 49 = 0 


If x*-49-0 
then (x + Tx - 7) = 0 
^. either 
ie. 
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Solve the equations. 
31 x2-1=0 

32 2-9=0 

33 22-16=0 

34 22-81=0 

35 x? — 169=0 


36 х2-4=0 

37 33-25-20 
38 х2 – 100=0 
39 х2 – 144 = 0 
40 х2 – 36 = 0 


Тһе equations we have solved by factorising have all been examples of the equation 
ax? + bx + с = 0 when a = 1. We consider next the case when c = 0, 


e.g. the equation 


8x? + 2x =0 


Since x is common to both terms on the left-hand side, we can rewrite this equation as 


x(8x + 2)=0 
Then, either 2=0 or 
ie or 
ie or 


Solve the equations. 


1x?-2r=0 
2 x2-10x=0 
3 22+ 8х=0 
4 2% -х=0 
5 4x? – 5х = 0 
6 22 – 5х= 0 
722 +3х= 0 
8 2+х=0 

9 3x? – 5х = 0 
10 5x? – 7x = 0 


3х+2=0 
8х--2 

-2 

3 

11 2х2 + 3х = 0 
12 8° + 5х = 0 
13 x- 7х = 0 
14 Зх? + 5х - 0 
15 73 – 12x - 0 
16 6x? + 7х = 0 
17 12:2 + 7х = 0 
18 х 4x = 0 
19 7x? — 2x =0 


20 14x? + 3x = 0 


Sometimes a quadratic equation has two answers, or roots, that are exactly the same. 


Consider 
then 

ie. either 
ie. 

ie. 


x'-4x4-0 

(x — 2х – 2) = 0 

4-220 of x-220 
x-2 or x=2 
x=2 (twice) 


Such an equation involves a perfect square. As with any quadratic equation, it has two 
answers, or roots, but they are equal. We say that such an equation has a repeated root. 


225 


STP Maths 9 


Worked example 


— Solve the equation x? + 14x + 49=0 


If х2 + 14x + 49=0 

then (x + Tx +7) = 0 

=0 ог x+7=0 
yi (twice) 


seither x+ 


ie. x- 


Solve the equations. 


1x- 2x+1=0 9 x? + 18% 81-0 
2 x? — 10x + 25 =0 10 22 – 22x + 121 = 0 
З x? + 8x+16=0 11 33-х44- 
4x°+6x+9=0 12 x° + 10x + 25 = 0 
5 х2-6х+9=0 13 x? – 12x + 36 = 0 
6 x? – 8r +16=0 14 x? — 40x + 400 = 0 
732 1-0 15 x° — 16x + 64=0 
8 x? + 20x + 100 =0 16 3 +1 +4-0 


Quadratic equations do not always present themselves already arranged іп the form 
ax? + bx +c =0 


Consider the equation x(x — 10) = 39 
This equation needs to be rearranged so that it is in the form 
G?term) then (xterm) then (number) = 0 


We start by multiplying out the bracket: x*- 10x = 39 
Then we take 39 from each side: x? – 10x — 39-0 
Now we are ready to factorise, giving: (x + 3x — 13) = 0 


Therefore, х = —3 or 13 


Solve the equations. 
1 x-x-30 3 х2+ 9х = 36 
2 2-6r=16 4 x-2x48 
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5 x?= 2x + 24 9x2-x=12 
6 22 = 12x — 35 10 x?= 3x + 10 
72-x=6 11 3264-8 
8 22+ 6x =7 12 x? = 5x + 50 
Worked example 

— > Solve the equation 21 = 10x — x? 


If 21 = 10x — x? 
then 21- 10x +22 = 0 

х2 – 10x + 21=0 

(x — Tx – 3) =0 


Either 


Solve the equations. 
13 10 = Tx — x? 


Worked example 


Collect the terms on the LHS; this makes 

the x? term positive. Now rearrange so that 
the 22 term is first, followed Бу the x term, 

then the number term. 


17 12 = 8х – х? 
18 20 = 9х – х? 
19 35 = 12x – х? 
20 15 = 8х – x? 


— > Solve the equation 2x? + 10x — 12 = 0 


If 2x? + 10x - 12-0 
then 2042 + 5x - 6) =0 
x? +5x-6=0 
(x + 65-1) =0 
Either x+6=0, giving 
or x-1=0, giving 


Solve the equations. 
21 202 - 8x =0 

22 5x? — 15x + 10=0 
23 3х2 + 9x +6 = 0 
24 3x? — 24x + 36 = 0 


‘The LHS has a common factor, 2. 
We start by taking it out. 


Онин 


х= -6 


хэ1 


25 2x? - 4x =0 
26 3x*- 9х =0 
27 6x? + 18x + 12=0 
28 &? — 4x =0 
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Worked example 


— Solve the equation x(x — 2) = 15 


If x(x — 2) = 15 
then 22 – 2х = 15 
32-2х-15-0 
(x — 5x + 3) = 0 
Either х-5-0 = 
or x+3=0 > 
Check: when x = 5, LHS = 5(3) = 
when x = -3, LHS = (—3)(—5) = 15 = RHS 


Solve the equations. 


29 xx + 1) = 12 
30xx-D-x4*3 
31 xx — 5) = 24 


32 xx + 3) = 5(8x — Т) 


Worked example 


—> Solve the equation (x — 3)(x + 2) = 6 


If (x — 8)(x + 2)=6 
then x -x-626 
xi-z-12-20 
(x — 4)(x + 3)=0 
Either х-4-0 or x+3=0 
Le. х-4 or 


Solve the equations. 

33 (x + 2)x + 3) = 56 

34 (х + 9x — 6) = 34 

35 (x - 2)x + 6) = 33 

36 (х + 3) – 8) + 10-0 
37 (x - 5x + 2) = 18 

38 (x + 8x – 2) = 39 

39 (х + 105 + 8) + 12=0 
40 (x - Dx + 10) + 30 = 0 


11 Quadratic equations 


Mixed exercise 


In general, to solve a quadratic equation by factorising: 


e multiply out brackets 


* collect all the terms on one side of the equal sign (choose the side 


where x? is positive) 


e arrange the terms іп the order (x* term), (x term), (number) and 


then look for factors. 


Solve the equations. 
1 x?-x-20=0 


2x -4x-4 

З x°-36=0 

4 х2 = 7 - 6х 

5 2x* + 12x + 18=0 
62-х = 2? 

7 5x(x — 1) = 4? -4 
8 15—22 + 2х=0 

9 х2+ 12x +32 = 0 
10 xx + 8 = х + 30 


11 12x? + 16: - 0 
12 3x? + 5х = 0 

13 33-2x -15 = 0 
14 (2х - 3x + 1) = 0 
15 x? = 2х + 35 

16 x? + 13x + 12 = 0 
17 12x? – 48 = 0 

18 x(x + 6) = 3х + 10 
19 2x(x + 9) = 0 

20 (x – 4)? = 25 
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Worked example 


— I think of a positive number, x. I square it and then add three times the number I 
first thought of. The answer is 54. 


Form an equation in x and solve it to find the number I first thought of. 


a? + Bx = 54 The square of x is x? and three times x is 3x. 

ie 22+ 3x 54=0 Adding them together gives x* + 3x and this must be 54. 

(x — 6x + 9) = 0 
Either х-6-0 or x+9=0 
Ne SEO a ag o The number must be positive. 
Reject -9. 
The number I first thought of was therefore 6. URN 
Check: | 9 *3x6-54 the original instructions, 


The square of a number x is 16 more than six times the number. 
а Write ‘the square of a number x’ in symbols. 

b Write'16 more than six times x’ in terms of x. 

c Hence form an equation in x and solve it . 


When five times a number x is subtracted from the square of the 
same number, the answer is 14. 


a Write ‘five times a number x is subtracted from the square of 
x using mathematical notation. 


b Hence form an equation in x and solve it. 


Dylan had x marbles. 

The number of marbles Shetha had was six less than the square 

of the number Dylan had. 

a Write down the number of marbles Shetha had in terms of x. 

b Write down, in terms of x, the total number of marbles they 
both had. 

c Together they had 66 marbles. Form an equation in x and 
solve it. 

d How many marbles did Shetha have? 


I think of a positive number, x. If I square it and add it to the 
number I first thought of, the total is 42. Find the number I first 
thought of. 
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[?] 5 Ahmed is x years old and his father is x? years old. The sum of 


9| 6 


xd 


their ages is 56 years. Form an equation in x and solve it to find 
the age of each. 


Owen is y years old and his sister is 5 years older. If the product 
of their ages is 84, form an equation in y and solve it to find 
Owen’s age. 


Kathryn is x years old. If her mother's age is two years more 
than the square of Kathryn's age, and the sum of their ages is 
44 years, form an equation in x and solve it to find the ages of 
Kathryn and her mother. 


Worked example 


—> A rectangle is 4 cm longer than it is wide. If it is xem wide and has an area of 
77 cm?, form an equation in x and solve it to find the dimensions of the rectangle. 


77cm ccm 
[zr 
‘The area of a rectangle is 
Area = (x + 4) X хет? given by length X breadth. 
ie. (x + Ax = 77 We ана 
а? + 4x =77 area is 77 сай. 


х? + 4x-—77=0 
(x — 705 10-0 
Either x-7-0 or x+11=0 


ie. хэ? or эл 
The breadth of a rectangle cannot be negative, so reject —11, 
x=7 


The rectangle measures (7 + 4) ст by Теш, 
ie. 11сш by 7em. 


Ө | 8 Arectangle is xem wide and is З ст longer than it is wide. 


а Draw a diagram showing this information, clearly marking 
the length of the rectangle in terms of x. 

b Write down the area of the rectangle in terms of x. 

c Ifthe area is 28cm, form an equation in x and solve it to find 
the dimensions of the rectangle. 
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Ө | э The base of a triangle is xem long and its perpendicular height is 

5cm less than the length of its base. 

а Draw a diagram showing this information, clearly marking 
the perpendicular height of the triangle in terms of x. 

b Write down an expression for the area of the triangle in 
terms of x. 

с Тһе агеа of the triangle is 25 ст. Form an equation in x and 
solve it. 

d What is the height of the triangle? 


Ө | 10 A rectangle is 5 cm longer than it is wide and its area is 66 cm’. 
Find the dimensions of the rectangle. 


o 11 A skier is sliding down a gentle slope. The distance she covers in 
t seconds is given by (42 + t) metres. Find how long it takes her to 
cover 110 metres. 


Ө | 12 A rectangular lawn is bordered on two adjacent sides by a path, 
as shown in the diagram. 


a Express in terms of x each of the areas marked by the letters 
A, B and C. 

b The area of the path is 104 m*. Form an equation in x and 
solve it to find the width of the path. 


Ө | 13 The formula P = n(n + 2) is used to work out the cost, £P, for 
storing n tonnes of butter for a year. Find the number of tonnes 
of butter that can be stored for a cost of £2600. 


Ө| 14 а The square of an unknown positive integer, x, and the square 
of the consecutive (the next larger) integer are added. Write 
an expression for this sum in terms of x. 
b The sum of these two squares is 181. Find the smaller integer. 
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Worked example 
—> Find a solution to the equation x? ~ 2 = 6 correct to 1 decimal place. 


Lis clearly too small, so we try 2 as the first trial value for x. 


If this gives the value of x? — 2 as less than 6 (i.e. too small), we try next a value greater than 2, 
and vice versa. 
We can keep track of results by placing them in a table, 


Try x = | Value ots -2 Compared with 6 
2 2-2-3 too small 
This sh that 
3 32- B = 8.33... too big gered. 
a dr But not by much, so try 
25- gg = 5.45 x= 26 next. 
26 О 
2.61 Now we see that 
2.6 <x < 2.61 


x = 2.6 correct to 1 decimal place. 


For each equation, use trial and improvement to find a positive 
solution correct to 1 decimal place. 


1 += (Start by trying x = 1) 
2 2-2х-5-0 (Start by trying x = 2) 
8 S4x4l-n (Start by trying x = 2) 


x 
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4 x-3x-7 5 xtr-12 


Sometimes when a trial number gives a result that is too small, 
trying a larger trial number gives a result that is even smaller. When 
this happens, try a number smaller than the first one. 


Worked example 


— The equation 2x — х? + 1 = 0 has a solution between x = 1 and x = 2. 
Find the solution correct to 1 decimal place. 


1.65 —0.192... «0 


Now we can see that 1.6 < x < 1.65 
ie. х = 1.6 correct to 1 decimal place. 


For each equation, use trial and improvement to find a positive 
solution correct to 1 decimal place. 

6 -psg (Start with x = 2) 

7 24-3 + 2х= 0 

8 х(7- х02х+1)=8 (Start with x = 6) 


2 Graphs 


Consider 


Freda hopes to find a relationship between the distance a puck slides down a slope and the 
time for which it has been sliding. 


She has collected the following data. 


Time, in seconds, after leaving the top of the slope | 1 | 2.7 | 35 | 45 | 49 
Distance, in metres, from the top of the slope 0.05 [04 | 06| 1 | 12 


To find a relationship between the time and distance, Freda could 

• guess and see whether the figures in her table fit the guess. This is not likely to give an 
answer quickly, if ever. 

* hope to spot a relationship from the figures in her table. This is not usually possible 
unless the relationship is a simple one. 


plot the points on graph paper. Freda may then recognise the points as lying on a curve 
whose equation is of a form she knows. 


Using ¢ seconds for the time and d metres for the distance, can you find a likely algebraic 
relationship between t and d? 


You should be able to answer this question after you have worked through this chapter. 


The ability to recognise the kind of equation that gives a particular 
shape of curve requires a wide knowledge of different forms of graph. 


This knowledge is also useful when we want to draw a graph from its 
equation because, if we know what shape to expect, we are less likely 
to make mistakes. 
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1 Georgia needs to solve all these equations: 3* – 2х – 4 = 0 


22-20-4=6 
2x? – 4+1=0 
1+2x-x?=0 


Discuss what these equations have in common. 
Discuss also the advantages and disadvantages of methods for 
solving them that you are familiar with. 


2 Chloe knows that, for a given voltage, the current flowing in a 
circuit is inversely proportional to the resistance. 


2 [24] 
14 |15| 
Chloe then has to plot the values on a graph to confirm the 
relationship between them. Discuss what knowledge would help 
her to decide whether the relationship is confirmed and if she has 
made a mistake in any of her readings. 


3 Jordan is designing a swimming pool for a school project. He 
wants to include a sketch showing how the depth of water in the 
pool increases when it is filled at a constant rate. 

This is the cross-section of the pool. Discuss how 
he could do this and what he needs to know. 


The class discussion shows that graphs have many uses. In this 
chapter we look at some of these and extend our knowledge of curves. 
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12 Graphs 


This graph shows the cost of water used each month in one such place. 


2 


è 


Cost per month ($) 


8 


pr 
50 100 150 200 250 
Cubic metres 


The gradient of the line from 0 to 150 m? 18-52: i = 0.2 and this gives the cost, in dollars, 
for a cubic metre of water used up to 150 m?. The gradient of the line above 150 më? 
is ES = 0.5 so the cost of each cubic metre used over 150 m" is $0.50. 

If Meena uses 200 m? of water in one month, it costs her $55. 


Graphs like this one are called piece-wise linear graphs. (You have already used such 
graphs in Chapter 1. For example, questions 3 to 8 in Exercise 1f.) 


1 The graph illustrates the costs per month of using electricity on a 
two-part electricity tariff. 


а In August, Mohamed used 200 units of 
electricity. What was the cost of using this 
number of units? 


b Findthe cost of each unit used up to 
100 units. 


с Find the cost of each unit used over 
100 units. 


d Abdul is on the same tariff as Mohamed. 1 
Work out the cost for a month in which he 0 50 100 150 200 250 
used 400 units of electricity. Units of electricity 


Cost per month (5) 
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Ө | 2 The graph below shows how the depth of water in a swimming 
pool increases when water is pumped in at a constant rate. 


Depth (metres) 


0 10 20 30 40 50 
‘Time (minutes) 
How deep was the water in the pool after 15 minutes? 
Assuming the pool was full after 50 minutes, how deep was 
i the shallow end 
ii the deep end? 
Assuming that the pool was not full after 50 minutes but 
needed another 10 minutes to fill it, how deep was the deep 
end? 


@)| з This graph shows the journey of a bus from A to B. 
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Distance (kilometres) 


o 10 20 30 40 50 
Time (minutes) 


What was the speed of the bus when travelling between A 
and its first stop? 

How far from A is B? 

What was the average speed of the bus between A and B? 


12 Graphs 


4 The graph shows the amount a printer charges to print copies of a 
new book. There is a fixed charge for setting up the machinery, plus 
a charge for each book which depends on the total number printed. 


Printer's costs. 


SST ИН Ши 

0 

0 200 400 600 800 1000 1200 
Number of books 


Use the graph to find 

a the fixed charge 

b the total cost if the numbers of book printed is. i 300 ii 400 iii 840 
с Find the cost per book if the number printed іѕ i 200 ii 660 iii 1000 
d How many books can be printed for i £2000 ii £1200 iii £700? 


Parabolas 

We know that an equation of the form y = ax? + bx + c (a quadratic. 
expression in x) gives a curve whose shape is called a parabola and 
looks like this. 


When the x° term is negative, the curve is ‘upside down’. 


Using graphs to solve quadratic equations 


One of the problems in the class discussion concerned solving the equations 


x?—2x-4=0 
x-2x-4-6 
2x? — 4x +1=0 
1+2—-x=0 


You may have noticed that, in one form or another, the terms x? — 2x’ appear in all these 
equations. This suggests that we can use one graph to solve all these equations. 
The worked example in the next exercise shows how we can do this. 
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Worked example 

> Use the graph of y = x? — 2x — 4 to solve the equations 
а x*-2r-4=0 е 22 4:+1=0 
b x-2-10-0 d 142r-3?-0 


x--230r43 


240 


12 Graphs 


x? -2x+3=0 or 
x- 2x- 4= -4 


From the graph, when y = —4}, x = 0.3 or 1.7 


d 1*2x-3*-0 


1=2? — 2x or 

-8-133-2х-4 

іе. x? -2x-4=-3s0y = -3 

From the graph, when y = —3,x = —0.4 or 2.4 


1 Use the graph of y = x° — 3x — 3, which is given below, to solve 
the equations. 


SENS 
ji 


вось 
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The graph of y = 4 + 4x — x? is given here. 
Use the graph to solve the equations 


a 4+4- 0 


b 4-4х-12 

e 1+4х-х2=0 

d 22-4:+2=0 

e x!'-4x-8 

f 20-8:-1-0 

g Use the graph to solve the equation 


4 + 4x — x? = 8. What do you notice? 
h Isit possible to use this graph to solve 
the equation x? — 4х — 14 = 0? 


If it is possible, give the solutions. 


If it is not possible, explain why. 


Copy and complete the following table, which gives values of 
(2 — xXx + 1) for values of x from —3 to 4. 


a -a|-21]-2]-1|]-1] o | $[ 1 [3] 2] 3] 33] 4 
Q-2 5| 4 3|2| (11 ЕЛЕЧЕ 
(2221) -21-1 9| i 12 3|4| 4| 5 
(2 = x)(x + 1)| -10]| -63 of | (212 о |-4|-6)| -10 
Hence draw the graph of y = (2 — xx + 1) for values of x from 

-3 to 4. Use 2cm as 1 unit for x and 1cm ав 1 unit for y. 

Use your graph to solve these equations. 

a xt-x-2=0 b E-241-0 е t=xt] 

The table gives values of y for certain values of x on the curve given 

by the equation y = 2x? — 7x + 8. Copy and complete this table. 

z [0|2|1|5|?2]|2|9]|9j| 4| Quy Remember that 2G means square 
> BE 2|2|s в (12 | АМ first and then double the result. 


Use the table to draw the graph of y = 2x? — 7x + 8 for values of 
x from 0 to 4. Use 4em as 1 unit for x and 2cm as 1 unit for y. 
Use the graph to solve the equation 2x? — 7x + 8 = 4. 

What graph would you draw to solve the equation 

a х2+25-4=0 

b 3-5x—x?=0? 


12 Graphs 


6 Copy and complete the following table. 


z -4 |-3 1-31-2 1-2 1-1 [-1]-} fo] 11 
7 a |) ae E ala o 
-6х 24| 21 15 | 12| 9 з 101-3 
-2: -82 |-24 -121|-8 |-4 -101-1 
7-6x-29|-1]| 3! 9 | u| 14} ei] si 


Hence draw the graph of y = 7 — 6x — 2x? for values of x from —4 
to 1. Use 4cm as 1 unit on the x-axis and 1сш as 1 unit on the 


y-axis. 


а Use your graph to solve the equation 7 — 6x — 2x? = 0. 
b Draw the line y = 5. Write down the x values of the points 


where the line y = 5 meets the curve y = 7 — 6x — 2x2, Find, 


in as simple a form as possible, the equation for which these x 
values are the roots. 


7 Using squared paper and values of x from —6 to 0, draw a graph 
to show that the equation x* + 6x + 10 = 0 cannot be solved. 


Cubic graphs 


When the equation of a curve contains 2? (and possibly terms involving x°, х or a number), 
the curve is called a cubic curve. 


These equations all give cubic curves: 


у= +х 


у= 253—5 


y=- 22 +6 


We start by plotting the simplest cubic graph, whose equation is y = x°. 
The table gives values of x? for some values of x from —3 to 3. 


2-2 |-15 


=a 


-05| 0 


05 1 


15 2 3 


-27 


-8 |-34 


zb 


22050 0 


0.1 1 


3.4 8 27 


Plotting these points and joining them with a smooth curve gives this curve. 
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1 Сору and complete the following table, which gives values of 1x", 
correct to 1 decimal place, for values of x from —3 to +3. 


=| -s | -25 | -2 [-15]-1| -05 [o | os | 1 [15] 2 [25| 3 
33 |-27|-156| -8 |-34 —0.13 013| 1 | 27 
ge |-54| -3.1 | -1.6 | -0.7 -0.03 | | 0.03 | 0.2 [54 


Hence draw the graph of y = 13? for values of x from —3 to +3. 
Use 2 cm as 1 unit on each axis. 

Use your graph to solve the equations 

а bü-4 b x= -15 


2 Make your own copy of the graph of y = х? 
a Оп the same axes draw the line y = x + 6 
b Give the values of x where the curve and straight line 


intersect. 

Worked example 

‘The graph of y = (x — Dx + 1) — 3) is 
given here. 


— Use the graph to find the values of 
x when y = 1 and when y = -8 


y = 1 where x = —0.85, 0.75, 3.1 Drawing the line y = 1, we see that. 
5 8 їша227-18 there are three values of x where y = 1 


The line у = —8 cuts the curve once, so 
there is one value of x where y = —8 
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— > Use the graph to find the solution to this equation: 
(x — Da + Dx - 3) = 


(x — D + 100 — 3) = 0 where y = 0, 
i.e. where the curve crosses the x-axis, which is when x = —1, 1 and 3. 


—> Use the graph to find the solution to this equation: 
(x — Dic De - 3) = 4 


(x = D + Dx — 3) = 4 where the curve cuts the line y = 4, ie. when x = 3.4 


З Copy and complete the table, which gives the values of y when 
y = x(x — 2)x — 4). 


Hence draw the graph of y = x(x — 2)x — 4), using 4сш for 1 unit 
on each axis. 
а Use your graph to find 
i the lowest value ii the highest value 
of x (x — 2)x — 4) within the given range of values for x. 
b Find the solutions of the equation x(x — 2)(x — 4) = 2 within 
the given range. 
c Ifthe values of x were extended, do you think there may be 
another solution to the equation in part b? 


4 Сору and complete the table, which gives the value, correct to 
2 decimal places, of Ja? - 2x + 3 for values of x from -2 to 2. 


х -2 -15 1-1 -0.5|0| 0.5 1 15 |2 
i -2.67 | -1.13 | -0.33 0 0.33| 1.13 
-2х 4 3 2 0 -2 -3 

+3 g 13 |3 3 3 |3 
12-25 +3 433| 487| 467 3| 133] 113 


Hence draw the graph of y = 1x? — 2x + З using 4cm for 1 unit 


on each axis. Estimate the value(s) of x where the graph crosses 
the x-axis, 


245 


e 


STP Maths 9 


5 


The graph of y = 1 — x + 2x? — x? is given here. 


Without drawing the curve or working out a table of values, 


Write down the value(s) of x where the curve crosses 
the x-axis. What can you deduce about the number 
of solutions to the equation 

1-x2:x-x3-0? 

How many solutions are there to the equation 

1-х + 240-23 = –17 

Explain your answer and give the solutions. 

Give a value ofc if the equation 

1-x-t2:089—3 ee 

i has only one solution ii has three solutions. 


explain how you can state the values of x where the curve 


y = (х — 2)(x — 3)(х — 4) crosses the x-axis. Sketch the curve. 


The shape of a cubic curve 


From the last exercise we can state that a cubic curve looks like 


a or ~ when the x* term is positive 
and 5, or MA when the х? term is negative. 


Reciprocal graphs 


The equation y — 2, where а is а number, is called a reciprocal equation, 


The simplest reciprocal equation is y = 


Making a table showing values of y for some values of x from —4 to —1 and from 1 to 4 gives 


cm a БО a ER S 
-025|-033|-05| -1 | -2 | -4 
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3 


4 


ж ын) 
222 


1 05 


0.33 


0.25 


12 Graphs 


Plotting these points on a graph and joining them with a smooth curve gives this 
distinctive two-part shape. 


Ө! 1 Discuss why we did not use the value x = 0 in the table made to 
draw the graph of y = 1. 


Ө| 2 Use the graph of y = 1 drawn above, to answer these questions. 
Give the value of y when x = 2.5 

What is the value of x when y = 2.5? 

What is the value of y when x = 0.2? 

What happens to the value of y when x gets smaller than 0.2? 
Why is there no point on the curve shown when x = 0? 


њоро сор 


How many forms of symmetry does the graph have? 


Ө| з Draw the graph of y = 2 for values of x from —4 to —} and from 
1 to 4. Use 2cm for 1 unit on both axes. 
a Why is there no point on the graph where x = 0? 

b Give the value of y when 
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4 Draw the graph of y = 2 for values of x from 1 to 12. Use 1 em 
for 1 unit on both axes. 
а Give the lowest value of y in the given range, and the value of 
x at which it occurs. 
b Ifthe graph was drawn for values of x from 1 to 100, what 
would the lowest value of y be? 


c Ifthe graph could be continued for values of x as large as you 
choose, what would the lowest value of y be then? 
d Is there a value of x for which y = 0? 


5 Sketch the graph of y = 1 for values of x from —10 to ~ 1, and 
from 3; to 10. x 
a What happens to the value of y as the value of x increases 
beyond 10? 
b Is there a value of x for which y = 0? Explain your answer. 
с 15 there a value of y for which x = 0? Explain your answer. 


Reciprocal curves 
An equation of the form y = 9, where a is a constant (that is, a number), gives a distinctive 
two-part curve called a reciprocal curve. The shape is also called a hyperbola. 
Notice that there is a break in the graph where x = 0. » 
This is because there is no value for y when x — 0; 
we cannot divide by zero. 


Recognising curves 

We are now in a position to look at a curve and recognise that its equation could be 
eyomx*c 

ey-ax*bxc 

e у = ах? +b +сх+а 

yee 

• none of these. 
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For questions 1 to 4, write down the letter that corresponds to the 


correct answer. 
1 The equation of this curve could be 
А y-xt 


1 
B y=} 
С у= 
D у= 4: - 22 


2 The equation of this curve could be 
А y=x2+x-9 
В у= (х – 3х + 3Xx + 1) 


2 


The equation of this curve could be 
12 

Ay = 

B y=x-9 

€ y=9-x 

D y=x 


4 The equation of this curve could be 
А у=? 
В у=4- 2° 
С у= 22 - 2+6 
D ys- 42 +3 


For question 5 to 13, use squared paper. Draw х- and y-axes but do 
not scale them. Sketch the graph for each of the following equations. 


5у=8 8y-x 
6 y=x? 9y=x +1 
1 


ту-1Ї G0  10y-$ 


11 у=х+1 
12 y=1-% 
18 х-3 
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For questions 14 to 20, write down the letter that corresponds to the correct answer. 
14 The graph representing y = x? — 1 could be 


A V B » Ne с У р » 
Vox? NU. 
15 The graph representing y = З could be 


A » B y C с » D » 
Г N? 
16 The graph representing y = 10x* could be 


. 2 5517 с П D ^ 
t 


нү 


ay 
83 


х 


ay 
х 


17 The graph representing y = x + 2 could be 


A » B ui с À D » 
t M. DE 


| 
18 The graph representing y = ~x? could be 
"ХИ 


» 
А x B » с хс 
7\X С 
19 The graph representing y = x? + 1 could be 
A Ч Fi B » с T D y 


хү 
x 


$ H 
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20 The graph representing у = x(x — 1Xx — 2) could be 
3 LJ l K l LA 
{1 x T x х 
21 For questions 1 to 4, explain why you cannot be certain that the equation you chose 
is the equation of the graph. 


Using graphs 


For question 2 in the class discussion, page 236, Chloe needed to use the following readings 
to confirm that the current flowing in a circuit is inversely proportional to the resistance. 


0.5 0.7 1 12 15 2 2.4 
5.6 4 2.8 2.3 19 14 15 


If the resistance is R ohms and the current is Z amps, Chloe wants to confirm that J is 
inversely proportional to R, that is that the product of corresponding values of R and I is 
constant. 


This means that the relationship between J and R should be of the form JR = k. 


Rearranging to make / the subject gives J = 4, where k is a constant. 


Chloe also knows that a relationship of the form y = gives a curve whose shape is 


when x and y can have positive and negative values. 
Ifx and y can only take positive values, we get just the right-hand side of this curve, 1.6. 
y 
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The resistance and the current have positive values only, so this is the shape that Chloe 
expects to find when she plots the values of / against the values of R in the table. 


Current, I (amps) 


071057 107 15771207 725 
Resistance, R (ohms) 


Allowing for slight errors in readings, these points do lie on a curve of the shape expected, 
except for one. Either a mistake has been made with this point (Chloe may have made an 
error with her readings), or it could be that the relationship between R and Z no longer 
applies when R = 2.4. 


Assuming that J = +, we can substitute a pair of values from the graph to find the value of k 


ie whenR=2,I= 14s014=4 
=>  k=2x14=28 


= 2.8 
Цав: 


(We can use another pair of coordinates to check the value found for k.) 

Inverse proportion 

The quantities in the example above are inversely proportional. 
Any two quantities, x and y, that are inversely proportional, are related by 
the equation у = Ë and the graph representing them is a hyperbola. 
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@| 1 This is a graph relating pressure and volume. The equation of the 
graph is p = Ł 


а Use the graph to find 
i the value of p when v = 1.2 
ii the value of v when p = 3.6 


b Use the answer to part a i to find the value of k. Check your 
answer using the values found in part a ii. 


Ө | 2 Water in a plastic bottle cools down in the freezer. The graph 
shows how its temperature is changing. 


Temperature (°C) 


6 8 100 1 
Time (minutes) 


0 2 4 


a What is the temperature of the water after 
i 4 minutes 
ii 8 minutes? 


b How long does it take to cool down to 14°C? 


c Explain why this graph shows that the temperature is not 
inversely proportional to the time. 
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9|з 
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This graph shows the height of a cricket ball 

above the ground at different times during its 

flight. 

Use the graph to find 

a the height of the ball above the ground 
1.5 seconds after it has been hit 

b the greatest height above the ground 
reached by the ball 

с the times at which the Бай is 10 m above the ground 

d the total time of the ball's flight. 


Height (metres) 


2-3 
‘Time (seconds) 


In question 3, the relationship between the height, h metres, and 

the time, £ seconds, is h = al? + bt + c 

а Use the point on the curve where t = 0 to show that ¢ = 0. 

b Use the point on the curve where £ = 5 to find a relationship 
between a and 6. 

с Use the point on the curve where ¢ = 1 to find another 
relationship between a and b. 

d Use your answers to parts b and c to find the values of a and 
b. Hence write down the equation of the curve. 


Under ideal conditions, the number of 
bacteria growing in a Petri dish doubles 
every hour. So if one bacterium is initially 
placed on the dish, there are 2 bacteria 
after 1 hour, 4 bacteria after 2 hours, 

8 bacteria after 3 hours, and so on. 


The graph illustrates this relationship. 


Number of bacteria. 


а Copy and complete the table, which 
shows the number, n, of bacteria t 


hours after the first bacteria is placed 0 1 2 3 H 5 
on the dish. "Time (hours) 

t 0 1 2 3 4 5 

n 1 2 4 8 

nasapowerof2 | 2" 2 


b Use the table to deduce the relationship between n and t. 


12 Graphs 


QQ | 6 A second-hand car is bought for £10000. Its value then 
depreciates every year by half its value at the start of the year. 
The graph shows this relationship. 


a What is the car worth 3 years after it was bought? 


Copy and complete the table. 
Years after 
ese n 0 1 2 3 4 5 
Value, £y 10000 5000 2500 
(= 10000 x 1) | (= 10000 х (2) 


с Use the table to deduce the relationship between n and y. 


Express the initial value of the car as £10 000 times a power 
ofi. 
2 


e Explain why the value of the car will never be zero. 
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Ө | 7 The diagram shows a sketch of the curve y = 3. 


98 
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b 


Give the coordinates of the point where 
the curve cuts the y-axis. 
Explain why the curve never cuts the 


x-axis. 
Copy the diagram and add a sketch of the 
curve y = 2. 


Write down the coordinates of the point 
that is common to both curves. 

Explain why any curve whose equation is 
у = a* will also go through this point. 


Gravity pulls objects towards the surface of the Earth, making 


the speed of the objects increase. The effect of this pull decreases 


as 


the distance from the surface of the Earth increases. 


When an object is d metres from the centre of the Earth, the rate 
at which its speed increases is g m/s per second, where g is given 


by 


4.1 x 104 


8- di 


(Note that this relationship applies only when d is greater than 
the radius of the Earth, i.e. outside the Earth's surface.) 


This graph illustrates the relationship. 


o 
о 2x10 4x10 6x10 8х108 10x10 12x10 4 
Distance from the centre of the Earth (m) 


What is the radius of the Earth? 

What is the value of g when an object is 4.1 х 105 metres 
above the surface of the Earth? 

When g = 2.5, what is the value of d? How far is the object 
above the Earth’s surface when g = 2.5? 


12 Graphs 


Note that, in question 8, the relationship between g and 4 is of the form 


number 
di 
This form of the relationship is called the inverse square law. 


g= 


For example, if y = 4, x and y are related by the inverse square law. 


9 The relationship between x and y for the graph shown is 
y = ax? + b. Use the information on the graph to find the 
values of a and b. 


Gradients of curves 
The gradient of a straight line is the same at any point on the line, that is, the gradient is 
constant. The gradient, or slope, of a curve however, changes from point to point. 


We can give an estimate of the gradient of a curve but it is difficult to calculate because it 
changes as we move along the curve. 


Moving along this curve from left to right, the gradient is zero at A, increases gradually to 
reach its maximum value at C and then decreases to zero again at D. The gradient then 
becomes negative and gets more negative (that is, the downhill slope increases) as we 
approach B. 
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Describe the way in which the gradient changes as we move along 
each curve from A to B. 


а у я 7 
D 
| ANE 
2 y B 5 y B 
с 
Al 
AO x o| x 
3 B 6 % 
yi 
€ 
А OA Be 
0| x 
Interpretation of gradient 


Gradient gives the rate at which the quantity on the vertical axis is changing as the 
quantity on the horizontal axis increases. 


For example, this graph shows the temperature of a saucepan of water. 


5 
8 


‘Temperature (°C) 


a 
ES 


о Time 


Although there are only two numbers on the axes, we can describe what is happening in 
general terms. 
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1 The graph shows the temperature of a bowl of soup, from the 
moment it is served. 


A 


‘Temperature 


о Time 
a Describe how the temperature of the soup changes with time. 
Roughly, how is the temperature changing near to B? 
c What roughly, do you think is the temperature of the soup 


at B? 
Ө! 2 The graph shows, over several years, the number of people 
travelling by air. 
р 
E] B c 
H 
5 


Time 


a Does the section of the curve from A to B represent an 
increase or a decrease in the number of people travelling by 
air? Is this rate of change constant? 

b Describe how the number of people travelling by air changes 
for the sections from B to C and from C to D. 
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Ө | з The graph shows the speed of a car between two sets of traffic lights. 


o Time 


a Which section of the curve indicates 
i increasing speed 
ii decreasing speed? 
b What can you say about the speed of the car at the point B? 
с What colour is the second set of lights? Justify your answer. 
d When is the increase in speed greatest? 
е When is the car losing speed at the greatest rate? 


Ө! 4 The graph shows how the surface area changes as a balloon is blown up. 


F 
DE 


о, > Surface area 
= 
o 


a What do you think happens at F? 
b Describe how the surface area changes between 


i AandB 
ii BandC. 
c What do you think accounts for the gradient of the curve for the sections 
B to C and D to E? 
Ө| 5 A stone is thrown into the air. The graph shows the distance of the stone from 
the ground. 
g 
3 в 
3 
Б 
Е 
4 
Ё 
à c 
о 


Time 


a Describe how the gradient of this curve varies throughout the stone's flight. 
b Where on the curve is the speed of the stone 
i greatest 


ii least? 
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@|7 


The graph shows the height of an aircraft above sea-level as the 
aircraft flies away from the airport. Describe how the height of 
the aircraft changes for the whole curve. 


Height above sea-level 


о 


Distance from airport 


о Temperature 


о Time 
The graph shows the temperature of an oven controlled by a 
thermostat. 

a Why does the curve not start at zero on the vertical axis? 


b Describe what is happening for the part of the curve between 
A and B. 


с What do you think can account for the shape of the curve 
between B and C? 


The graph shows the speed of a motorcycle on a section of a cross- 
country race. 


Speed (km/h) 


0 5 0 15 20 2 30 
‘Time (minutes) 


a Which sections of the curve represent the rider 
i going uphill 
ii going downhill 
iii falling off? 
For roughly how long is the speed constant? 


с What, roughly, is the rate at which the speed is changing for 
the section from B to C? 
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Ө » 


9| 10 


9! 
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When an aircraft takes off it accelerates rapidly from zero 
speed until it reaches roughly half its cruising speed. It. 
then accelerates more and more slowly until it reaches its 
cruising speed of 400 km/h. Sketch a graph showing how the 
speed of the aircraft changes during this time. 


A car stops at one set of traffic lights. When these lights go 
green it moves off but has to stop again at the next set of 
traffic lights, which are 500 yards from the first set. Sketch 
a graph showing the distance of the car from the first set of 
lights during the time that the car takes to move between 
the two sets. 


The graph illustrates a 100 metre race between Phoebe 
and Gita. 


Distance (metres) 


o 2 4 6 & m n n m m 
‘Time (seconds) 
а Who won the race and in what time? 
b What was the difference in the times taken to finish the 
race? 
е Who ran faster at the start? 


d How far from the start did one competitor overtake the 
other? 


Liquid is poured at a constant rate into each of the 
containers whose cross-sections are given below, Sketch a 
graph showing how the depth of liquid in each container 
increases as the liquid is poured in. 


UAOU 
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Ө | 13 In the class discussion, you were asked to discuss how Jordan 
could sketch a graph showing how the depth of water in a 
swimming pool varied as the pool was filled at a constant rate. 
This is the cross-section of the pool. 

Draw the graph for Jordan, 


=, 


Ө | 14 The diagram shows some grain storage tanks with different 
shapes. Grain is drawn off at the same constant rate from each 


tank. 
=A Яв яа 
а ь с 
Make three copies of this diagram: 
Time 
Sketch a graph, one on each diagram, showing how the depth of 
grain in the tank varies with time. 


3 Areas and volumes 


Consider 


One of the components in the design for a new computer desk is a conduit (a channel) for 
cables. 


These are the drawings for the conduit, which has a uniform cross-section. 


12mm 
150mm 


V T 


120mm 


The conduit is to be manufactured in lengths of 2.5 metres. The material used to make this 
conduit has a density of 0.75 g/cm’. 


Anna is ordering shelving for storing 5000 lengths of this conduit. 


To do this, Anna needs to know how much space they take up, and 
their mass. 


Can you find the volume of these 5000 lengths of conduit and their 
mass? 


You should be able to answer these questions after you have worked through this chapter. 


Area of a trapezium 
l0mm 


50mm 


We can find the area of this trapezium by dividing it into two triangles, but trapeziums 
occur often enough in real objects to justify finding a formula for the area of any trapezium. 


Any trapezium can be divided into two triangles. 


Triangles ABC and ADC both have the same height, as the height of each is the distance, h, 
between the parallel sides. 
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Now, area AADC = 1 base X height = 1p x A 
area AABC = 1 base x height = 1q X h 
Therefore, area ABCD = $ph + įqh 
=}p+q)xh 
This formula is easier to remember in words: (р + q) is the sum of the parallel lengths, so 


the area of a trapezium is equal to 
}(sum of the parallel sides) x (distance between them). 


Worked example 
— Find the area of this trapezium. 
зов 
2 5cm| 
15cm 


Area = 3 (sum of parallel sides) х (distance between them) 
= 1015 4) x bem? 


=} X 19 х беш? = 47.5cm? 
In questions 1 to 4, find the areas of the trapeziums. 


1 4em 2 8.5ст 


55а 
L1 


10cm 
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3 4 4em 


7em [] 


For questions 5 to 7, use squared paper and draw axes for x and y 
using ranges —6 = x = 6 and —6 = y <6, and a scale of one square 
to 1 unit. Plot the points and join them up in alphabetical order to 
form a closed shape. Find, in square units, the area of the resulting 
figure. 


5 A(6,D, B(4, -3, C(-2, -3, 0(-3,1) 
6 A(4,4, B(-2,2), C(-2, –2), D(4, -3) 
7 A(3,5), B(—4, 4), C(-4, -2, D(3, -5) 


For questions 8 to 12, you will also need to find areas of squares, 
rectangles, triangles and circles. If you need to remind yourself of the 
formulas for these, they are on page 6. 


Ө | 8 The diagram shows the end wall of a lean-to conservatory. The 
shaded area is covered with cedar wood, and the hatched area is 
glazed. 


Find 

the total area of the end wall 

the area of the door 

the area of the glazed section 

the area which is covered with cedar wood. 


ао ср 
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Ө | 9 Find the areas of these cork gaskets. 
a 


25mm—] 


Ө | 10 This is a classic patchwork quilt pattern called the 'captain's 
wheel’. It is based on a 4 unit by 4 unit square. 


a Find the area of the patterned yellow part of the design if the 
length of one side of the large square is 12cm. 

b A quilt is made from 800 of these squares. What area of the 
quilt is blue? 


[?] 11 This company logo is made from a semicircle on the shorter 
parallel side of a trapezium, Find its area. 
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12 Wood is used to make the top of this child’s posting box toy. The plan has been 
drawn on a 1cm grid and then scaled down. 


The wood weighs 0.35 grams per square centimetre. Find the mass of the top of 
this posting box. 


Units of area 


Area is measured in standard sized squares. These squares are defined by the length 
of their sides. In metric units, for example, we may use the square centimetre (cm?). 
In Imperial units, we use the square inch (sq in), the square foot (sq ft) and the square 
yard (sq yd). 


For large areas of land, such as countries, the units used are usually the square kilometre 
or the square mile. For smaller areas, such as those of fields, the metric unit used is the 
hectare, where 


1 hectare = 10000 square metres 

The Imperial unit used for the areas of fields and so on, is the acre, where 
1 acre = 4840 square yards 

Acres and hectares can be interchanged using the approximation 
1 hectare ~ 2.5 acres 


(This relationship is correct to 2 significant figures. More accurately, 1 hectare = 2.471 acres, 
which is correct to 3 decimal places.) 


1 Given that 1 yard = 3 feet and that 1 foot =12 inches, express 
а 2.5 sq yd in square feet 
b 1.5 sq ft in square inches. 


2 Arectangular field measures 250 yards by 130 yards. How many 


acres does the field cover? 


З A house in France is advertised for sale with 2.6 hectares of 


ground. How many acres is this? 
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4 The diagram shows a plot of land in the shape of a trapezium. 
а Find the area of the plot in hectares, correct to 1 decimal 
place. 
85m 


150m 


b How many acres does this plot cover? 


5 The area of the United Kingdom is 94214 square miles. 
Express this area in 
a acres b hectares c square kilometres. 


6 The area of Jamaica is 4240 square miles. 
Use the relationship 
1 mile = 1.6093 km correct to 4 decimal places 
to give the area of Jamaica in square kilometres to the 
nearest square kilometre. State with reasons whether 
your answer is accurate to the nearest whole number. 


Arcs and sectors of circles 
Another shape that occurs frequently is a slice of a circle. 


This wood beading, for example, has a cross-section of 
this shape. 


Part of a circle is called an arc. 


The length of an arc depends on the radius of the circle and the angle enclosed at the 
centre of the circle by the radii from the two ends of the arc. This angle is AOB in the 
diagram above; it is called the angle subtended by the arc AB at the centre, О, of the 
circle. 


The length of the arc AB as a fraction of the circumference is Me 


AÓB 


360° of the circumference. 


ie. length of arc AB = 
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The circumference of a circle is 2r, so 
AOB 
360° 
The slice of the circle enclosed by the arc and the radii is called a sector. 


length of are AB = 


х 2ur 


The area of the sector AOB as a fraction of the area of the circle is also equal to age 
ie. area of sector AOB = АОВ x qr? 


Worked example 
—> Find the length of this red arc. 


Length of arc = 20°. x circumference 


360° 


= 30_ = 
= 360 (2X 7 X 8cm = 4.188...cm 


The length of the arc is 4.19 cm correct to 8 s.f, 


— Find the area of the blue sector. 


X area of circle 


Area of sector — 


- 30. 2 = 
360 7*8 - 167 


The area of the sector is 16.8 cm? correct to 3 s.f. 


гет? 
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In each of questions 1 to 6, find 
a the length of the arc 
b the area of the sector. 


Ө | 7 A flower bed is a quadrant of a circle. 


a Find the length of edging needed for the curved edge of the 
bed. 


b Find the area of the flower bed. 


19m 
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Ө | 8 The diagram shows the plan of a herb garden. The beds are 
sectors of the circle, each one of which contains an angle of 40° 
at the centre. The radius of the circle is 0.9 m. 
a What length of edging is required to surround all these beds? 
b One handful of fertiliser covers one quarter of a square 
metre of soil. 
How many handfuls are needed to cover all the beds? 
Ө! 9 Asilver earring pendant is part of a sector of a circle. 
Find the area of silver. 


Ө | 10 In this pattern, the blue sections are congruent sectors of 
a circle of radius 9 cm and the grey sections are congruent 
sectors of a circle of radius 7 cm. 

Which of the grey or blue sections of the pattern covers the 
greater area? Justify your answer. 


[?] 11 Harry is making a marquetry pattern. 
The diagram shows one of the pieces he has cut. 
The arcs are quadrants of circles. 
Find a the perimeter of the piece 
b itsarea. 


22mm 


16mm 


14mm 


Ө | 12 This is part of a map showing a wood. 
The scale on the map is 2 ст to 1km. 
Estimate the area of the wood in 
a hectares b acres. 
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Volume of a prism 
A prism is a solid whose cross-section is the same all the way along its length. 


The volume of a prism is equal to 
(area of cross-section) x (length) 


Imperial units of volume 


Volume is measured in standard sized cubes. In Imperial units, these are the cubic 
inch (cu in), the cubic foot (cu ft) and the cubie yard (cu yd). 


Worked example 
—> Find the volume of the solid in the diagram. 2 2em 
10em 
We draw the cross-section, not the whole solid. 
ЫЙ We сал find its area by dividing the shape into two rectangles. 
55 jem 
2em 
бет" 


Area A = 8 х 2cm? = 16cm? 
Area В = 4 X 2cm? = 8cm? 
Area of the cross-section = 24cm? 


Volume = area of cross-section X length 
= 24 x 10cm? = 240 cm? 
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Find the volumes of the solids illustrated in questions 1 to 6. In each 
case, draw a diagram of the cross-section but do not draw a picture of 


the solid. 
1 3em 4 
gem 
10cm 
3m| 
15cm 25cm 
3.2m 


In each of questions 7 to 10, find the volume of the solid whose cross- 
section and length are given. Give the answer in the unit indicated 


in brackets. 
7 12mm 8 
2mm 
12.2ст 
10mm 
4mm 4mm 18.20 
2тт 
length = 24cm 
length = 1m (cm?) 


274 


13 Areas and volumes 


9 600m 10 пет 
50cm eon 
16cm 
length = 4m length = 16cm 
(m?) (cm?) 
Worked example 


— The volume of the solid shown in the diagram is 
144 ст? and the area of its cross-section is 14 cm? 
Find its length. 


Let its length be Lem. 
Volume = area of cross-section X length 
14-14 xl 


1038... 
ie. the length is 10.3cm correct to 3 s.f. 


Ө | 11 The volume of a solid of uniform cross-section is 72 cm*. The area 
of its cross-section is 8 cm?, Find the length of the solid. 


Ө | 12 The volume of a solid of uniform cross-section is 32 m*. Its length 
is 10 m. Find the area of its cross-section. 


The volume of this block is 396 cm?. 
Find a the area of the cross-section 


b the length of the block. 
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Ө|и 


13cm 


NEN 


The cross-section of the solid is an isosceles triangle. The volume 
of the solid is 1200 cm”. 


Find а thearca of the triangle 
b the length of the solid. 


9Ө| 15 


30cm 


ET 
The cross-section of the block of wood is a trapezium. The height 
of the trapezium is 10cm and the volume of the block is 7800 cm?. 
Find the length of the block. 


Mixed exercise 


Ө : A drop of oil of volume 2.5 cm is dropped on to a flat surface and 
spreads out to form a circular pool of even thickness with an area 
of 50 cm?. 

How thick is the oil 
а іп centimetres 
Ъ in millimetres? 


@| 2 Acuboid of metal measuring 6in by 8.2in Бу 9.5in is recast into 
the shape of a prism. The cross-section of the prism is shown in 
the diagram, How long is the prism? 


Sin 
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Worked example 


— Water comes out of a pipe of cross-section 3.2 ст? at a speed of 0.5 m/s. 


What volume of water is delivered by the pipe in one second? 


О Imagine 0.5 m, i.e. 50 ст, of pipe 
being emptied in 1 second. 


50cm 
32cm 


Volume — area of cross-section X length 
= 3.2 x 50cm? 
= 160cm* 

160 cm? of water is delivered in 1 second. 


—> How many litres per minute is this? 

Volume of water delivered in one minute is 160 x 60cm? 
= 160 x 60 |; 

= — 1008 litres 


= 9.6 litres 


@| з The cross-section of a pipe is 4.8 ст, Water comes out of the pipe 
at 30 cm/s, How much water is delivered in 1 second? Give your 
answer in litres. 


@ | 4 Water comes out of a pipe at 60 cm/s. The cross-section of the pipe 
is a circle of radius 0.5 cm. 


How many litres of water are delivered 
а in 1 second b in 1 minute? 


Ө | 5 The diagram shows the net for a prism with an isosceles 
triangular cross-section. Find 


-—20em 
а the lengths of the sides of the triangular 
cross-section 
the area of the triangular ends 
беј лост 


е 


the volume of the prism 
d the surface area of the prism. 


Ө в A paint manufacturer claims that 1 litre of paint will cover 10 m? 
of wall. What is the thickness of the paint applied to the wall? 
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Ө | 7 The diagram shows the side view of a swimming pool of width 


25m. 
: 


a Find the volume of water in the pool when it is full. Give your 
answer in cubic metres. 

b The pool is emptied through a pipe whose cross-sectional area 
is 200 cm?. The water runs out at 1.5 m/s. What volume of 
water is removed in 1 second? 

© Find how long it would take to empty the pool if four similar 
pipes were used, each removing water at the same steady 
rate as in part b. 


9 8 Three identical cylindrical tumblers of height 9 ст and base 
radius 3cm are completely filled with water. Their contents 
are poured, without any spillage, into a cylindrical jug with a 
diameter of 10 em. How deep is the water in the jug? 


9 9 A cylindrical tin has a height of 11 em and the diameter of its 
base is 11.5 ст. The tin contains 1 litre of paint. If the can is 
opened, how far below the lid would you expect the level of the 
paint to be? Give your answer to the nearest millimetre. 


Ө | 10 The diagrams show two parcels, each of length 30 cm. 
The cross-sections of the two parcels are equal in area. 


15ст 


а Ifthe cross-section of the first parcel is a square of side 15cm, 
find, correct to three significant figures, the radius of the 
cross-section of the second parcel. 


b Compare the volumes of the two parcels. 
String is tied around the parcels. The string passes around each 
parcel in the middle of the length and once from end to end. 


c Which parcel requires the greater length of string, and by 
how much? 
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11 The diagram shows the cross-section through a coping-stone 
which is used on the top of a wall. Each stone is 50 ст long. 
Find the mass of the stone if the density of the material it 10cm, 
is made from is 3.5 g/cm?. 


12 


The diagram shows a prism whose cross-section is a trapezium. 
Find, in terms of a, b, c and h, a formula for 

а the volume of the prism 

b the surface area of the prism. 


13 A cylindrical tin is 15 inches high and holds 5 gallons of paint 
when it is full. Find the diameter of the tin. 
(1 gallon = 0.1605 cubic feet.) 


14 


The diagram (not drawn to scale) shows the part of the wrapper 
round a bar of chocolate which is in contact with the bar. The 
density of the chocolate is 1.5 g/em*. What is the mass of the bar? 


The dimensions of a formula 


On page 265 we found a formula for the area of a trapezium. It is possible to check whether 
such a formula does give an area. 


Formulas for finding lengths, areas and volumes all contain letters, each of which 
represents a number of units of length or area or volume. 


An expression that has only one ‘length unit’ letter (or the sum of two or more such letters) 
is one-dimensional and gives a length as a number of miles, centimetres, kilometres, etc. 


When an expression contains the product of two length symbols it is two-dimensional and 
represents an area as a number of (length unit)? such as ст?, m?, etc. 


An expression with three length symbols multiplied together (or an area symbol multiplied 
by a length symbol) is three-dimensional. This gives a volume as a number of (length unit)’, 
e.g. m?, mm?, etc. 
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Sometimes in a formula there is also a number or a symbol that stands for a number such 
as т. These do not represent a number of units of length, area or volume and so do not 
affect the dimensions of an expression. 
Suppose, for example, that d is a number of length units, then 

2d is one-dimensional 

4nd* is two-dimensional 

«d?  isthree-dimensional. 


Checking units and dimensions of a formula can help us to decide whether a given 
quantity represents length, area or volume. 


For example, if a sentence refers to ‘z ст”, then z must be a number of volume units. 


Similarly, if a sentence contains ‘a cm’, ‘bcm’ and ‘X = ab’ then ab must be (a number of 
cm) X (a number of cm), that is, a number of cm? Therefore, X represents a number of 
area units. 


On the other hand, suppose we are told that the formula for the volume, V cubic units, of a 
container is V = 3таб where a and b are numbers of length units. V is three-dimensional 
but Зтар is two-dimensional. So the formula must be incorrect. 


1 State whether each of the following quantities is a length, an 
area or volume. 


a 10cm e 85cm? e 630mm 
b 21cm? d 4m? f 93km? 


2 State whether each of the following quantities should be 
measured in length or area or volume units. 

diameter of a circle 

amount of air in a room 

space inside a sphere 

perimeter 

region inside a square 

surface of a sphere 


њоро сь 


3 a,b and c represent numbers of centimetres. Give a suitable unit 
(c.g. ст) for X. 


a X=a+b € X=4ab e X-4na? 
b X=abe d Х-тс f X= іта? 
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In questions 4 and 5, a, b and c represent numbers of length units; A, 
B and C represent numbers of area units; V represents a number of 
volume units. 


4 


6 


7 


State whether each of the letters P to Y used in the following 
formulas represents numbers of length or area or volume units. 


Р = тЬс 
S = sa?b 
W= 2a + ЗЬ 


mDow—0nocst5 


Some of the following formulas have been constructed incorrectly. 
State which formulas are incorrect and justify your statement. 


B-ac 


V-ab*c 
A =а( +e) 


њоро ср 
х 
D) 
5 
E 


Cameron had to find the area of a circle whose diameter was 
18cm. He wrote down 


Area = 2nrcm* 
-2XmX9cm* 
= 56.5cm? 


Yasmina knew nothing about circle formulas but was able to tell 
Cameron that he was wrong. How did she know? 


Jessica copied a formula that she was supposed to use to find the 
volume of a solid, but she found that she could not read the index 
number. All she had was V = тагу. She knew that x and y were 
numbers of length units. What is the index number? 
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Worked example 


— This bollard is a cylinder with a hemisphere (half a sphere) on top. 
From the list given below, pick out the formula for 


a the overall height of the bollard (3 
b the surface area of the bollard 

c the volume of the bollard. t 
Р = 37r? +27rh n 
Q-s +h 

R=rth 


S = пећ + 2102 

Т = arh + iari 
a The overall height is given by R =r + h. aoe 
formula must have single letter terms. 


b The surface area is given by Р = Зп + 2mrh. ER PEN ARR 


term in the formula must have a 
product of two letter terms. 


с The volume is given by S = тгл + 2°, Tis EIEN 


each term in the formula must have 
a product of three letter terms. 


Ө| 8 From the list of expressions given below, choose the correct 
one for 
а the perimeter of the shaded region 
b the area of the unshaded region. 


2r mr  2remr o m-jn? nè- Quer 


9t: 


| 


Which of the following formulas could give the volume of this 
cone? 


У-тї  V-lsüh V=nt+ih Ү-тү + А2 
Give reasons for your answer. 
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10 The mathematical name for this ring doughnut is a torus. 
Which of the following formulas could give 


а its surface area b its volume? 
11(8 + 7 - г)? 
(eR? — 3sRr + R?) 
TAR- r?) 


TAR? — r?) 


1 


Alice wasn't sure of the formula for the surface area of a closed 
cylinder of radius r and height h. Her elder brother thought 
that the formula was A = 2mr*(r + h), whereas her younger 
brother thought it was A = m(2r + h). Her father suggested 

A = 2ar(r + h). One of these formulas is correct. Which one is it? 
Justify your choice. 


12 This solid is a cylinder of radius acm on a square base of side 
2acm. 


Find a formula for 

а the volume 

b the surface area. 

Check that the dimensions of your answers are correct. 2a 


Consider again 
These are the drawings for a conduit for cables, which has a uniform cross-section. 


12mm 
150mm 


Vo 


120mm 
The conduit is to be manufactured in lengths of 2.5 metres. The material used to make this 
conduit has a density of 0.75 g/em?. 

Anna is ordering shelving for storing 5000 lengths of this conduit. 

She needs to know how much space they take up, and their mass. 

Now can you find the volume of these 5000 lengths of conduit and their mass? 


Consider 

Helen designs cushion covers. She spends a great deal of time on the original design of, say, 
a petal because she needs to be able to manipulate it into different sizes and positions. If she 
can do lots of different things with the basic design, she has much more scope to produce an 
interesting cushion cover. Normally she uses her computer to work on the design. 


To investigate as many different designs as possible, she would like to 

• reflect the basic design about a line 

e rotate it about different points 

e make versions of it that are both larger and smaller 

e move the original design around so that it looks exactly the same except 
for the fact that it is in a different position. 

* combine some of these transformations. 

For example 


Describe the transformations needed to produce each of these designs. 
You should be able to answer this question after you have worked through this chapter. 
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1 Discuss how you would paint the word AMBULANCE on the 
front of an ambulance so that it can be read in the mirror of a car 
travelling in front of it. 


2 Give examples of common everyday objects that have been 
designed using reflections and/or rotations. Describe how each 
transformation has been used. 


Discuss how to draw this accurate machine part that is to be 
made from a circular metal disc and has five axes of symmetry. 
How would you get over the design problem if the finished part is 
to be cut from a circle of diameter 


a lcm b 4m? 


Negative scale factors 

In Book 8 we considered enlarging various shapes using positive and fractional scale 
factors. This work is revised in Revision exercise 7 at the beginning of this book. 
Now we extend that work to include negative scale factors. 


¢ 


As you can see in the diagram above, it is possible to produce an image twice the size of the 
object by drawing the guidelines backwards rather than forwards from the centre O so that 
OA’ = 20A, and so on. 


To show that we are going the opposite way, we say that the scale factor is —2. 


‘The image is the same shape, but it has been rotated through a half turn compared with 
the image produced by a scale factor of +2. 
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The following diagrams show enlargements which have scale factors of —3 and +3. 


Scale factor -3 


In questions 1 and 2, give the centre of enlargement and the 


scale factor. 
1 If Ї 
10 t 
| 
| 
E | 
[ 
f 
6 | 
| 
" 
. | 
ANOO ERREN 
"EN ANN CERT EE 
ШЕЛЕВНЭВ: | 1 L1 
LL | EE 
| 21 | Г| 
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Copy the diagrams in questions 3 to 6, using 1em to 1 unit. Find the centre of 
enlargement and the scale factor. Remember: to find the centre of enlargement, 
draw lines similar to those in the diagrams in questions 1 and 2. 

8 TT 


In questions 7 and 8, draw axes for x and y from —6 to 6. 
Draw the object and the image and find the centre of enlargement and the scale factor. 


7 Object: AABC with A (6, —1), B (4, -3), C (4, - 1) 
Image: AA'B'C' with A’ (~3, 2), B' (1,6), C'(1,2) 


8 Object: AABC with A (2, 3), B (4, 3), C (2,6) 
Image: AA'B'C' with A’ (2, 3), B' (—4, 3), C’ (2, —6) 
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10 


а IfA'B'C'D' is the image of ABCD under PEL 
44 


enlargement, give the centre and the 
scale factor. 

b What other transformation would map B 
ABCD to A'B'C'D'? 


On plain paper, draw an object. 
such as a pin man in the top left- 
hand corner. Mark the centre of 
enlargement somewhere between 
the object and the centre of the 
page. By drawing guidelines, draw 
the image with a scale factor of -2. 


In questions 11 and 12, copy the diagrams and find the images of the triangles, 
using P as the centre of enlargement and a scale factor of —2. 


1 
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12 


| 
| 
| 
| 
| 
| 
| 
| 
| 


E! 


Draw axes for x from -10 to 4 and for y from -2 to 2. 

Draw AABC with A (2, 1), B(4, 1) and C (2, 2). 

If the centre of enlargement is (1, 1) and the scale factor is —3, find the image 
of AABC. 


14 Transformations 


Invariant points 

A point which is its own image, that is, such that the object point 
and its image are in the same place, is called an invariant point. 
With reflection, the invariant points lie on the mirror line. The 
mirror line is an invariant line. 


invariant points 


Reflections: finding the mirror line 


A A 


We saw in the work on reflection in Book 8 that the object points and the corresponding 
image points are at equal distances from the mirror line, and that the lines joining them. 
(for example, АА” and LL’) are perpendicular (at right angles) to the mirror line. 


Worked example 
— Find the mirror line if AA'B'C' is the image of AABC. 


‘The mirror line is halfway between A and A’ and 
perpendicular to АА". 


The mirror line is the line x 
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In each of questions 1 to 4, copy the diagram and draw the mirror line. 
Hence write down the equation of the mirror line. 


1 


For each of questions 5 to 8, draw axes for x and y from —5 to 5. 


5 Draw square PQRS: P(1, 1), Q(4, 1), R(4, 4), S(1, 4). 
Draw square P'Q'R'S': P’ (2, 1), Q’(—5, 1), R'(-5,4), 8/(-2, 4). 
Draw the mirror line so that P'Q'R'S' is the reflection of PQRS 
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and write down its equation. 


Draw AXYZ: X(2, 1), Y(4, 4), Z(-2, 4), and 


AX’Y'Z': X' (2, 1), Y' (4, —2), Z' (-2, -2). Draw the mirror line so 
that AX'Y'Z' is the reflection of AXYZ and write down its equation. 
Are there any invariant points? If there are, name them. 


Draw AABC: A(-2, 0), B(0, 2), C(-3,3), and 
ДРОВ: P(3, –1), Q(4, —4), R(1, 3). Draw the mirror line so that 
APQR is the reflection of AABC. Which point is the image of A? 
Are there any invariant points? If there are, name them. 


Draw lines AB and PQ: A(2, —1), B(4, 4), Р(-2,-1), Q(-5, 4). 
Is PQ a reflection of AB? If it is, draw the mirror line. If not, give 


a reason. 


14 Transformations 


Worked example 
— If A'B'C' is the reflection of ABC, draw the mirror line. 


ras 


Join AA’ and BB' and find the midpoints 
P and Q. Then PQ is the mirror line. 


Pd 


Whenever you attempt to draw a mirror line in this way, always check that it is at. 
right angle to AA’ and BB’. If it is not, then A'B'C' cannot be a reflection of ABC. 


9 Trace the diagrams and draw the mirror lines. 
а c c 


b R 
x 
Q 
c 
р -— 2 
rà 
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e Bj c 


А в 


10 On squared paper, draw ЛАВС: A (3, 1), В (4, 5), C (1, 4), and 
AA'B'C': A' (0, —2), B' (-4, —3), C' (-3, 0). 
Draw the mirror line so that ЛА'В'С' is the image of AABC. 

11 Draw axes for x and y from ~2 to 8, using 1cm to 1 unit. B is the 
point (-2, 0) and B' is the point (6, 2). Draw the mirror line so that 
B' is the reflection of B. 


12 Find the gradient and y-intercept of the mirror line in question 11. 
Hence find the equation of the mirror line. 


Rotations 


In Book 8, we saw that it is often easy to spot both the centre of 
rotation and the angle of rotation. In the next exercise we revise 
this work. 


For each diagram state the centre of rotation and the angle of rotation. 
AABC is the object in each case. 


1 Ч T1 2 
r1 1-4 


d 
2 


» 
n 
0| 
тэрэ) 
4 1-1 


| 
| 
| 
| 
| 
р 
| 
I 
ЕТЕТ 
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Finding the angle of rotation 


When we know the centre of rotation, we can find the angle of rotation by joining both an 
object point and its image to the centre. 


In the diagram above, A’ is the image of A, and P is the centre of rotation. 
Join both A and A’ to P. APA’ is the angle of rotation. 


Tn this case the angle of rotation is 120* anticlockwise. 
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Trace each of the diagrams and, by drawing in the necessary lines, find the 
angle of rotation when AABC is rotated about the centre P to give AA'B'C'. 


1 B 2 B 
5 с 


PX 


In each of questions 1 to 4, copy the diagram and carry out the given 
compound transformation. Label the final image P. 


A reflection in the x-axis, followed by a reflection the y-axis. 
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Ї 
6 


| 
|p 
m 

LU 


A rotation of 90* clockwise about the point (3, 2), followed by a 
reflection in the x-axis. 


A rotation of 180° 
in the line x = 2. 
EXT-IST-ET-T 
H + 6 

J 


S asc ee 


A reflection in the y-axis, followed by a translation which is 
2 units parallel to the x-axis to the right and 3 units parallel to 
the y-axis down. 
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In each of questions 5 to 8, describe a compound transformation that maps AABC onto 
AA'B'C'. 


State whether the following sentences refer to vector or scalar quantities. 
1 There are 24 students in my class. 
2 То get to school I walk 2km due North. 
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There are 11 players in a cricket team. 

John walked at 6 km per hour. 

The vertical cliff face is 50 m high. 

Flight BA101 is flying due West at 350 mph. 

Castle Millington is 50 miles due East of Junction 48 on the M7. 


Give other examples of 
a vector quantities 
b scalar quantities. 


(o su оо ёс 


Representing vectors 


We can represent a vector by a line segment (i.e. a straight line whose length represents 
the size of the vector) and indicate its direction with an arrow. 


For example 


We use a, b, c, ... to name the vectors. 
When writing by hand, it is difficult to write a, which is in bold type, so we use a. 


Vectors in the form (8) 


When vectors are drawn on squared paper, we can describe them in terms of the number of 
squares we need to go across and up. For example, in the diagram below, the vector a 


corresponds to a movement of 4 across and 2 up and we write a — ( 2 


The vector b can be described ав 8 across and 4 down. As with coordinates, we use negative 
numbers to indicate movement down or movement to the left. 


Therefore, b = (_ 8). 


Notice that the top number represents movement across and that the bottom number 
represents movement up or down. 
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Worked example 


> Write the following vectors in the form (? ). 


Write the following vectors in the form ( 


а) 
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14 Transformations 


On squared paper, draw the following vectors. Label each vector with 
its letter and an arrow. 


8-0) ЦЭН 
эъ= (1 26-10 1 58-12 
10 e-( 2) 1з #= (2 16 i- (76 


17 What do you notice about the vectors in questions 8 and 12, and 
in questions 10 and 11? 


Worked example 


— The coordinates of the starting point of the vector (3) are (2, 1). 
Find the coordinates of its other end. 


Starting at (2, 1) we go 5 units to 
the right followed by 2 units up. 


DECEDERE 


‘The coordinates of its other end are (7, 3). 


In each of the following questions you are given a vector, followed by 
the coordinates of its starting point. Find the coordinates of its other 


end. 

w()e» apen a8 (Sea 
19 ($)(-2,-8) 28 (_9),4,2) "18:12 
эг еэ (ae ар сын 
21 (-1) 6, -2) 25 (78),(-3,-2) 29 (74),(-3,-» 
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Worked example 


— The coordinates of the other end of the vector | $) are (8, 6). Find the coordinates of 
its starting point. 


Starting at (8, 6), we have to go 
6 units to the left and 4 units down. 


‘The coordinates of the starting point of the vector are (2, 2). 


In each of the following questions, a vector is given, followed by the 
coordinates of its other end. Find the coordinates of its starting 


point. 
зо (10) 4,9 35 (-0) (-5,2) 
з1(.7) 8-0 36 (_4),(-3,2) 
32 Ч 5 -4) 37 (Bes -4) 
33 (8) 6.) 38 (3.75. -2) 


зи (73-2; 


Translations 


We can describe a translation only by stating what the movement, or 
displacement, is. The easiest way to do this is to give the vector that 
describes the displacement. 
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Worked example 
— Describe the transformation that maps ДАВС onto AA'B'C'. 


"y, Consider the movement, 
| ог displacement, from A to A’. 


| 
| 
12 x 
‘The transformation is given by the vector ( 22) 


In questions 1 to 4, use a vector to describe the transformation that maps the 
object onto its red image. 
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In each of questions 5 to 8, copy the diagram and draw the image of the given 
object under a translation defined by the given vector. 


Б x» T 7 3 
2 | - 
- 
i | J 

1 А 

o 2 4 6 E $4 

The vector is (5). 

€ ТТТ TT 8 11717 
116 eiii 

| H — 
4 HH 

LELEL] А 

T m я 
BETTE SE SES 


The vector is (_3). 


9 In each of questions 5 to 8, use a vector to describe the transformation that 
maps the image onto the given object. 


Mixed exercise 


1 a Copy the diagram and find the centre of 
enlargement and the scale factor when 
ЛАВС is enlarged to give AA'B'C'. 
b Draw the reflection of AA'B'C' in the line 
x = 3, followed by a translation defined 


by the vector (_4). Label it Q. 
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d 


e 


On x- and y-axes scaled from 0 to 12, plot the points A (6, 3), 


B (9, 9), C (12, 3). 


An enlargement, scale factor } and centre (0, 0), transforms 


AABC onto A,B,C}. Draw A,B,C). 


A translation of AA;B,C; onto ^A;B;C, is defined by the 
vector (8). Draw ЛА,В,С,. What are the coordinates of Bj? 


A,B,C, can be transformed onto AABC by an enlargement. 
Give the scale factor and the centre of enlargement. 


Copy the diagram onto squared paper. Draw 
the mirror line so that AA,B,C, is the image 
of AABC. Write down the coordinates of the 
points where this line crosses the axes. 
AABC is mapped onto AA,B,C, by a rotation. 
Give the angle of rotation. 
AA,B,C, is reflected in the line y = —3 to give 
AA,B,Cy. Mark ААдВ,С, on your diagram and 
write down the coordinates of Сз. 
Describe the transformation that maps 
A,B,C, onto AA;B4C;. 
Write down the vector that defines the 
translation that maps 

i C, onto C, 

ii C, onto C 
iii C onto C}. 


Consider again 


designs as possible, she would like to 
reflect the basic design about a line 


rotate it about different points. 


make versions of it that are both larger and smaller 


except for the fact that it is in a different position 
combine some of these transformations. 


+2 


Е 


A^ Bz 
1 
Helen designs cushion covers. She needs to be able to manipulate each 
shape into different sizes and positions. To inyestigate as many different 
move the original design around so that it looks exactly the same 


303 


STP Maths 9 


For example 


Now can you describe the transformations needed to produce each of these designs? 


This diagram shows the vectors a = (2) and b = (2) 


The point (6, 7) can be reached from the origin by 
adding a and b, and then adding a to the result. 
This is shown in the diagram below. 


а In how many different ways can these vectors be 


combined to get from the origin to the point (6, 7)? 
Show them on a diagram. 


The vector in the direction opposite to а is called 


How many more ways of getting from the origin 
to point (6, 7) are possible, if you must always 
remain on the given grid but you are allowed to 
combine the vectors a, b, ~a and ~b? 

How many of the its on this grid is it possible 
to get to from the origin if any combinations of 
a, b, —a and -Ь are allowed? 


" 


2 
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Consider 


The diagram shows the cross-section of a swimming pool 

which is 3.5m deep at one end and 1m deep at the other. 

The pool is 30m long and 10 m wide. Water flows into the pool 

to a depth of 1.5 m at the deep end. What are the dimensions of ё 

the surface of the water? x p ^ 


lar figures 


30m 


1m 


35m 


15m 


You should be able to answer this question after you have worked through this chapter: 


Similar figures 

In Chapter 14 we studied different types of transformation. One type of transformation is 
an enlargement. In the diagram below, rectangle A is enlarged by a scale factor of 2 with 
P as the centre of enlargement. This transformation gives rectangle B. Rectangle A is also 
enlarged by a scale factor of } with Q as the centre of enlargement. This gives rectangle C, 
which is smaller than A because the scale factor is a fraction less than 1. 


The three rectangles A, B and C are all exactly the same shape but are different in size. 
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When we say they are the same shape, we mean that the corresponding sides are in 
proportion. For example, the long and short sides in B are twice the length of the long 
and short sides in A. Likewise, the long and short sides in C are 3 of the length of the long 
and short sides in A. When one figure is an enlargement of another (it can be larger or 
smaller), we say that the two shapes are similar. 


It doesn’t matter whether one shape is then rotated or reflected or translated — the two 
shapes are still similar. In the diagram given below, any one shape is similar to each of the 
other four. 


1 Discuss whether or not the pairs of figures in parts a to j аге 


15 Similar figures 


9 (е) 


3 Discuss which 


ХЕ 


4 Discuss which of the following statements аге true. 


жоро с 


All circles are similar. 

All rectangles are similar. 

All squares are similar. 

All triangles are similar. 

All equilateral triangles are similar. 
All isosceles triangles are similar. 
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Similar triangles 
Some of the easiest similar figures to deal with are triangles. This is because only a small 
amount of information is needed to prove them to be similar. 


2 


Tn these triangles the corresponding angles are equal and so the triangles are the same 
shape. One triangle is an enlargement of the other. These triangles are similar. 


We can prove that two triangles are similar if we can show that they have 
the same angles. 


55" 40! 55" 
А 25m B x Son B 


a Arethe triangles similar? 


b Measure the remaining sides. 
QjAB' ВС ОМ 
e Find AB, BO and QA 
(as decimals if necessary, correct to 1 d.p.) 


d What do you notice about the answers to part с? 


Repeat question 1 for the pairs of triangles in questions 2 to 4. 


2 с 


52) (28 52" fo" 
Fem B A 27cm B 
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А ааш 


A %mm | 8 Ч № 


^ 39mm B 


In questions 5 to 7, sketch the pairs of triangles and find the size of 
each of the missing angles. In each question, state whether the two 
triangles are similar. (One triangle may be turned round or over 
compared with the other.) 


VAN 
6 8 
гаҷ P 
LN 4 
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Corresponding vertices 
‘These two triangles are similar and we can see that X corresponds to A, Y to B and Z to C. 


Же сап write As АВС are similar. 


Make sure that X is written below A, Y below B and Z below C, 
i.e. that the angles of one triangle are below the corresponding angles of 
the other. 


The pairs of corresponding sides are in the same ratio and we can read these from 280 А 
that is АВ = BC СА 


ХҮ Үй ZX 


Worked example 


—> State whether triangles ABC and PQR are similar and, if they are, give the ratios 
of the sides. 


and 6 = 90° 
ABC The angles in each triangle 
80 28 RQP are 32°, 58° and 90°, 
AB. BC 
and RQ” QP 
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In questions 1 to 8, state whether the two triangles are similar and, if they are, give the ratios 
of the sides. 


Finding a missing length 


Worked example 


— State whether the two triangles are similar. If they are, find AB. 


18cm, Kd 
n < эса А Qu 
~q, NP 


€ = 62° and Q = 48° (angle sum of a triangle) 


so As fos are similar and 56 = QR = RP 


-85 во АВ = 85cm 
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In questions 1 to 5, state whether the pairs of triangles are similar. 
If they are, find the required side. 


1 Find PR. 
s 


& 


А Яст 


12ст, 


aa. Q 
Ny , 
: rs = = 
РТ [N F 
васт Is Per 
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5 Find QR. 


12) 9 < 
А m 


A 1211 B 


In some cases we do not need to know the sizes of the angles, as long as we know that pairs 
of angles are equal. (Two pairs only are needed, as the third pair must then be equal.) 


Worked example 
— In As ABC and DEF, Â = Ê and B = D. AB = 4cm, DE = 3em and AC = бст. 
Find EF. 
A O a 
ёж Е angles in the diagram. This helps to. 
j 3 дэн, identify the corresponding sides. 
A 4cm B D 3cm E 
E ea We put the triangle with the unknown side on the top; this makes 
s apo ate Similar sure that the equation has x as the numerator of a fraction. 


еу 


so 


6 In As ABC and XYZ, A = X and B = ¥. 
AB = 6cm, BC = 5cm and XY = 9cm. Find YZ. 
In As ABC and PQR, A = P and C = Ё. 
AB = 10cm, PQ = 12cm and QR = 9cm. Find BC. 
8 In AsABC and DEF,A = Ê and Ê = Ё 

AB = 3cm, EF = 5cm and AC = 5cm. Find DE. 


EI 
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9 In As ABC and PQR, A = Q and C = Ё. 
AC = 8cm, BC = 4cm and QR = 9cm. Find PR. 


Worked example 


— Show that triangles ABC and CDE are similar. 


B 
E 


alternate angles, AB|DE) 
alternate angles, AB[DE) 


Or we could use BCA = ECD, ав 


ЁС 
b. these are vertically opposite angles. 


As ABe are similar. 


—> Given that AC = 15cm, CE = 9cm and DE = 8cm, find AB. 


B AB. BC. CA 
5 ED DC CE 
9сп, 15 


АВ = 131 ст, ог 13.3 cm correct to 3 s.f. 


10 а 


па 
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Show that As ABC and BDE are similar. 
If AB = 6cm, BD = 3cm and DE = 2cm, find BC. 


Show that As ABC and CDE are similar. А 


IfAB = 7cm, BC = 6cm, AC = 4cm and CE = 6cm, 
find CD and DE. 


о 


15 Similar figures 


12 a ABCD is a square. ^ в 
EF is at right angles to BD. 
Show that As ABD and DEF are similar, 


b АВ = 10cm, DB = 14.2cm and DF = 7.1 cm, find EF. 


13 A 


р E 


a Show that As ABC and ADE are similar. (Notice that A is 
common to both triangles.) 

b IfAB- 10cm, AD = 15cm, BC = 12cm and AC = 9cm, 
find DE, AE and CE. 


Using the scale factor to find the missing length 


Sometimes the scale factor for enlarging one triangle to the other is very obvious and we 
can make use of this to save ourselves some work. 


R 
бст xu 
9 
8 зат 
Р 


‘The two triangles above are similar and we сал see that the scale factor for ‘enlarging’ the 
first triangle to the second is 1. 


We can say straight away that x is } of 6, which is 2сп. 


If we want to find a length in the first triangle, we use the scale factor that enlarges the 
second triangle to the first. 


‘The scale factor is 4, so x = 4 Х 2; = 


9 
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Worked example 


— Find QR. 


[4 
dem R 
B 
A. Q 
Таст 7r Э 


А 


The scale factor is 1 


QR 


are similar 


$ x 4cm = 2cm 


1 Find BC. 
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5 Find PQ. 


6cm 


эст 


Corresponding sides 
If all three pairs of corresponding sides of two triangles are in the same 
ratio, then the triangles are similar. 
We can use this fact to prove that two triangles are similar. It then follows that their 
corresponding angles are equal. 
When finding the three ratios of pairs of sides, give each ratio as a whole number or as a 
fraction in its lowest terms. 


Worked example 
— State whether triangles ABC and PQR are similar. Say which angle, if any, is equal 
toA. 
R 
с 
da] Аса 9ст, 12ст 
х ajem St us 13]om 9 
IR-8- Start with the shortest. 
side of each triangle. 
QR 12.3 
BC^4 
PQ 13 27, 
АВ - 4 E m 
ie  PR.QR.PQ 
© AC BC AB 


so As Eek are similar 
Р-А 
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State whether the following pairs of triangles are similar. In each 
case say which angle, if any, is equal to A. 


1 R 
A 
вет 
12em, 
2 
3cm ad 
в 
^ re P 10cm 
2 с R 
oem 
12cm 
P 
10cm pa 
B 
1208 
TSem Q 
A 
3 R 
c 
Gem 10cm 
12em 8em 
e 10cm lib em Ч 
4 c 
R 
18cm 
27cm вей 
12em, 
B 
pen Téem 
^ Р 
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15 Similar figures 


In questions 1 to 5, you are given two similar figures. Find each 


length marked with a letter. 
2cm 
V JL x 
Вст уст 
2 
5.4ст, 
с 
рэн 750m 
2cm 3em 
- E 


Ò N 
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@|7 
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45cm 
27cm 
xem 
1.56ст 
wem 
12ст 
42cm 
EI аа 
уст 
2cm 
73cm 
10.8cm 


The sketches show the length and width of a lake on a map and 
the corresponding length of the actual lake. What is the width of 
the lake at its widest point? 


The sketch shows a field which is planted with 


two different crops of cereal. Find the length of 
the common border between the two crops. 


15 Similar figures 


Mixed exercise 


Which of the following shapes are similar to X? 


"dp em T 


2 State whether or not triangles ABC and DEF are similar. If they 
are, give the ratio of the sides. 


NT] D 


З State whether triangles ABC and DEF are similar. If they are, 
find the length of DE. 


atl ЭЛ 
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4 Find the length of XY. 


12cm 
бст 


5 State whether or not triangles ABC and XYZ are similar. 


5 
» 


1250 10cm 9.6em d 


6 The two given shapes are similar. Find the lengths marked with 
letters. 


Sem 


| сан йг 
20 = 


xem 


Consider again 

‘The diagram shows the cross-section of a swimming pool which is 3.5 m deep at one end 
and 1m deep at the other. The pool is 30 m long and 10 m wide. Water flows into the pool to 
a depth of 1.5m at the deep end. Now can you work out the dimensions of the surface of the 
water? 


30m 
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Quadratic equations 
A quadratic equation such as x? — 3x + 2 = 0 can be solved 
algebraically if the left-hand side can be factorised. 


x? — Зх + 2 = 0 becomes (x - 2/x — 1) = 0 


Now we use the fact that if the product of two numbers is zero, then 
one or both of the numbers must be zero. 


Therefore, as (x — 2)(x — 1) = 0 

then either — x — 2 = 0, in which case x = 2 

or x — 1 = 0, in which case x = 1 

Hence the equation x? — 3x + 2 = 0 has two solutions: 
x=2andx=1. 


If necessary, we must rearrange a quadratic equation in the order 
ax? + bx + с = 0 before we attempt factorisation. 


Graphs 


Straight lines and parabolas 
An equation of the form y = mx + c gives a straight line, where m is 
the gradient of the line and с is the y-intercept. 


An equation of the form y = ax? + bx + c gives a curve whose shape is 
called a parabola and looks like this when a is positive. 


24 


When the x? term is negative, the curve is ‘upside down’. 
Cubic curves 


When the equation of a curve contains х? (and maybe terms involving 
x*,x and a number), the curve is called a cubic curve. 


These equations give cubic curves: 
у= х3, y= — x +5, у= х – x7? + 6 


A cubic curve looks like Ч or ГУ when the x? term is positive 
and S or 2 when the x° term is negative. 
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Reciprocal curves 
The equation y = 2, where а is a number, is called a reciprocal equation. yi 
An equation of the form y = 2, where a is a constant (that is, a 


number), gives a two-part curve called a reciprocal curve or a 
hyperbola. There are no values for y when x = 0, as division by 
zero is not possible. 


Any two quantities, x and y, that are inversely proportional, are 


related by the equation y = Ë and the graph representing them 
is a hyperbola. 


Gradient 

The gradient, or slope, of a curve changes from point to point. э 
Gradient gives the rate at which the quantity on the vertical 
axis is changing as the quantity on the horizontal axis 
increases. The steeper the graph, and therefore the greater the 
gradient, the faster y is increasing compared with x. 

For graphs of distance plotted against time the steeper the 
graph is, the greater is the speed. In this graph, the greatest 
speed is at C; for the section AB, the speed is steady. 


Distance 


o, 


Time х 


Area 
The area of a trapezium is equal to b 
ешп of the parallel sides) x (distance between them) 


Mat b) xh 
т 


Part of a circle is called an arc. 


— AOB 
Length of the arc АВ = ЗОВ x Этг 


The slice of the circle enclosed by the 
arc and the radii is called a sector: 
AOB 
360° 


x ar? 


The area of the sector AOB = 


Units of area 
1 hectare = 10000 m? 1 acre = 4840 sq yd 


1 hectare — 2.5 acres correct to 1 d.p. 


Vectors 

A vector is any quantity that needs to be described by giving both its 
magnitude (size) and its direction. For example, to explain where one 
village is in relation to another, we need to give both distance and 
direction, that is, a vector. A quantity that needs only size to describe it 
is called a scalar, for example, time. 
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A vector can be represented by a straight line with an arrow to show 
direction, e.g. 


= b 


When vectors are drawn on squared paper, they can be described in 
terms of the number of squares needed to go across to the right and up. 


They are written in the form (5) where a is the number of squares 
across and 6 is the number of squares up. 


In the diagram, a (8) and b = 


Transformations 


Enlargement by a negative scale factor 

When an object is enlarged by a scale factor of —2, we draw the 

guidelines backwards through the centre of enlargement, O, so that 

OA' = 20A. 

This produces an image each of whose lines is twice as long as the Г 
corresponding line оп the object. The image is also rotated by 180° 

with respect to the object. 


Finding the mirror line 4 
When an object has been reflected, corresponding points on the object 

and the image are the same distance from the mirror line. Therefore, 

we can find the mirror line by joining a pair of corresponding points on 

the object and the image, such as AA’, and then finding the line that 

goes through the midpoint of AA’ and is perpendicular to it. 
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Translation 
A translation can be described by the vector that gives the movement 
from the object to the image. 


In the diagram, the movement of the point A to A’ is 9 units to the left 
and З units up, so the translation is described by the vector ( 79). 


Compound transformation 

A compound transformation is the result of one transformation followed 
by another; for example, the result of reflecting an object in the y-axis 
and then rotating the image obtained by 30° about the origin. 


Similar figures 

Two figures are similar if they are the same shape but are different in 

size, that is, one figure is an enlargement of the other. (One figure may 

be turned over or round with respect to the other.) It follows that the 

lengths of corresponding sides are all in the same ratio. 

Similar triangles 

We can prove that two triangles are similar if we can show that 

either the three angles of one triangle are equal to the three angles of the other 
(In practice, we only need to show that two pairs of angles are equal 
because, since the sum of the three angles in any triangle is 180°, it 
follows that the third pair must be equal.) 

or the three pairs of corresponding sides are in the same ratio. 
(Two pairs of sides in the same ratio is not enough to prove that the 
triangles are similar.) 


REVISION EXERCISE 3.1 (Chapters 11 to 13) 


1 Solve the equations. 2 Solve the equations, 
а (x*3(x-4)-0 а x*-5x-14-0 
b xx-5-0 b x3-3x-0 


с x*-12x 36-0 
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3 a Solve the equations. 
i x?-8r+15=0 
й 3x2-x=0 
iii x? = 8x + 20 
iv (+ 4x - 4) + 12-0 
b А rectangle is xem wide and is 5cm longer than it is wide. 
Its area is 24cm. Form an equation in x and solve it to find the 
dimensions of the rectangle. 


4 Suppose that you have drawn the graph of y = x? — 3x — 5. 
What values of y on this graph give the values of x that are 
solutions to these equations? 

a x-3x-7-0 

b х2-3=0 

e x -341-0 

d 222-6:-11-0 


5 Which of the following graphs could represent the equation 
у=а2-а? 


А 
yi 
(183 
6 Liquid is poured at a constant rate into each of the containers 


whose cross-sections are shown below. For each shape, sketch the 
graph showing how the depth of liquid in the container increases as 
the liquid is poured in. 


a b с а 
7 Find the area of each shape. 
a баст ь 32cm 
3.5em 


L1 
авап 27cm 
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8 Find a the length of the minor arc AB А, 


9а 


10 а 
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b the area of the blue sector 


E 


The volume of this solid is 234 cm?. 
Find i the area of cross-section 
ii the length of the solid. 


27 


7cm 


Chicken liver páté is sold in tins like this. 
The top has an area of 32 cm? and the tin is З ст deep. 


зет 


‘The manufacturer decides to change to cylindrical tins that аге 
4cm deep but hold the same quantity of páté. Find the diameter 
of the top of the cylindrical tin. 


State whether each of the following quantities should be 
measured in units of length or area or volume 
i the space inside a cubical box 
ii the distance round the edge of lake 
iii the region inside a trapezium 
iv the amount of land needed to park 100 cars. 
Water issues from a pipe of cross-section 4.3 cm? at a speed 
of 0.6 m/s. How much water issues from the pipe in one 
second? 


Summary 3 


REVISION EXERCISE 3.2 (Chapters 14 and 15) 


1 ] ] 
Ї 
1 
нв йке a A: 
2 19 SEJE 16 * 
1 цанын 
1 ti 
pba tt Eee 
| 117 | 
Е = Seam S 
| | ] 
Ї в? | 
8) Ї 1 
| | 


a Сору the diagram and find the centre of enlargement and the 
scale factor when AABC is enlarged to give AA'B'C'. 
b Draw the reflection of AABC in the line x = 5. 


Copy the following diagram onto 5 mm squared paper using 1 square as 
1 unit on both axes, and use it to answer questions 2 to 5. 


LLL LT] 
^ в | 
324 Ї i 
а И ! 
| : ui ps L3 
Sis mm mE DAN 
E EE 
5 | g 
4-2- I—| 
| Í 
51:31:15 13155183 


2 Draw the mirror line so that ЛА,В,С, is the image of AABC. 
Write down its gradient and y-intercept. 
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3 AABC is mapped onto АА,В,С, by a rotation. Find the centre and 
angle of rotation. 


4 AA,B,C; is reflected in the line y = 4 to give ДАВС). 
Mark AA,B,C; on your diagram and write down the coordinates 
of Cs. 


5 a Write down the vector that defines the translation that maps 
i Cs onto C 
ii C; onto Сз. 
b Describe the translation that maps ^A;B;C; onto AA,B;C3. 


6 а State, with reasons, whether or not these two triangles are 
similar. 


20mm 


5; 2 3 5; 
aT aoe DL? INN 
15mm 


b Ifthey are, give the ratio of the corresponding sides. 


7 In triangles ABC and PQR, A = P and Ĉ = Ё. 
AB = 12cm, PQ =15 cm and QR =10cm. Find BC. 


8 а Show that triangles ABC and CDE are similar. 
b IfAB- 12cm, 
BC = 10cm, 
AC = 9cm and 
CE = 6cm, 
find DE and CD. 


6cm, sem 


e 9cm £ E 13.5cm B 


State whether or not triangles ABC and PQR are similar. Say which 
angle, if any, is equal to A. 
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10 Зет, 


уст, 


хап 6cm 


These two quadrilaterals are similar. Find the values of x, y and z. 


VISION EXERCISE 3.3 (Chapters 11 to 15) 


1 Solve the equations. 
а +7x=0 
b x-49=0 
e x-3x-28-0 


2 Solve the equations. 
a х2-2х+1=0 
b 18-9x-x* 

e 3х2 + 12х+9=0 


3 A curve has the equation y = (х + 2х — 1) — 5). 
а What name do we give to this type of equation? 
b How many values of x satisfy the equation (x + 2)(x — (х — 5) = 0? 
What are they? 
4 Which of the following could be the equation of this curve? 
=12 
Ае E 
В y=x3- 4x 
С y-4x- S 
D у= 2+ 4:4 E * 


The cross-section of this metal ingot is a trapezium, 
a Find 
i the area of the cross-section 
ii the volume of the ingot. 
b The ingot is melted down and recast, without any change in volume, 
into a cube. What is the length of an edge of this cube? 
Give your answer correct to 3 significant figures. 
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6 On squared paper, draw axes for x and y using the ranges 
—6 <x <6 and —6 — y <6 and a scale of one square to 1 unit. 
Plot the points A (—5, 5), B (4, 5), C (2, —3), D (-1, —3) and join 
them in alphabetical order to form a closed quadrilateral. 
Find, in square units, the area of the resulting shape. 


7 Copy the diagram. 


——— — — 
6 


1-1-44144 pit} if 


а Draw the image of AABC when it is rotated through 90° 
clockwise about the point (—2, 1). Mark it AA,B,C,. 

b Draw the reflection of AA;B;C, in the line x = 3. 
Mark it A,B,C). 

с Draw the image of AABC when it undergoes a translation 
defined by the vector Ї 2) Mark it AA,B,C;. 


d Describe the single transformation that maps AA,B,C; onto 
АА,В,Сь. 


8 а Опе rectangle measures 12cm by 8cm and another rectangle 
measures 10 ст by 6 cm, Are these rectangles similar? 
Justify your answer. 

b Which of the following statements are true and which are false? 
i Any two isosceles triangles are similar. 

à Two regular octagons are always similar. 

Any two parallelograms are similar. 

iv All squares are similar. 


9 a Show that triangles ABC and CDE are similar. 
b Given that AC = 4cm, CE = 10cm and AB = 5cm, find DE. 
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REVISION EXERCISE 3.4 (Chapters 1 to 15) 


1 а Express each fraction as a decimal. 
dap HEE o aub VE we we 


b The mass, wkg, of a bag of apples is given as 5kg correct to the nearest whole 
number, Find the range of values in which w lies. 


2 а Express 9:4 in ће form n : 1. 
b If 15 machines cost £9465, what is the cost of 18 similar machines? 


3 The following marks were obtained by the 80 candidates in a history test, which 
was marked out of 50. 


48 43 32 8 47 15 36 46 43 30 


14 30 38 34 34 31 26 11 26 48 


0-9 <9 
10-19 =19 
20-29 =29 
30-39 
40-50 


Use the information in your table to draw a cumulative frequency curve and from 
it estimate 


a the median mark 
b the upper and lower quartiles 

€ the number of candidates who passed if the pass mark was 30 

d the pass mark if 75% of the candidates passed 

e the probability that a candidate selected at random scored less than 20. 


4a Make the letter in brackets the subject of the formula. 
ip=5+q 0) 


(x) 


b Given that V = 3b 8^ and that a = 5, find an expression for V in terms of b. 
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Distance from home (km) 


10 121 15 17 
‘Time (minutes) 


The graph shows Emily’s journey from her home to school. 
She walked to the bus stop and had to wait until the bus arrived. 


Use the graph to answer the following questions:. 
How far is it from Emily’s home to school? 

How long did it take her to walk to the bus stop? 
How far did Emily walk? 

Work out Emily's walking speed in km/h. 

How long did she have to wait for the bus? 

How far did she travel by bus? 

How long did the journey by bus take? 

At what speed, in km/h, did the bus travel? 


What was her average speed in km/h, for the whole journey from 
home to school? 


rR mh eo me сь 


Summary 3 


6 


7 


8 


10 


Solve the simultaneous equations. 
a 4:+3у=3 

a -y=9 
b 25+ 5у= 14 

5x + 4у= -1 


Solve the equations. 
a xt 1024-0 
b x? = 3x +28 
с xx 2)-24 


Which of the following could be the equation of this curve? 
» 


o t 

у=? 

у= 9-22 
=5 

y rins 


yx 8x3 


sawp 


а On x- and y-axes scaled from 0 to 12, plot the points A (6, 3), 
B (12, 12), C (12, 3). 


b Ап enlargement, centre the origin, with scale factor 1, maps 
AABC onto AA;B;C;. Draw A,B,C). 

c А translation of AA;B;C, onto A,B,C, is defined by the 
vector (8). Draw AA,B,C,. What are the coordinates of C3? 


d AABC can be transformed onto AA,B,C, by an enlargement. 
Give the centre of enlargement and the scale factor. 


с 9 18cm 


Bem 


> 


Эст а 


R 


In triangles ABC and PQR, A 0,АВ = 9cm, BC = 8cm 


and PQ =18cm. Find QR. 
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REVISION EXERCISE 3.5 (Chapters 1 to 15) 


1 а Abe walks 600m in 5 minutes. Find his average speed in 
i metres per minute 
ii metres per second 
b Express the following decimals as fractions. 
i 0.55 


2 The school bus never leaves early in the morning. The probability 
that it leaves on time is 2. 
a Whatis the probability that it leaves late? 
b Сору and complete the tree diagram by writing Monde Бэлэг 


the probabilities on the branches. caine 
What is the probability that олде сиб 
с the bus is late on both days a 
d the bus is late on one day and on time on the 


on time 
late EDU 
other day? late 


3 a George Sharp buys a greyhound for £360 and sells it at a loss of 
121%. How much does he lose? 
b A small business made a profit of £8909 this year. This is an 
increase of 18% on its profit last year. How much profit did it 
make last year? 


4a Divide88cm in the ratio 4:7. 
b A ball of string can be cut into 45 pieces if each piece is 
28cm long. How many pieces, each 63 ст long, could be cut 
from the same ball? 


5 Expand 
a (a-—bXa – 2b) 
b (3x + 1-2) 
с (р+а)? 


6 Factorise 
а? – За 
22+ 6x — 7 
22 – 49 
14 + 5x - x? 


восе 
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10 


11 


a Given that p = 4 + 2r, find r when p = 7.8 апад = 3. 

b Write down the first four terms and the tenth term of the 
sequence for which the nth term is given by (n + Yn + 2). 

с Find, in terms of n, an expression for the nth term of ће 
sequence 0, 5, 10, 15, ... 

4 P-3i*- 3xy andx = y + 2, Find P in terms of y. 


Solve the equations. 

а 5x? + 4х = 0 

b х2-х-56=0 

e æ- 5:= 24 

d (+5) - 4) +8=0 


The diagram shows a lean-to workshop. 
Find a the area of the cross-section 
b the amount of space the workshop occupies 
€ the number of litres of rain that falls vertically on the 
workshop in a storm when the rainfall is 8mm. 


4 As. 
A - B р: Е 


In triangles ABC and DEF, A = Ê and B = D. AB = 8cm, 
DE = 5cm and AC = 5cm. Find EF. 


Tn the first round of a golf tournament, the following scores were 
recorded. 
70 68 71 67 74 69 69 71 68 70 
71 70 72 69 69 68 71 70 70 72 
72 69 68 70 68 69 67 71 69 70 
68 67 70 70 73 69 71 67 69 68 
Construct a cumulative frequency table for these scores. 
How many rounds of less than 70 were there? 
How many rounds of more than 69 were there? 
Find the median score. 
Explain why you do not need a cumulative frequency curve to 
estimate the median. 


оро ср 


2.5m 


Fm 
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Mental arithmetic practice 3 


1 Write 156 498 correct to the nearest thousand. 
2 What is the largest prime number before 40? 
3 Express the ratio 8 : 5 in the form n:1 
4 Does x = 2.5 satisfy x + 2 > 4? 
5 Is it true that length is a continuous quantity? 
6 Express 0.4kg in grams. 
7 Write 24 as the sum of two prime numbers. 
8 Factorise x? — 7x 
9 Find the mean of 7kg, 9kg, 10kg and 10kg. 
10 Find 2 of 2 
11 Factorise x? + 2x — 15 
12 Simplify 16a? + 8a 
13 Simplify 9a? x 2a 
14 Express 750 em in metres. 
15 Which is larger, 4% or 0.4? 
16 Give 0.36 as a fraction in its lowest terms. 
17 Divide 22 by + 
18 Factorise x? + 7x + 12 
19 What is 5 minus negative 8? 
20 Estimate (3.87) 


Questions 21 to 25 refer to the numbers 5, 10, 15, 15, 25. 
Is it true or false that 


21 the range is 25 

22 the mean is 14 

23 the mode and median are the same 

24 if 5 is added to each number, the median is unchanged 

25 if 2 is subtracted from each number, the range decreases by 2? 

26 Lauren weighs 63 kg correct to the nearest kilogram. What is the 
upper bound of her weight? 

27 What is the middle value of the group 95 = A < 100? 

28 Find the lowest common multiple of 18 and 4. 

29 Express 423% as a decimal. 


30 Ifyou roll an unbiased dice 60 times, about how many times would 
you expect to score 3? 


31 What word is missing from this sentence? 
The running total of frequencies is called the ... frequency. 
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32 3 
33 Express the ratio 5 : 4 іп the form 1:n 
34 Find? – 2 

35 Find 140% of 200 m. 

36 What needs to be added to 3.66 to give 5? 
37 Factorise x? + 9x + 20 

38 Which is the larger: 3 x 105 or 3 million? 
39 Find 0.3* 


40 Complete this sentence: 
The difference between the upper and lower quartiles of a set of 
data is called the ... 


41 A number d is equal to the difference between the squares of 
two numbers b and c, where c is bigger than b. Give a formula 
connecting d, b and c. 


42 Ifv =u + 8t, find v when u = —6 and t = 2. 

43 Make C the subject of the formula A = B + 1С. 

44 If P = 2Q and Q = 3 — r, find a formula for P in terms of r. 

45 Find, in terms of n, an expression for the nth term of the sequence 
3,5, 7, 9, 11. 

46 What needs to be multiplied by 6 to give 0.3? 

47 Factorise x? + 7x — 8 


48 A number z is three times the product of two numbers x and y. 
Give a formula connecting x, y and z. 


Express 8 as a decimal. 


49 Find the value of p? - q? when p = 2 and q = -3. 
50 Make P the subject of the formula R = P — Q 


In questions 51 to 55, it true or false that 

51 the square root of a number is always smaller than the number 

52. discrete values are always whole numbers 

58 any two circles are congruent 

54 a diagonal divides a rectangle into two congruent triangles 

55 a quadrilateral with just one pair of opposite sides parallel is a 
parallelogram? 

56 Factorise a? — a — 12 

57 Find the value of (2) when a = —3 and b = 2. 


3 


58 Find an expression for the nth term of the sequence 4, 9, 14, 19, ... 
59 Make k the subject of the formula N = 


60 Given that a = b + c?, find a when b = 7 andc = —2. 
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Consider 7 
Sam wants to know the height of this tree. He can find it by measuring i 
how far he is from the tree and then measuring the angle of elevation 

of the top of the tree. Showing this information in a diagram gives this 

right-angled triangle. 


rigonometry: tangent of an angle 


angle of 
elevation of the 

Ба top of the tree 

‘Sam's height 
distance from foot of wee 
If Sam draws the diagram to scale, he can measure the height of the tree from the scale 
drawing. 
» The disadvantage of this method is that it takes time and precision to get a reasonably 
accurate result. 


Find the height of the tree without making a scale drawing, given that Sam is 1.75 m tall 


and is standing 40 m from the base of the tree and that he measures the angle of elevation of 
the tree as 32°. 


You should be able to answer this question after you have worked through this chapter. 


1 а Draw the given triangle accurately, с 
using a protractor and a ruler. 
b Measure A. Sem 


е Find BC as a decimal. 
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16 Trigonometry: tangent of an angle 


Repeat question 1 for the triangles in questions 2 to 5. 


2 c 4 
wa i га] т 
к Gm В Аат B 
з c 5 $ 
=< 
6cm 
A 8cm B 
^ Tem B 
6 Are the triangles in questions 1 to 5 similar? 
Repeat question 1 for the triangles in questions 7 to 10. 
7 c 9 c 
6cm 
7.5cm 
А Sem B 
A 10cm B 
8 c 10 [3 
22 
12cm 
A 12ст B 
A 10cm B 
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11 Similar triangles can be drawn so that they overlap, 
as in this diagram. Copy the diagram above onto 
squared paper, Choose your own measurements, but 
make sure that the lengths of the horizontal lines 
are whole numbers of centimetres. Measure A. 

В,С, В,С, В,С, 


Find AB Ap. ап AR 


as decimals. 


12 Copy and complete the table using the information from 
questions 1 to 5. 


1 BC 
A бар 
26.6" 0.5 


Tangent of an angle 


21 


If we consider the set of all triangles that are similar to AABC then for every triangle in 
the set, 


A B 


the angle corresponding to A is the same 

the ratio corresponding to m is the same 
where BC is the side opposite to А 
and AB is the adjacent (or neighbouring) side to A. 


From Exercise 16a you can see that in a right-angled triangle the ratio 
always the same for a given angle, whatever the size of the triangle. 
opposite side . 


opposite side ; 
adjacent side 


The ratio PUT called the tangent of the angle. 
_ opposite side 
tangent of the angle = adjacent slde 
More briefly, 
= OPP 
tan (angle) = adj 


The information about this ratio is used so often that we need a more complete and more 
accurate list than the one made in the last exercise. The complete list is stored in scientific 
calculators. 
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Finding tangents of angles 
То find the tangent of 33°, press сап) (3 | You will obtain a number that fills the 
display. Write down one more figure than the accuracy required, 
eg. tan 33° = 0.64940... 
= 0.6494 correct to 4 significant figures. 


If you do not get the correct answer, one reason could be that your calculator is not in 
‘degree mode’. For all trigonometric work at this stage, angles are measured in degrees, so 
make sure that your calculator is in the correct mode. 


Worked example 
— Find the tangent of 56° correct to 3 significant figures. 


tan 56° = 1.482... 
= 1,48 (correct to 3 significant figures) 


Find the tangents of the following angles correct to 3 significant figures. 
1 20° 2 28° 3 72° 4 53° 5 59° 


6 Find the tangents of the angles listed in question 12 in Exercise 
16a. How do the answers you now have compare with the decimals 
you worked out? If they are different, give a reason for this. 


Worked example 
-> Find the tangent of 34.2°. 


ч) 


tan 34.2° = 0.680 correct to 3 s.f. = 
(9) Press [tan] 


86586 


Find the tangents of the following angles correct to 3 significant figures. 
7 1555 
8 29.6* 
9 114* 

10 60.1* 

11 889 
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The names of the sides of a right-angled triangle 


Before we can use the tangent to find sides and angles, we need to know which is the side 
opposite to the given angle and which is the adjacent side. 


(5 


уроо, opposite side 


A adjacent side B 


» The longest side is the side opposite to the right angle, and is called the hypotenuse. 


* The side next to the angle A (not the hypotenuse) is called the adjacent side. 
(Adjacent means ‘next to’.) 


» The third side is the opposite side. It is opposite to the particular angle A that we are 
concerned with. 


Sometimes the triangle is in a different position from the one we have been using, for 
example: 


hypotenuse 
opposite, adjacent 
adjacent 
“opposite 
hypotenuse 


Sketch the following triangles. The angle we are concerned with is 


marked with а blue are like this 1. Label the sides ‘hypotenuse’, 
‘adjacent’ and ‘opposite’. If necessary, turn the page round so that you 
can see which side is which. 


SE 
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3 5 
4 6 
Finding a side of a triangle 


We can now use the tangent of an angle to find the length of ће opposite side in a right- 
angled triangle provided that we know an angle and the length of the adjacent side. 


Use a calculator. Give your answers correct to 3 significant figures. 


Worked example 
— In AABC, B = 90°, А = 32° and AB = 4cm. 
Find the length of BC. 
e First label the opposite and adjacent sides 
and use x cm for the length of the side BC. 
xem 
(opposite) 
Е “4ст (adjacent) E 
x _ OPP _ 5 
aq аар = ‘80 32 
Do not clear the display. 
A = 0.6248. (9) 
4x 7 = 0.6248. x4 
x = 2499... 


BC = 2.50 cm (correct to 3 s.f.) 
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In questions 1 to 8, find the length of BC. 


4 
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5 € 
n 

6 
a] 

7 c 
РА 

8 с 


EN 


16 Trigonometry: tangent of an angle 


In questions 9 to 12, different letters are used for the vertices of the 
triangles. In each case find the side required. 


9 Find PQ. 11 Find AC. 
Q c 
Li 3 10ст s 
7em 
10 Find YZ. 12 Find AC. 


Find BC in questions 13 to 20. Turn the page round if necessary to 
identify the opposite and adjacent sides. 


13 A B 
15 П 
3em R 
Sem 
B 
€ B 
14 ^ c 16 B 
x 2 
с 
10сту 
Ly 16cm 
B 
A 
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17 A 


9cm. 


18 


19 " 
10cm 
B c 
20 B 
c 
24cm 


21 In AABC, B = 90°, AB = 6cm and A = 41°. Find BC. 
22 In APQR, Q = 90°, PQ = 10 m and P = 16.7°. Find QR. 
23 In ADEF, f = 90°, DF = 12cm and D = 56°, Find EF. 
24 In AXYZ, Z = 90°, YZ = 11cm and Y = 40°. Find XZ. 
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Using 64°, «| 

x _ opposite _ tan 64° » 

10 dj ни 

R и ae (adjacent) 
so — dg = 2.05, giving x = 20.5 (| 


xem (opposite) 


Use a calculator. Give your answers correct to 3 significant figures. 


Worked example 


— In APQR, P = 90°, Q = 51° and PR = 4cm. 
Find the length of PQ. 


! 


О 


4cm. 
(adjacent) 
о AÀ —— 
(opposite). 
Ё = 90* – 51° 
= 39° 
x _ OPP _ Я 
а= паў = n2? 
Do not clear the display. 
x 
& = 0.8097... x 4 9 
4 x 4 = 0.8097... x 4 Leave the number on the display, 
then press 
х = 3.239... 


PQ = 3.24 ст (correct to 3 s.f.) 


349 


STP Maths 9 


1 Find ZY. 
2 
Li 
z 10cm d 
2 Find QP. 
R 
Яст 
FN 
3 Find XZ. 
x 
О 


e 208 


4 Find FD. 


Bem 


5 Find BC. 
A 


5.6cm 


85cm! 


7 In APQR,Q = 90°, R = 31° and PQ = 6cm. Find RQ. 
8 In AXYZ, Ĉ = 90°, 9 = 38° and ZX = 11cm. Find YZ. 


9 In ADEF, D = 90°, Ê = 34.8° and DF = 24cm. Find DE. 


10 In AABC, О = 90°, A = 42.4° and CB = 3.2cm. Find AC. 


11 In ALMN, f; = 90°, Ñ =15° and LM = 4.8cm. Find LN. 


12 In ASTU,U = 90°, 8 = 42.2* and TU = 114 cm. Find SU. 
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Worked example 


— Renata is at a point A, 20 metres from the base of a tree which is standing on level 
ground. From A the angle of elevation of the top, C, of the tree is 23°. What is the 


height of the tree? 
ig 
hm 
(opposite) 
B ^ 
20m 
(adjacent) 
а Opp. 2 
20^ tan 23 
d 
20 0.4244. 
Аа 
20 х 20 = 0.4244... х 20 
h = 8.489... 


The height of the tree is 8.49 m correct to 3 significant figures. 


13 A pole BC stands on level ground. A is a point on the ground 
10 metres from the foot of the pole. The angle of elevation of the 
top C from A is 27°. What is the height of the pole? 


14 ABCD isa rectangle. AB = 42m and BAC = 59°. ^ D 
Find the length of BC. 


16 In APQR, PQ = QR. From symmetry, S is the midpoint of PR. 
Р = 72°, PR = 20cm. 


Find the height QS of the triangle. 


Q 
15 In rectangle ABCD, the angle between the diagonal AC and в A 
the side AB is 22°, AB = Sem. 
Find the length of BC. 5 
Q 
5 R 
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Ө | 17 A point Е is 14m from the foot of a flagpole PQ. The angle 


Ө | 18 A ladder leans against a vertical угай so that it makes an 


of elevation of the top of the pole from R is 22°. 
Find the height of the pole. 


angle of 35° with the wall. The top of the ladder is 2m up the 
wall. How far from the wall is the foot of the ladder? 


Ө | 19 A dinghy B is 60m out to sea from the foot A of a vertical cliff AC. 


From C, the angle of depression of B is 16°. 
a FindB 
b Find the height of the cliff. 


c 


Ө | 20 From a yacht, the angle of elevation of the top of a lighthouse is 
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26° and the angle of elevation of the base of the lighthouse is 20°. 
The lighthouse is standing on top of a 40 metre high cliff. 

Find 

а how far the yacht is from the base of the cliff 

b the height of the lighthouse. 


16 Trigonometry: tangent of an angle 


Finding an angle given its tangent 

If we are given the value of the tangent of an angle, we can use a calculator to find that angle. 
For example, if the tangent of angle A is 0.732, 

ie. tan A = 0.732, 


we find A by pressing then entering 0.732 = in the calculator. (The ‘shift’ key or 
‘2nd’ key accesses the ‘tan ” function, which means ‘the angle whose tan 187) 
This gives the size of the angle in degrees, 


Sowhen tan Â = 0.732 
А = 36.20... ° = 36.2? correct to 1 decimal place. 


Check this on your calculator. If it does not give this result, first check that you are using 
degree mode then, if it is still not correct, consult your manual. 


Find, correct to 1 decimal place, the angles whose tangents are given. 


122 441 7 0.6752 10 2.0879 

2 0.86 514 8 0.99293 111 

3 041 6 0.31 9 0.37624 12 0.33333 
Worked example 


—> Find the angle whose tangent is 2 


o First express З as a decimal. 


.° = 36.9° (correct to 1 d.p.) 


Find, correct to 1 decimal place, the angles whose tangents are given. 


13 3 15 1 173 19 $ 2143 
144 16 $ 18 $ 20 21 22 22 
Worked example 
— Find the angle whose tangent is 2 
Е Angle A can be found in one 
tan Â = $ = 0.6666... (9) on the calculator. Press el 
Â = 33.69." = 33.7" (correct to 1 d.p.) ca) (0) (2) (9) (8) DJ S] 
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Find, correct to 1 decimal place, the angles whose tangents are 


юэ. nd 
и} 23 
251 30i 
26 $ 314 
27$ СЭН 


Finding an angle in a right-angled triangle 


We can now use tangents of angles to calculate the sizes of the angles 
in the triangle. The next worked example shows the method. 


Give angles correct to 1 decimal place and lengths correct to 
3 significant figures. 


Worked example 
-> Find angle A in the diagram. 


с 
7em 
(opposite) 
A LT B 
(adjacent) 
ton A = PP LT : 
adj 8 On a copy of the diagram, mark the angle to be found. 
NS Then label the opposite and adjacent sides to the angle. 


А = 41.18...° = 41.2? (correct to 1 d.p.) 


Find A in questions 1 to 10. 
1 c 2 c 
= dcm 
A B 
6 
^ Tom 8 mE 
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16 Trigonometry: tangent of an angle 


РА: 
А B 


10cm 


18ст 


42cm 


8 
12cm| 
B ^ 
с 


с 
7.2cm 
"эн, 
B A 


10cm 


9 


10 c 


aw | эр 
A в 


27cm 


11 Find f. 


R 
Eu i 
P 
9em 9 


12 Find В. 


42cm 
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13 Find . 
z 


liem 
14 Find Я. 


L 
N 
M N 


7.2ст 


15 Find D. 


Find A in questions 17 to 26. Turn the page round if necessary before 


labelling the sides. 


B 
A 
cha 


18 A с 
сц dis 


17 
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19 A 


2 


ст, 


Sem, Зет 


16 Trigonometry: tangent of an angle 


21 ” i 24 с 
16cm 
can ncm. " 
М 
24cm 
^ 
22 c 25 с 
^ 
А 12, 
12em S вет 
TSem 
Ё 
1 
23 ^ 26 B 48cm ” 
28cm 


с B 
44cm 


27 In AABC, B = 90°, AB = 12cm, BC = 11cm. Find A. 
28 In APQR, P = 90°, PQ = 3.2m, PR = 2.8m. Find Q. 


29 In ADEF, D = 90°, DE = 108m, DF = 72m. Find F. 


If we know two sides in a right-angled triangle, we can use 
Pythagoras’ theorem to find the remaining side. 
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Worked example 


=» Aman walks due North for 5 Кт from A to B, then 4 km due East to C. 
a What is the bearing of C from A? 
b How far is he from his starting point? 


AE ‘We start by drawing a diagram showing all the information 
(oppose) given. The bearing of C from A is angle A in the triangle, so 
с CORE IS TS 
km 
(adjacent) -08 
A = 38.65..." = 38.7° (correct to 1 d.p.) 
The bearing of C from A is 038.7° 
a ОЕ 
b 


‘The length of AC in the diagram gives the distance required. 
Tangents will not help to find this, but as we know the other two 
sides in the right-angled triangle we can use Pythagoras’ theorem. 
AC? = АВ? + BC? (Pythagoras) 
= 25 + 16 = 41 
АС = V4i = 6.403... 
The man is 6.40 km from his starting point (correct to 8 s.f.). 


Ө | зо ABCD is a rectangle. AB = 60m and BC = 36m. Find D c 
а the angle between the diagonal and the side АВ 
b the length of the diagonal AC. 


A B 


@ | 31 A flagpole PQ is 10m high. R is a point on the ground 
20 m from the foot of the pole. Find the angle of elevation 
of the top of the pole from R (that is, Ñ). 


ө 32 In AABC, AB = ВС, AC = 12cm. D is the midpoint of AC. B 
The height BD of the triangle is 10cm. Find 


а Gand the other angles of the triangle 
b the lengths of AB and BC, 
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16 Trigonometry: tangent of an angle 


Ө | зз A ladder leans against a vertical wall. 


Its top, Q, is 3m above the ground and 
its foot, P, is 2m from the foot of the wall. 
Find the angle of slope of the ladder 
(that is, Р). 


34 The bearing of town A from town B is 032.4°. N 
A is 16km North of B. "S 
а How far East of B is A? 
b How far is A from B? 


B 


35 In a square ABCD of side 8 ст, A is joined to the midpoint E of BC. 
Find EAB, CAB and CAE. Notice that AE does not bisect CAB. 


36 A ladder leans against a vertical wall. It makes an angle of 72° 
with the horizontal ground and its foot is 1m from the foot of the 
wall. How high up the wall does the ladder reach? 


87 Sketch axes for x and y from 0 to 5. A is the point (1, 0) and 
B is (5, 2). What angle does the line AB make with the x-axis? 


38 In a rhombus, the two diagonals are of lengths 6.2ст and 8сш. 
Find а the angles of the rhombus 
b the lengths of the sides of the rhombus. 


39 In AABC, AB = ВС, CA = 10cm and Ĉ = 72°. Find the height BD 
of the triangle. 


40 The diagram shows a section through an 

underground railway tunnel. 

The floor of the tunnel is 2 m wide and the angle 

of elevation of the highest point, C, of the tunnel 

from the edge, A, of the floor is 69°. 

а Draw a diagram showing just the inside wall 
and floor of the tunnel. Mark the points A, B, 
C and O, which is the centre of the circle, part 
of which forms the inside wall. 


b Calculate the height of the tunnel. 
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Sula is at point A on the bank of the river and needs to find the 
distance between the pylon at B and the house at C, both of 
which are on the opposite bank, She cannot cross the rivers nor 
can she stand directly opposite the pylon at B. 


From a map, she knows that the width, AD, of the river is 

60 metres. She measures the angle BAD as 35° and the angle 
DAC as 58°. Calculate the distance between the pylon and the 
house. Assume that BDC is a straight line. 


Consider again 


Sam wants to know the height of this tree. He can find it by measuring 
how far he is from the tree and then measuring the angle of elevation 
of the top of the tree. Showing this information in a diagram gives this 
right-angled triangle. 


angle of 
elevation of the 
top ofthe tree 


Sam's height 


distance from foot of tree 


Now can you find the height of the tree without making a scale drawing, given that Sam is 
1.75 m tall and is standing 40 m from the base of the tree and that he measures the angle 
of elevation of the tree as 32°? 
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17 Sine and cos 


The tangent of an angle is useful when the opposite and adjacent sides 
of a right-angled triangle are involved, but there are many problems 
where the hypotenuse and one of the other sides are involved instead. 


ne of an angle 


Consider 


The reading from a radar instrument shows that a plane is 2450 metres from the radar and 
at an angle of elevation of 18°. Find the height at which the plane is flying above the radar 
and its horizontal distance from the radar tower. 


You should be able to answer this question after you have worked through this chapter. 


Sine of an angle 


In a right-angled triangle, the ratio of the side opposite an angle to the hypotenuse is called 
the sine of the angle. 


In this diagram 
с r 
sine of angle A = ue = 
lends opposite. 
i in Ate CEP ОВ 
л 5 or, briefly, sin A = fp AC 


All right-angled triangles containing, say, an angle of 40° are similar, so the sine ratio, РРР, 
always has the same value. ЭН 


The value of the sine ratio of every acute angle is stored in scientific calculators and 
methods of calculation are similar to those involving tangents. 
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Worked examples 


— Find, correct to 3 significant figures, the sine of 72°. 
sin 72° = 0.951 (correct to 3 8.0) 9 Press 


— Find, correct to 3 significant figures, the sine of 38.2°. 
вш 38.2° = 0.6184... = 0.618 (correct to 3 s.f.) 


In questions 1 to 5 find, correct to 3 significant figures, the sines of 


the angles. 
1 26* 2 84 3 2548 а 9711 5 789° 
Worked example 


—> Find, correct to 1 decimal place, the angle whose sine is 0.909 


sin = 0.909 Ors ий 9) (9) C) (8) (9) (8) E) 
A = 65.36. (The shift button accesses the sin! function, 
5.49 (correct to 1 d.p.) which means ‘the angle whose sin is.) 


In questions 6 to 10, find, correct to 1 decimal place, the angles 
whose sines are given. 
6 0834 7 0413 8 0639 9 0.704 10 0.937 


Using the sine ratio 


We can use the sine ratio, in a similar manner to the tangent ratio, to 
find angles and sides in right-angled triangles. 


Worked example 
=> Find the length of BC. 


c 
On a copy of the diagram, 7em 
label the sides in relation (hypotenuse) xem 
to the angle. (opposite) 
A 2 Os 
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17 Sine and cosine of an angle 


In questions 1 to 10, give answers correct to 3 significant figures. 


1 Find BC. 


5 Find QR. 


STP Maths 9 


9 Find LM. 10 Find PQ. 
N R 
E 10cm < 
бет 
L^ M 
Р Ho 
Worked example 
-» In ЛАВС, B = 90°, AC = 4cm and BC = Зет. Find A. 
c 
Draw and letter the 22 7 
triangle then label the em 
Eni relation to À. шалаар (opposi 
opp 3 2 B 
sinÂ = yp a 
= 0.75 
Â = 48.59...° 
= 48.6° (correct to 1 d.p.) 


In questions 11 to 20, give angles correct to 1 decimal place. 


11 Find A. 13 Find P. 
c R 
10cm j 784 ГЭ dis 
A B p | 
12 Find A. 14 Find Q. 


C R 
Sem 
2em Ы 
ОР ын ES 
^ 5 
Q 


Р 
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17 Sine and cosine of an angle 


15 Find ¥. 17 FindM. 
z N 
Tori dcm 
Y x 2 
2.5ст M 4cm 
16 Find P. 18 Find A. 
R B 
10cm 
Р 10cm 672cm 
5.5ст 
А с 
о 


19 In ЛАВС, В = 90°, С = 36° and AC = 3.5 cm. Find AB. 
20 In APQR, Q= 90°, PQ = 2.6 cm and PR = 5.5 cm. Find Ё. 


Cosine of an angle 


hypotenuse 


^ adjacent. 5 


If we are given the adjacent side and the hypotenuse, then we can use a 


ЛОС Epor side 
ypotenuse 


This is called the cosine of the angle (cos for short). 


Cosines of acute angles are stored in scientific calculators. 
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Worked examples 


— Find, correct to 3 significant figures, the cosine of 41°. 
cos 41° = 0.755 


—> Find, correct to 3 significant figures, the cosine of 28.7°. 
cos 28.7° = 0.877 


Find, correct to 3 significant figures, the cosines of the following angles. 


1 59° 2 48 з 4 4 449° 5 60.1° 
Worked example 
— Find, correct to 1 decimal place, the angle whose cosine is 0.493 
cos A = 0.493 
А = 60.46...° = 60.5° (correct to 1 d.p.) 


In questions 6 to 10, cos A is given. Find A correct to 1 decimal place. 
6 0.435 7 0.943 8 0.012 9 07 10 0.24 


Using the cosine ratio 


We can use the cosine ratio in the same manner as the sine and 
tangent ratios to find angles and sides in right-angled triangles. 


Worked example 


-» In ЛАВС, В = 90°, 


= 28° and AC = 9cm. Find AB. 


Draw the triangle А 
and label the sides. ГЭХ РЭГ” 
97 hyp 
с ко 
: х = 0.8829. 
em 
(hypotenuse) gx 5 = 0.8829... x 9 
Л 
" Ё x= 7.946... 
тет 
re АВ = 7.95cm (correct to 3 s.f) 
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17 Sine and cosine of an angle 


In questions 1 to 8, find the required lengths, correct to 3 significant figures. 


1 FindAB. 5 Find AC. 
€ 


a 


20cm, 
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In questions 9 to 16, give angles correct to 1 decimal place. 


9 Find A. 


10cm, 


10 Find A. 


c 
Sem й 
A = B 


11 Find Ч. 


2 
10cm É 
Yom 


12 Find Ё. 


р. 100cm R 
, ha 
Q 


13 Find A. 
с 


6cm 


14 Findĝ. 


R 
А 12cm 
Р Som 9 
15 Find C. 
€ 
2- 
A B 
16 Find X. 


Y 
Эр 
= Ten i 
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17 Sine and cosine of an angle 


In questions 1 to 6, label the sides whose lengths are known, as ‘hypotenuse, 
‘opposite’ or ‘adjacent’. Then state whether sine, cosine or tangent should be 
used for the calculation of the marked angle. 


Q 
Tem á 
2 c 5 x 
3 [M 
Tem 
Ч = Y 

A = B 

3 R dcn 6 N 
Q 
3em L 3em 
вет 
A M 
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In questions 7 to 12, use ‘opposite’, ‘adjacent’ or ‘hypotenuse’ to label the side whose 
length is given and the side whose length is to be found. Then state whether sine, 
cosine or tangent should be used for the calculation to find x. 


7 c 
xem 
ae Oo, 
Sem 
8 r 
РРА Эст 
р Е 
9 о 
10cm 
Р 
xm 
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10 N 
0.8ст, 


п 2 


12 Е 


17 Sine and cosine of an angle 


In questions 13 to 18, find the marked angle correct to 1 decimal place. 


13 c 16 E 
30cm 


7em, 


x 
8 


17 


B 
R 
20cm, TM 2cm 
L 
P Q 15011 
E 


Sem 


9 


n 
x B 
Ё 
3 
14 
» 
oo 
S 
3 


In questions 19 to 24, find the length of the side marked x cm, giving the 
answer correct to 3 significant figures. 


19 R 22 12cm N 
Ч s 
[xem kem 
o 
M 
2 


20 23 


L] 
Y 
21 N 
M 
xem К] 
à X 
o 
L 
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Worked example 


-» In AABC,B = 90°, AC = 15cm and BC = 11cm. 
Find A, then C. 


15cm 


(hypotenuse), Au 


(opposite) 


^ B 


We are given the hypotenuse and the side opposite to Â 
80 we use sin Â. 


С = 90° – 47.2° We know that the three angles of the triangle 
= 42.8° add up to 180°, so we can use this to find С. 


In questions 25 to 32, give angles correct to 1 decimal place and lengths 
correct to 3 significant figures. 


25 Find A, then C. 27 Find €, then 2. 
бет 42ст 
20cm. 
A B 
= 6.2ст 
26 Find AC. 28 Find PQ. 
с 40cm 


R 


73cm 
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17 Sine and cosine of an angle 


29 Find C, then AB. 31 Find XZ. 
с 1 
Ó 
осп 
100m 
. 
A B x 
30 Find AB. 32 Find A. 
c c 
72cm, 
16cm " 48cm 


Finding the hypotenuse 


So far when finding the length of a side, we have been able to form an 
equation in which the unknown length is on the top of a fraction. This 
is not possible when the hypotenuse is to be found, and the equation we 
form takes slightly longer to solve, 


Worked example 
— In triangle ABC, B = 90°, Ĉ = 62° and c 


AB = 80mm. 
Find АС. 


80 _ OPP _ bi 69» 
x — hyp 


80 —. sin go 
x 


xmm 
(hypotenuse) 


80mm 
(opposite) 


80 = sin 62° x x 9 Multiply both sides by x. 


< = руб ь 7 90.60... Divide both sides by sin 62°. Press 
B 


AC = 90.6 mm (correct to 3 s.f.) 
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In questions 1 to 6, use the information given in the diagram to find the 
hypotenuse, correct to 3 significant figures. 


1 [3 4 R 


25 rj 


^ 


p dam 3 
2 2 5 f R 
Sem 
10cm 
Q 
x Y Q 
3 L 6 z 
o 
з 
12cm N "a 


7 In triangle ABC, В = 90°, A = 43° and BC = Sem. Find AC. 


8 In triangle PQR, P = 90°, Q = 28° and PR = 7cm. Find QR. 


9 In triangle LMN, Ё = 90°,M = 14° and LN = 8cm. Find MN. 


10 In triangle XYZ, Ê = 90°, ¥ = 62° and ZY = 20cm. Find XY. 


Applications 


Trigonometry has many applications. These range from finding 
unknown angles and lengths in geometrical figures to solving problems 
in surveying and navigation. Exercise 17g gives a variety of problems 
that involve finding angles or sides. 


Remember that the sine, cosine and tangent ratios have been defined 
in right-angled triangles, so if your diagram does not contain a right- 
angled triangle, you will have to find one by adding a suitable line. 


Remember also that we can use Pythagoras’ theorem in a right-angled 
triangle to find one side when we know the other two sides. 
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17 Sine and cosine of an angle 


Worked example 
—> In an isosceles triangle PQR, PQ = QR = 5cm and PR = бет. Find the angles of 
the triangle. 
Q 
By dividing the triangle down the middle with 
Sem, Sem the line QS, we create two identical right-angled 
triangles. We can then draw one of these triangles 
to work with. 
Р R 
5 
6cm 
= adj PS 3 PS = PR = 3cm 
cos P = hyp PQ” 5 Or 
Sem 
(hyp) Р = 53.1° (correct to 1 d.p.) 
f = 53.1° (isosceles A; base angles equal) 
"за ^ РӦЕ = 73.8 (angles of a A add up to 180°) 
(adj) 


Unless otherwise stated, give angles correct to 1 decimal place and 
lengths correct to 3 significant figures. 


Q | 1 In AABC,AC = CB = 10 m and Â = 64°. c 
Find a the height of the triangle 
b the length of AB 
c the area of the triangle. 


climbing for 2 minutes, the cockpit instruments show that 
it has reached an altitude of 1000 m and has travelled a 
distance of 3km. At what angle is the plane climbing? 


Ө| з An observer at the top of the lighthouse 
measures the angle of depression of a 
yacht as 15°. The lighthouse is 50 m high. 
How far is the yacht from the base of the 
lighthouse? 
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The diagram shows an office tower which is 100 m tall (to the top 
of the roof). The tower is on one bank of a river. Pedro is standing 
on the opposite bank, 150 m away from the base of the tower. 
What is the angle of elevation of the top of the tower from Pedro? 
(Neglect Pedro's height.) 


Wei walks 600 m along a road that slopes up uniformly at 5° to 
the horizontal. How far, to the nearest metre, has she risen? 


A ski run is 1500 m long and slopes uniformly at 8° to the 
horizontal. How far, to the nearest metre, will a skier descend 
vertically when making this run? 


An escalator is to be installed in a shopping mall to raise 
shoppers through a height of 8 metres. The escalator must be 
inclined at 20° to the horizontal. 


a How long must the escalator be? 
b What is the least horizontal distance needed to install it? 


A treasure hunter locates two large trees, A and B, which are 
250 m apart. He then tries to find a point C such that angle ABC 
is 90° and angle BAC is 64°. 

D 


a How far is C from B? 


b Ifhe makes an error in measuring BAC, using 63° instead of 
64°, and sets out to walk from A to C, how far will he be from 
the true position of C when he thinks he has arrived? Give 
your answer to the nearest metre. 


ABCD is a rectangle in which AB = 360mm and BC = 184mm. 
a Find the angle that the diagonal AC makes with the side BC. 
b Hence find the acute angle between the diagonals. 


17 Sine and cosine of an angle 


ө 


10 The drawing shows one of the series of roof 


11 


trusses which are to be made to construct a 

factory roof. 

Each length in the truss is to be made from 

angle iron. What length of angle iron is required 

to make one truss? P 


The diagram shows a rectangular envelope 
viewed from the back with the flap opened 


flat. 6cm 
How far is B from F when the envelope is 
sealed? A c 

10cm 


12 The diagram shows a castle tower and a moat. 


The ground beyond the moat is horizontal. 


A 


а Draw a diagram showing just triangles ABC and ABD. 
Mark the given information on your diagram and mark 
AB as xm and BC as y m. 


b Using triangle ABC, find an equation relating x and y. 
Express the equation in the form x = ... 


c Using triangle ABD, find another equation relating x and y. 
Express this equation also in the form x = ... 


d Use the equations you found in parts b and e to form an 
equation in y only. Solve this equation and hence find the 
height of the tower and the width of the moat. 
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Ө | 13 An aeroplane flies 120km on a bearing of 130°. It then alters course 
and flies 250 km оп a bearing of 035°. 


D N 250km 
120km |? 


a How far East is the plane from its starting point? 
b How far North is the plane from its starting point? 
c How faris the plane from its starting point? 


Q | 14 ABCDE is a regular pentagon of side 10cm. 
a Find the height of triangle AOB. 
b Hence find the area of the pentagon. 


15 ACB is a sector of a circle of radius 12cm. € 
The arc CB subtends an angle of 28* at the centre A of the circle. Find BEN 
a the area of the sector 
b the distance of A from the base BC of triangle ABC 
€ the area of triangle ABC 12ст 
d the area enclosed by the arc BC and the line BC. (This is the region 07 
shaded in the diagram апа it is called a segment of a circle.) 


Consider again 


The reading from a radar instrument shows that a plane is 2450 metres from the radar 
and at an angle of elevation of 18°. Now can you find the height at which the plane is flying 
above the radar and its horizontal distance from the radar tower? 
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18 Proble n three dim ons 
Consider 

The diagram shows a solid that consists of a prism 

surmounted by a pyramid. 


The cross-section of the prism is an equilateral triangle. 


The height of the prism is З ст and the sloping edges of the 
pyramid are 6 cm long. 
Find a the surface area of the solid 

b the height of the solid. 


You should be able to answer these questions after you have worked through this chapter. 


Solids 
A solid is a three-dimensional object. 


vertex 
The faces of a solid may be flat or may be curved. Хол 

The edges of a solid are where faces meet. 

The vertices of a solid are where edges meet. Ex 


Cubes, cuboids and prisms 


A cube has six faces, each of which is a square. 
The diagram shows a cube and a net to make 
the cube. 


If the length of an edge is x cm, the surface H G H 
Ка 
с р B 


| 


area of the cube is бх? cm?. 21 


K A 
"The angle between any two adjacent edges il 


is 90°. 


The angle between an edge and the diagonal 


of a face perpendicular to that edge is also 90°, — ^ 8 


So the triangle shown in the diagram has a right angle at D. 
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A cuboid also has six faces, each of which is a rectangle. Opposite faces are the same. 
(Two faces may be squares.) 


The diagram shows a cuboid and a net to make it. 


sH 


Like a cube, the angle between any two adjacent edges is 90°, so the angle between an 
edge and the diagonal of a face perpendicular to that edge is also 90°. 


Therefore, the triangle shown in the diagram below has a right angle at D. 


H G H 
|k] 46 р B 
A B 
A prism has a constant cross-section. The number 
of faces depends on the shape of the cross-section. 


The diagram shows a prism whose cross-section 


is a trapezium. J 


The end faces are identical trapeziums and all the other faces are rectangles of the same 
length. The width of each rectangle is the same as the edge of the trapezium it is attached to. 
In the special case of a cylinder, the cross-section is a circle. The curved surface can be 
treated as a rectangle whose length is the length of the cylinder and whose width is the 
circumference of the cross-section. 


& q 


L 
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1 Find the surface area of each of the following cuboids. 


a b 771 e 


10mm 
Sem 15mm 
cm mm Jim 
2 Find the area of card used to make this open 
rectangular (cuboid) box. 
20cm 
25cm 


3 Findthe surface area of each prism. 
(The measurements are in centimetres.) 


a Give your answer correct to 3 s.f. b 


Worked example 


The cross-section of this prism is a trapezium whose 
non-parallel sides are the same length. 


— Find the area of the cross-section of the prism. 


The area ofthe romesecin is the area ofa trapezium б 
= 18 + 4) x bcm? = 30cm? 


STP Maths 9 


— Find the length of the equal sides of the cross-section of the prism. 


аст 
z Draw the cross-section separately and 
use it to identify a triangle that can 
i 5 be used to find the length. 
Bem m ЯГ-а 8 


Using Pythagoras’ theorem in AABC gives 
ВС? = 22 + 5? = 29 
+. BC = V29 em = 5.39 ст (correct to 3 s.f.) 


— Find the surface area of the prism. 


‘The surface consists of the two end cross-sections together with the 
base rectangle, the top rectangle and the two equal side rectangles. 


The surface area = (2 х 30) + (8 x 20) + (4 x 20) + (2 х /29 x 20)) cm? 
= 300 + 40 /29 cm? = 515 cm? (correct to 3 s.f.) 


Notice that we used the exact value for the length of BC in. 
the calculation rather than the corrected length. This avoids 
compounding errors that can creep in when using corrected 
numbers. 


Ө | 4 The cross-section of this prism is a right-angled isosceles 
triangle. 
Find the surface area of the prism. 


id AT 
[i 


Scm 


Ө | 5 The cross-section of this prism is an equilateral triangle. 
Find the surface area of the prism. 


LX шин 


Sem 
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9|» 


The cross-section of this prism is a square surmounted by 
an equilateral triangle. 
Find the surface area of the prism. 


Sem 


‘The cross-section of this prism is a semicircle of radius 6cm. 
The prism is 20cm long. 
Find its surface area. 


A box in the shape of a prism is to be covered in leather. 
The cross-section is a square with a corner cut off. 

Find the area of leather required. 

(The measurements are in centimetres.) 


This prism is 20 ст long and its cross-section is a regular 
hexagon of side 5 ст. 
Find the surface area of the prism. 


hig 


Ө | 10 An open box is a cube whose edges are 20 cm long. 


Find the length of longest stick that will fit inside 
the box. 
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Pyramids 
Each of these solids is a pyramid. 


triangular based pyramid square based pyramid hexagonal based pyramid. 
(tetrahedron) 


The shape of a pyramid is given by drawing lines from 
a point (called the vertex) to each corner of the base. 


Each sloping face is a triangle and the number of these depends on the shape of the 
base. The diagrams illustrate right pyramids. In a right pyramid, the vertex at the top is 
vertically above the centre of the base. 


This pyramid is not a right pyramid. 


Cones 

A right circular cone has a circular base. 

A cone has two surfaces, the base and the curved surface. 
There is only one vertex and only one edge. 

The vertex is above the centre of the base. 

A cone can be made from a sector of a circle: 
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If the radius of the sector is /, then when the straight edges 

of the sector are joined to form the cone, / becomes the slant 

height of the cone. 281 
If the radius of the circular base of the cone is r, the 

circumference of this circle is 27r and this is equal to the 

length of the arc of the sector. 

The circumference of the circle from which the sector is 

formed is 27l. 

Therefore, 


length of curved edge of the ѕесіог _ ar _ Sn 
circumference of the circle of which it is part —2m/ агва of circle of which it is part 


The area of the sector is the curved surface area of the cone. 
Therefore, 


the area of curved surface of the cone = 32% x ml? = arl 


Using Pythagoras’ theorem gives a relationship between the 
perpendicular height and the slant height of a cone. 


Tf h is the perpendicular height of the cone, then 
P=h +r? 


Spheres 

A sphere has only one surface, no edges and no vertices. 

The formula for the surface area of a sphere is given by 
А = 4тг° 


Worked example 


‘The diagram shows a pyramid ABCDE. 
The base is a square of side 6 cm and the sloping edges 
are 10cm long. 


— Find the surface area of the pyramid. 
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То find sides and angles in three-dimensional figures, identify a 
triangle containing the side or angle and draw that triangle separately. 


The area of the base is 6 х 6cm? = 36 cm? 
Each sloping face is an isosceles triangle. To find the 
area of one of these triangles we need to find its height. 


Drawing one of these triangles shows that the height of the 
triangle, EH, can be found using Pythagoras’ theorem. 


EH? = 10° - 3 = 91 


10ст 
ЕН = /91 
Area of AAEB = } х 6 х /91 cm? 
A H B 
6cm 
Surface area of the pyramid Sie d RARE 
= (86 + 4 X 3 X /91) em* = 150 cm? (correct to 3 s.f.) its exact form until the final 
calculation. 
—> Find the height of the pyramid. 
‘The height of the pyramid is the perpendicular line from E to the centre of the base, G. 
EG is the height of the isosceles triangle EHF. 
EH = EF = v91, GF = 3 E 
<. EG? = EF? СЕ? 1 л 
-91-9-82 doom 
y с Уст Viem 
V^ 
E mi Hors 5 
~. the height of the pyramid = /82 cm 
= 9.06 em (correct to 3 s.f.) 
-> Find the angle EBD. 
Angle EBD is in the triangle EBD, in which 
ED = EB = 10 and EG = /82 А 
aq _ EGlopp) _ v82 
sin ЕВС = ge 7 10 = 0.90553. 
EBD - EBG 10cm, 10cm 
7. EBD = 64.9° correct to 1 d.p. A 
D G B 


18 Problems in three dimensions 


Give lengths and areas that are not exact correct to three significant 
figures and angles correct to one decimal place. 


Ө! 1 a Copy and complete the following table. 


Solid Number of | Number of | Number of 
faces(F) | edges(E) |vertices (V) 

cube 6 12 

tetrahedron 4 

square based 

pyramid 

triangular 

prism 


b Finda formula connecting F, E and V. 


с А solid has 8 faces and 6 vertices. How many edges would you 
expect it to have? 


Ө | 2 Find the surface area of each solid. 
а a sphere of radius 8cm b a cone of base radius c a triangular based 
5cm and height 12cm pyramid, each face of 
which is an equilateral 
triangle of side 18 cm. 
) (This is a regular 
tetrahedron.) 


© з An open cone has a base radius of 6cm and a height of 10 cm. 
a Find the slant height of the cone. 
b Find the surface area of the cone. 


@| 4 The diagram shows a bollard which is a cylinder surmounted Бу 
a hemisphere (half a sphere). 
Find the surface area of the bollard. 
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6 


if 


8 


9 
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A solid consists of a cube surmounted by a square based pyramid. 
All edges are 5cm long. 
Find the surface area of the solid. 


The diagram shows a curtain rod which is a cylinder with an 
identical cone at each end. 
The cylinder is 1.5 metres long with a radius of 1.5 cm. The cones 
are each 3 ст long. 
Find the surface area of the curtain rod. 
Бал 15сц зев 


‘The diagram shows a child’s toy. It is a hemisphere surmounted 
by a cone. 

The radius of the hemisphere is 4 cm and the slant height of the 
cone is 5cm. 

Find the surface area of the toy. 


ABCDE is a right pyramid on a rectangular 
base, 8 ст by 6cm. 

The height of the pyramid is 5 em. 

His the midpoint of AB. 

Find 

a the length of EH 

b the surface area of the pyramid 

c the angle EHG 
d 
e 


the length of DB 
the angles in triangle EBD. 


The diagram shows an open container for popcorn. gem 
It is a cuboid on top of a square-based pyramid. pp 
Find | 

a the height of the pyramid do EM sm 
b the height of one triangular face of the pyramid SS 

SIUS external/eurtaee area of card tues to jua 22 


the container. 
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e 


which is a tetrahedron. 

The length of the prism is 1 m and the length of each side of the 

triangular cross-section is 2 cm. The sloping edges of the spike 

are 6cm long. 

a Findthe height of one sloping triangular face. 

b Find the surface area of the rod. 

€ There are 80 of these rods in a length of railing. All the 
surfaces of the rods are to be painted, except for the bottom 
ends. What area needs painting? 


10 Each rod in an iron railing is a prism with a triangular cross- 
section, which is an equilateral triangle, surmounted by a spike 


The diagram shows the frustum of a pyramid 


E H 
(i.e. a pyramid with its top sliced off). дээж 
ABCD and EFGH are both horizontal squares. S 
EA = FB = GC = HD = 6cm, AB = 10cm and 
EF = бет. ^ 
a Sketch the face FBCG. What shape is it? 
b Pisthe point on BC such that FPB = 90°. 2 
BP 


Calculate the length of FP. 
c Findthe surface area of the frustum. 


12 The curved surface of a lampshade is in the shape of 
тея UNS 
The radius of the circle forming the lower edge is 16cm 
and the radius of the circle forming the upper circle is 8cm. 
The slant height is 20 cm. 
a Sketch the net for making the curved surface. 
b Find the surface area of the curved surface. 


20cm. 


Consider again 

The diagram shows a solid that consists of a prism surmounted 
by a pyramid. 

The cross-section of the prism is an equilateral triangle. 


The height of the prism is 3 cm and the sloping edges of the 
pyramid are 6 cm long. 
Find a the surface area of the solid 
b the height of the solid. 
Now can you answer these question? 
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Consider Ano 


о 


AB is a tangent to the circles with centres О and С, touching them at A and В respectively. 
Find OC. 
You should be able to answer this question after you have worked through this chapter: 


2 


Jack has drawn about thirty different triangles of all shapes and sizes. For each one he 
measured the three angles and found their sum. The results he obtained varied from 178° 
to 181.5°. It was from demonstrations such as these in Book 7 that we concluded that the 
sum of the angles of any triangle is 180°. 

Could it be that this method is ‘jumping to conclusions’ and is unsatisfactory for many 
reasons? After all, it is impossible to draw a line because a line has no thickness and if it 
did not have thickness we could not see it! Furthermore, it is impossible to measure angles 
with absolute accuracy. The protractor Jack uses is probably capable of measuring angles 
at best to the nearest degree. The only conclusion that Jack can draw from his results is 

‘it seems likely that the angle sum of any triangle is 180”. However, ‘proof’ by examining 
particular cases leaves open the possibility that somewhere, as yet unfound, there lurks an 
exception to the rule. 

Jack needs to know if the result can be proved to be true for every triangle. If it can, several. 
other results follow. For example, if the angle sum of any triangle is 180°, the angle sum 

of the four angles in every quadrilateral must be 360* since one diagonal always divides a 
quadrilateral into two triangles. 

This chapter shows how certain geometric properties can be proved and how other 
properties follow from them. 


The need for proof 
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Deductive proof 

Learning geometrical properties from demonstrations gives the impression that each 
property is isolated. However, geometry can be given a logical structure where one property 
can be deduced from other properties. This forms the basis of deductive proof; we quote 
known and accepted facts and then make logical deductions from them. 

For example, if we accept that 


e vertically opposite angles are equal AN 

* and corresponding angles are equal, W 
then, using just these two facts, we can prove that 

alternate angles are equal. A 


In the diagram, р (vertically opposite angles) 
p°=r° (corresponding angles) 
sg =r 


Therefore, the alternate angles are equal. 
The symbol = means ‘implies that’ and indicates the logical deduction made from the two 
stated facts. 


This proof does not involve angles of a particular size; p°, 45 and r° can be any size. 
Therefore, this proves that alternate angles are always equal whatever their size. 


As a further example of deductive proof, we shall prove that in any triangle, the sum of the 
interior angles is 180°. 


А E Note that angles on a straight. 
/2» line, by definition, add up to 180°. 


£A PTA 


A D 


If AABC is any triangle and if AC is extended to D and CE is parallel to AB, then 
р° + 1° + д° = 180° (angles on a straight line) — (1) 
Ра (alternate angles) (2) 
(corresponding angles) (3) 


= p° +q° + r°= 180° 
i.e. the sum of the interior angles of any triangle is 180°. 


Because this proof does not involve measuring angles in a particular triangle, it applies 
to all possible triangles, thus closing the loophole that there may exist a triangle whose 
angles do not add up to 180°. 

Notice how this proof uses the property proved in the first example, that is, this proof 
follows from the previous proof. The angle sum property of triangles can now be used to 
prove further properties. 
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For example, the statements on the previous page also lead to another useful fact about 
angles in triangles: 


(2)and(3) f° +g°=q° +r 
i.e. an exterior angle of a triangle is equal to the sum of the two interior opposite angles. 


Euclid was the first person to give a formal structure to geometry. He started by making 
certain assumptions, such as ‘there is only one straight line between two points’. Using 
only these assumptions (called axioms), he then proved some facts and used those facts to 
prove further facts, and so on. In this way, the proof of any one fact could be traced back to 
the axioms. 


However, when you are asked to give a geometric proof, you do not have to worry about 
which property depends on which; you can use any facts that you know. One aspect of proof 
is that it is an argument used to convince other people of the truth of any statement, so 
whatever facts you use must be clearly stated. 


It is a good idea to set out your ideas in an orderly way before starting to write out a proof. 
The easiest way to do this is to mark right angles, equal angles, equal sides, etc. on the 
diagram. 

The exercises in this chapter give practice in writing out a proof. 


For Exercise 19a, you will need the following facts. 

Vertically opposite angles are equal. 

» Corresponding angles are equal. 

Alternate angles are equal. 

e Interior angles (of parallel lines) add up to 180°. 

* The angle sum of a triangle is 180*. 

» An exterior angle of a triangle is equal to the sum of the interior opposite angles. 

• An isosceles triangle has two sides of the same length and the angles at the base of 
those sides are equal. 

e An equilateral triangle has three sides of the same length and each interior angle is 60°. 


Worked example 


— Ina triangle ABC, the bisectors of angles В and C intersect at I. 
Prove that BIC = 90° — 1А 
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1 Prove that ACD = ABC + DEC 
A р 


2 Prove that ACB = 2CDB 
A (Ч р 


B D c 


4 CE bisects ACD and CE is parallel to BA. Prove that ЛАВС is isosceles. 
A Е 
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5 AML = ABC. 
Prove that ALM = ACB. 


Showing that a hypothesis is false 


We saw in the last section that drawing a few triangles and measuring the angles led us to 
say that ‘it looks as though’ the angles of any triangle add up to 180°. At that stage we had 
a hypothesis, which we then proved to be true for any triangle. 


It is also important to be able to show that certain hypotheses are in fact false. 


Suppose that some students are investigating the relationship between the number of lines 
drawn across a circle and the number of regions that the circle is divided into by those 


оюб 


Hine 2lines 3 lines 
2parts 4 parts 6 parts 


These three drawings led Tom to the hypothesis that n lines drawn across a circle give 2n 
regions. 


Jess, however, drew the lines in this way, showing that 3 lines can give A 
7 regions, and therefore that Tom's hypothesis is false. 9 


ZI 


Now consider the hypothesis ‘the square root of an even number is itself even’. This can be 
shown to be untrue using this counter example: Уб = 2.449... which is not an even number. 


Jess used a counter example to disprove the hypothesis. 


You may like to see if you can find a counter example to disprove the hypothesis ‘all prime 
numbers are odd’. 


Not every hypothesis can be either proved or shown to be false. In mathematics there are 
several well-known hypotheses in this category, one of which is Goldbach's conjecture. This 
states that ‘every even number greater than or equal to 6 can be written as the sum of two 
odd prime numbers’. At the time of writing no one has yet proved this to be true; on the 
other hand no one has yet found a counter example. 
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In questions 1 to 4, see if you can find a counter example to disprove each 
hypothesis. 
1 The square root of a positive number is always smaller than the number. 
2 Ifthe side of a square is xcm long, the number of units of area of the 
square is always different from the number of units of length in the 
perimeter. 
The diagonals of a parallelogram never cut at right angles. 
The sum of any two angles in a triangle is always greater than the third 
angle. 


Questions 5 and 6 give ‘proofs’ that are obviously invalid because they lead to 
untruths. In each case, find the flaw in the argument. 


5 It isa fact that 4-10=9-15 
Adding 25 to each side gives 4-1042-9-15-2 
Foris ё-38-9-8-30-8 
ie. (2-3 - (8-2 
Take the square root of each side 2-1-3-1 
Add § to each side 2 = 3 which is nonsense. 

6 Let x-y 
and obviously x? - ay =x? ау 
Now х= увоху =y? 

i.e. line 2 can be rewritten Pay =a? — 92 
Factorise a(x — y) = (x — yx + y) 
Divide both sides by (x — y) хэхжу 

but x = y, so хэхэх 

ie. x-2x 

ie. 1 = 2 which is nonsense. 
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A straight line joining any two points on the circle is called 
a chord. 


Any chord passing through the centre of a circle is called 
a diameter. 


Ss 


Any part of the circle is called an are. If the arc is less than half the circle, it is called a 
minor are. If it is greater than half the circle, it is called a major are. 


A 


aminorarcAB amajorarc AB 


The shaded area is enclosed by two radii and an arc. 
It is called a sector. 


A chord divides the area inside a circle into two regions called 
segments. The larger region is called a major segment and the 
smaller region is called a minor segment, 


Tangents 
The line PQ cuts the circle at A and B. Q 
AB is a chord. 
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Imagine that this line is pivoted at P. As PQ 
rotates about P, we get successive positions of the 
points A and B. As PQ moves towards the edge of 
the circle, the points A and B move closer together, 
until eventually they coincide. 


When PQ is in this position, it is called a tangent to the circle and we say that PQ 
touches the circle. (When PQ is rotated beyond this position, it loses contact with the circle 
and is no longer a tangent.) 


We therefore define a tangent to a circle as a straight line which touches the circle. 
The point at which the tangent touches the circle is called the point of contact. 

PT is a tangent to the circle. T 

T is the point of contact. B 


The length of a tangent from a point P outside the circle is the distance between P and the 
point of contact. In the diagram the length of the tangent from P to the circle is the length. 
PI 


The diagram shows a disc, of radius 20 cm, rolling along 
horizontal ground. 


a Describe the path along which O moves as the disc rolls. 
At any one instant, 

b how many points on the disc are in contact with the ground 
€ how far is O from the ground 


d how would you describe the line joining O to the ground and 
what angle does it make with the ground? 
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2 Copy the diagram and draw any 


3 Copy the diagram and draw any 
line(s) of symmetry. 


line(s) of symmetry. 


Æ N 


4 a Show that the chord AB is perpendicular to the radius 
ON which bisects AB. (Join OA and OB.) 


b Now imagine that the chord AB slides down the 


radius ON. E z 
i When the points A and B coincide with N, MU. 
what has the line through A and B become? i 
ii What angle does this line make with ON? 
Tangent property 


The investigational work in Exercise 19с suggests that 


a tangent to a circle is perpendicular to the radius drawn from the point of 
contact. 


The general proof of this property is an interesting exercise in logic. We start by assuming 


that the property is not true and end up by contradicting ourselves. (This is called ‘proof by 
contradiction’) 


4 
D 
» 
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TA is a tangent to the circle and OT is the radius from the point of contact. 


If we assume that OTA is not 90°, then it is possible to draw OS so that OS is 
perpendicular to the tangent, i.e. OST = 90°. 


Therefore, AOST has a right angle at S. 


Hence OT is the hypotenuse of AOST 

ie. OT>OS 

=> Sis inside the circle, as OT is a radius. 

= the line through T and S must cut the circle again. 

But this is impossible, as the line through T and S is a tangent. 


Hence the assumption that OTA + 90° is wrong, i.e. OTA is 90°. 


Some of the questions in this exercise require the use of 
trigonometry. 


Worked example 


— The tangent from a point P to a circle of radius 4.2 em is 7 cm long. 
Find the distance of P from the centre of the circle. 


OTP = 90° (tangent perpendicular to radius) 
OP? = OT? + TP? (Pythagoras’ theorem) 
= (4.2) +7 
= 17.64 + 49 = 66.64 
OP = 8.163... 


The distance of P from O is 8.16 cm, correct to 3 s.f. 
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In questions 1 to 5, O is the centre of the circle and AB is a tangent. 
to the circle, touching it at A. 


Find OB and CB. Find AB and OBA 
5» N 5 ix " 
2 
Я 
A 
A B . = 
Find the marked angle. Find ABO. 


A 


e 


circle centre O, touching it at A 
and C. 


Show that AABC is isosceles. 


7 AB isa chord of the larger circle and 
a tangent to the smaller circle. If O 
is the centre of both circles, find the 
length of AB. 
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8 Read Euclid's proof that there must be an infinite number 
of prime numbers. Then answer questions a—g. 


1 
2 


3 


Remo ae 


Assume that the largest prime number is p. 

When the number 2 X 8X 5X 7X 11 X 13X 17 X .. X p * 1 
is divided by any prime number, it leaves a remainder of 1. 
But every number greater than 1 is exactly divisible by at 
least one prime number. 

This gives a contradiction. 

Therefore, the assumption in line 1 is wrong and there cannot 
be a largest prime number, so there must be an infinite 
number of prime numbers. 

What are the next three numbers after 17 in the second line of 
the proof? 

What is the answer when 2 x 3 X 5 X 7 X 11 X 13 x 17 + 1 
is divided by 

i13 ii 5? 

What do the dots in line 2 represent? 

Why is line 2 correct? 

Why is line 3 correct? 

Prove that 30031 is a prime number. 

Find a prime number that is greater than 1000000 000, 

and state why you are sure that it is prime. 


Consider again 


AB is a tangent to the circles with centres O and C, touching them at A and B respectively. 
Now find OC. 
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Consider 


ABCD is a trapezium, with BC parallel to AD and AB equal to CD. BE is parallel to CD and 
angle CDE = 60°. 
Prove that AABE is equilateral. 


A E D 


You should be able to answer this question after you have worked through this chapter. 


Congruent triangles 


Two figures are congruent if one figure is an exact copy of the other. If the figures are 
drawn on squared paper, it is easy to determine if they are congruent. If the shapes are 
drawn accurately on plain paper, we can use tracing paper to see whether they appear to 
be congruent, but we need precise information about the lengths of sides and the sizes of 
angles to determine whether they really are congruent. 


Triangles are simple figures and we do not need very much information to determine 
whether one triangle is an exact copy of another triangle. 


B è q R 


ABC i 
If As роқ are congruent, it follows that 


AB=PQ) and 
AC=PR} and 
BC=QR) аһа 


To make an exact copy of these triangles, we do not need to know the lengths of all three 
sides and the sizes of all three angles. Three measurements are usually enough and we 
now investigate which three measurements are suitable. 
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In each of questions 1 to 4, make a rough sketch of AABC. 

Construct a triangle with the same measurements as those given for 

ЛАВС. Is your construction an exact copy of AABC? (Try to construct 

a different triangle with the given measurements.) 

1 ЛАВС, in which AB = 8cm, BC = 5em, AC = 6cm 

2 ЛАВС, in which A = 40°, Ê = 60°, C = 80° 

З ЛАВС, in which AB = Теп, BC = 12cm, AC = 8cm 

4 AABC, in which A = 20°, В = 40°, C =120° 

5 What extra information do you need about ЛАВС in questions 2 
and 4 in order to make an exact copy? 


Three pairs of sides 
From Exercise 20a, you should be convinced that we can make an exact copy of a triangle 
if we know the lengths of the three sides. 
Therefore, 

two triangles are congruent if the three sides of one triangle are 

equal to the three sides of the other triangle. 
However, if the three angles of one triangle are equal to the three angles of another 
triangle, they may not be congruent (but they are similar). 


Worked examples 


—> Decide whether the triangles in this pair are congruent. 
Give a brief reason for your answer. 


AC = PR Note that we write corresponding 


“As POR are congruent (three sides). vertices ono under the other 
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In questions 1 to 6, state whether or not the two triangles are 
congruent. Give a brief reason for your answers, All lengths are in 


centimetres. 
1A Р 4 A 
ол, 23 
Li & 6€ @ 8-8 f П r7 


Q 
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Give brief reasons for your answers to questions 7 to 10. 
7 A 10 B 9 A 


В x DX R 


Are AABD and AACD 
congruent? 


The point O is the centre of 
Which triangles are the circle and the radius is 
congruent? 5cm. Are AABO and ACDO 
congruent? 


Construct AABC, in which AB = 6cm, A= 30°, B = 60°. 


Construct APQR, in which PR = бет, P = 30°, Q = 60°. 
Construct ALMN, in which LM = 6cm, £ = 30°,M = 60°. 
Construct AXYZ, in which YZ = 6 em, = 30°, ¥ = 60°. 


CUR roy 


How many of the triangles that you have constructed are 
congruent? 

6 How many different triangles can you construct from the 
following information: one angle is 40°, another angle is 70° and 
the length of one side is 8cm? 
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Now you can see that we are able to make an exact copy of a triangle if we know the sizes 
of two of its angles and the length of one side, provided that we place the side in the same 
position relative to the angles in both triangles. In summary, 
two triangles are congruent if two angles and one side of one triangle are 
equal to two angles and the corresponding side of the other triangle. 


Worked example 


—- Decide whether these triangles are congruent. Give a brief reason for your answer. 


As PoR are similar (angles are equal) 


but not congruent (AB and PQ are corresponding sides and are not equal). 


In questions 1 to 8, state whether or not the two triangles are congruent. 
Give brief reasons for your answers. All lengths are in centimetres. 


KA Z Рањ 8 


à KOA үй! ! 
P di ° P 
=A р? 


406 


20 Congruent triangles 


9 Are AABC and AADC congruent? 


10 Are AABC and AADC congruent? 


ASS 
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Can you make an exact copy of the following triangles from the 
information given about them? (Try to construct each triangle.) 
1 ЛАВС, in which AB = 8cm, BC = 5cm, B = 30° 


2 AXYZ, in which XY = 8cm, XZ = 5cm, Y = 30° 
3 ДРК, in which Q = 60°, PQ = бст, QR = 8cm 
4 ALMN, in which LM = 8cem,M = 20°, LN = 4cm 
5 ADEF, in which DE = 5em, Ê = 90°, EF = 6cm 


Two sides and a right angle 


Can you make an exact copy of each of the following triangles from 
the information given about them? 


1 AABC, in which AB = беп, B = 90°, AC = 10cm 
2 APQR, in which PQ = 8cm, Q = 40°, PR = 6.5em 
З AXYZ, in which XY = 5cm, Y = 90°, XZ = 13cm 
4 ALMN, in which LM = 5em,M = 60°, LN = 4.5cm 
5 ADEF, in which DE = Тет, B= 90°, DF =10cem 

6 ARST, in which RS = 5cm, 8 = 120°, RT = 8cm 
y 


Can you calculate any further information about any of the 
triangles in questions 1 to 6? 
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In questions 1 to 8, state whether or not the two triangles are 
congruent. Give brief reasons for your answers, All lengths are in 
centimetres. 


LX р R 4 A P 
e 
в 9 d 5 6 
10 
10) in 
B CR 
Q Q 
B 
2 A R 5 A 
Р 
12 15 p: 12 
8 
! : : үд 
Bo4 C 
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R о 9 Are AABD and AADC congruent? 


Ч А 16 
Y a ^ 
8 
B 16 € р 
8 Р ОИ: 
4 
7 Q Р B р c 
us N 
c 


Summing up, two triangles are congruent if: 


either the three sides of one triangle are equal to the three sides of the other triangle 


or two angles and a side of one triangle are equal to two angles and the 
corresponding side of the other triangle (AAS) 


a АЧ 


or two sides and the included angle of one triangle are equal to two sides and the 
included angle of the other triangle (SAS) 


AR ey SS 


or the two triangles each have a right angle, and the hypotenuse and a side of one 
triangle are equal to the hypotenuse and a side of the other triangle (RHS). 


px OE ee 
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State whether or not each of the following pairs of triangles are 
congruent. Give brief reasons for your answers. All lengths are in 
centimetres. 


1 A 


25 


НО 


BA 3B 
9 
3/37 
B R 6 0 Р R 
6 7 c 
9 7 
с 8 A 


8 «3.2 4 
5 
A T 9 Р 
8, 8 3 
è Q 
c B Q R 
& 5 " 104 7 c g 
7 A 7 10 
8 8 
B r? 7 X 
mS 
с 9 
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11 bp . 


We do not need to know actual measurements to prove that triangles are congruent. If we 
can show that a correct combination of sides and angles are the same in both triangles, the 
triangles must be congruent. 


Worked example 


—- In quadrilateral ABCD, AB = DC and AD = BC. The diagonal BD is drawn. 
Prove that AABD and ACDB are congruent. 


A p First draw a diagram, Mark on 
your diagram all the information 
given and any further facts that 
you discover. The symbol ~ on the 
line BD shows that it is common 
to both triangles. 

р c 
InAs ABD, CDB, АВ = CD (given) 
AD = CB (given) 


DB is the same for both triangles. 


2 As ABD are congruent (SSS). 


1A в ABCD is a rectangle. Prove that AABC 
and ACDA are congruent. 
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2 AB and CD are diameters of the circle 
? ы. and O is the centre, 
cred p Prove that ЛАОР and ACOB are 
congruent. 
TS 
A 


ABCD is a kite in which AD = AB 


and CD = BC. Prove that AADC and 
: 8 ЛАВС are congruent. 
c 


4 р с ABCD isa parallelogram. Prove that 
/V AABD and ACDB are congruent. 


A B 
5 8 AD bisects angle BAC, DB is 
perpendicular to AB and DC 
is perpendicular to AC. Prove 
3 that AABD and AACD are 
A congruent. 
€ 


6 D E Prove that AABC and AEDC are 
X oben 
c 


> 
= 
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Ө| т» € ABCD is a square. Show that As ABE, 
X BCE, CDE and DAE are all congruent. 
А B 
9| 8 B D is the midpoint of BC. 
CE and BF are perpendicular 
to AF. Find a pair of congruent 
" triangles. 
D 
с 
A 
ө »» E c ABCD is a square. E is the midpoint of 


DC and F is the midpoint of AD. Show 
that AADE and ABAF are congruent. 
| 7 


ABC is an isosceles triangle in which 


A 
A 
AB = AC. 
D is the midpoint of AB and E is the 
р, E midpoint of AC. Prove that ABDC is 
congruent with ACEB. 


Q | 11 ABCD is a rectangle and E is the midpoint of AB. Join DE and 
CE and show that AADE and ABCE are congruent. 


Ө | 12 ABCD is a rectangle. E is the midpoint of AB and F is the 
midpoint of DC. Join DE and BF and show that AADE and 
ACBF are congruent. 
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Using congruent triangles 


Once we have shown two triangles to be congruent, it follows that the other corresponding 
sides and angles are equal. This gives a good way of proving that certain angles are equal 
or that certain lines are the same length. 


Worked example 


—- ABCD is а square and AE = DF 
Show that DE = CF 


In As DAE and CDF, 
AE = DF (given) 
DA = CD (sides of a square) 
DAB = CDF (angles of a square are 90°) We have written the triangles so 
that corresponding vertices are lined 
~. As DAE are congruent (SAS). GuWCEU OR Dcus 
Есе corresponding sides and angles. 
1 ^ BD bisects ABC. BE and BF are 
E equal. Show that triangles BED 
and BFD are congruent and hence 
" D prove that ED — FD. 
F 
с 
з л E в ABCD is a square and E and F 
are the midpoints of AB and BC 
respectively. Show that AADE and 
b: ACDF are congruent and hence 
prove that DE = DF. 
D с 
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€ D 


AB and CD are parallel and equal in length. Show that AAEB 
and ADEC are congruent and hence prove that E is the midpoint 
of both CB and AD. 


Worked example 


—> ABCD is a square. P, Q and R are points on AB, BC and 
CD respectively such that AP = BQ = CR. 
Show that PQR = 90°. 


Ifyou cannot see where to start, work backwards from what you need to prove. 
In this case, if PQR = 90°, then BQP + CQR = 90°, so ВӦР = CRQ, 
ie. As Gop are congruent, 


‘Therefore, we shall first prove that APBQ and AQCR are congruent. 


In APBQ and AQCR, 
BQ = CR (given) 
PBQ=QCR=90° (angles of a square) 


AB = BC (sides of a square) } AB-AP-BO-P 

AP = BQ (given) Е баре 

ie. РВ = QC 

. as PBQ 

2 As qop are congruent (SAS). 

: x-2 

InAQRC, y+z=90  (anglesoftriangle) 

s x+y=90 

Also, x°+ PQR + у° = 180° (angles on straight line) 
PQR = 90° 
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4 ABCD isa square and E is the midpoint of the diagonal AC. First. 
show that triangles ADE and CDE are congruent and hence 
prove that DE is perpendicular to AC. 


^ 


E 


D [3 


5 CD is parallel to BA and CD = CB = BA 
Show that ACDE and AABE are congruent and hence show that 
CA bisects BD. 


6 Using the same diagram and the result from question 5, show 
that ABEC and ADEC are congruent. Hence prove that CA and 
BD cut at right angles. 


7 Triangle ABC is isosceles, with AB = AC. 
BX is perpendicular to AC and СО is perpendicular to AB. 
Prove that BX = CQ. 
(Find a pair of congruent triangles first.) 


A 


= 
a 
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B D E e 


In the diagram, AB = AC and AD = AE. 
Prove that BD = EC. (Consider triangles ABD and ACE. ) 


9 ABisa straight line. Draw a line AX perpendicular to AB. On the 
other side of AB, draw a line BY perpendicular to AB so that BY 
is equal to AX. 


Prove that ARY = BYX. 


Properties of parallelograms 


In Books 7 and 8 we investigated the properties of parallelograms by observation and 
measurement of a few particular parallelograms. 
Now we can use congruent triangles to prove that these properties are true for all 


parallelograms. 
f FS 
> А 


A parallelogram is formed when two pairs of parallel lines cross each other. 

In the parallelogram ABCD, joining BD gives two triangles in which: 

* the angles marked x° are equal: they are alternate angles with respect to the parallel 
lines AD and BC 


• the angles marked у? are equal: they are alternate angles with respect to the parallel 
lines AB and DC 


• BD is the same for both triangles. 


“As ED are congruent (AAS) = BC = AD and AB = DC 


ie. the opposite sides of a parallelogram are the same length. 
Also, from the congruent triangles, 

A 
and ABC=CDA (уб +x°=x° +y°) 
ie. the opposite angles of a parallelogram are equal 
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Drawing both diagonals of the parallelogram gives four triangles. 
Considering the two triangles BEC and DEA: 

AD (opposite sides of the parallelogram) 

В DA | (alternate angles) 

BEC = AED (vertically opposite angles). 


“As REA are congruent (AAS) => BE = ED and AE = EC 


ie. the diagonals of a parallelogram bisect each other. 
The diagrams below summarise these properties. 


It is equally important to realise that, in general, 

» the diagonals are not the same length 

• the diagonals do not bisect the angles of a parallelogram 
• the diagonals do not cut at right angles. 


In Exercise 20k, you are asked to investigate the properties of some of 
the other special quadrilaterals. 


ABCD is a rhombus (a parallelogram 
in which all four sides are equal in 
length). 

Copy the diagram. Join AC and show 
that AABC and AADC are congruent. 
What does AC do to the angles of the 
rhombus at A and C? 

Does the diagonal BD do the same to 
the angles at B and D? 
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420 


v 
a 


ABCD is a rhombus. Use the results 
from question 1 to show that AABE 
and ABCE are congruent. 

What can you now say about 

a the angles AEB and BEC 

b thelengths of AE and EC 

€ thelengths of BE and ED? 


ABCD is a square (a rhombus with 

right-angled corners ). 

а Use the properties of the diagonals 
of a rhombus to show that AAED 
is isosceles. Hence prove that the 
diagonals of a square are the same 
length. 

b Are the two diagonals of every 
rhombus the same length? 


ABCD is a rectangle (a parallelogram 

with right-angled corners). 

а Prove that As ADB and DAC are 
congruent. 

b What can you deduce about the 
lengths of AC and DB? 


ABCD is a kite in which AB = BC and 

AD = DC. 

а Does the diagonal BD bisect the 
angles at B and D? 

b Does the diagonal AC bisect the 
angles at A and C? 

c 15 E the midpoint of either 
diagonal? 

d What can you say about the angles 
at E? 


A ABCD is a trapezium: it has 
just one pair of parallel sides. 
Are there any congruent 
triangles in this diagram? 


20 Congruent triangles 


Properties of the special quadrilaterals 

We can now summarise the results from Exercise 20k for special quadrilaterals. 
The properties of parallelograms are summarised on pages 418 and 419. 

A quadrilateral in which each angle is 90° is called a 

rectangle. 


A rectangle has opposite sides that are equal and parallel, 
and diagonals that are equal and bisect each other. 


A quadrilateral with four sides of equal length and each 
angle 90° is called a square. 


A square also has opposite sides that are parallel and equal 
diagonals that bisect each other at right angles. 


A quadrilateral with four equal sides (but not four equal 
angles unless it is a square) is called a rhombus. 


‘The diagonals of a rhombus bisect each other at right angles 
(but are not the same length unless it is a square) and bisect 


the angles of the rhombus. <) LS, 
<} 


‘The opposite sides are parallel and the opposite angles are ар 
equal. 
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ABCD is a rectangle. The diagonals 
AC and DB cut at E. 
How far is E from BC? 


ABCD is a rhombus in which 
AC = 6cm and BD = 8cm. 


Find the length of AB. 


ABCD is a rectangle in which 
CED = 60°. Find ECD. 


ABCD is a parallelogram in 


WN ma 
ABC = 120° and BCA = 30°. 
Show that ABCD is also a 
A rhombus. 
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Worked example 
—- ABCD isa parallelogram. E is the midpoint of BC and ^ B 
F is the midpoint of AD. 
Prove that BF = DE. 
Fj Е. 
р с 


In As АВЕ and CDE, 
AF = ЕС (} opposite sides of parallelogram) 
AB = DC (opposite sides of parallelogram) 
FAB = ECD (opposite angles of parallelogram) 
EDT AE are congruent (SAS). 
2ВЕ = DE 


ABCD is a parallelogram. AP is 


95 A B 
perpendicular to BD and CQ is 
« perpendicular to BD. 
ii Prove that AP = CQ. 
р d 


(2183 B ABCD is a rhombus. P is the midpoint 
of AD and Q is the midpoint of CD. 
Prove that BP = BQ. 


А! С 
D Q 
D 
@|7 ^ Р B ABCD is a square and Р, Q, R and S are 

the midpoints of AB, BC, CD and DA 
respectively. 

8 Q Prove that PQRS is a square. 

р R с 
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Ө! ғ Е Е ABCD is a rectangle. ABGH and BCEF 
are squares. 
Show that GF = BD. 


Parallelograms, polygons and congruent triangles 

The next exercise uses the following facts in addition to those already used. 

In a polygon 

* the sum of the exterior angles is 360* 

• the sum of the interior angles із (1807 — 360)", where n is the number of sides. 


If the polygon is regular, all the sides are equal and all the interior angles are equal. 


Worked example 


—- АВС is an isosceles triangle in which AB = AC. Point D is inside the triangle and 
DBC = DCB. Prove that AD bisects BAC. 


DBC = DCB (given) ^ 
= ABCD is isosceles 
= BD-CD 


In As ADB and ADC, BD = CD (proved) 
AB = AC (given) 
AD is common B c 


г. As ADB are congruent (SSS). 


.. BAD = CAD, i.e. AD bisects BAC. 
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1 ABCDEFGH is a regular octagon. 
Prove that ACEG is a square. 
2 A X, Y and Z are the midpoints of sides 
AB, AC and BC respectively. Prove that. 
Р ” AXYZ is congruent with AYZC. 


Hence prove that BXYZ is a 


parallelogram. 
B 7 [4 


З ABCDEF is a hexagon in which AB is parallel and equal to ED 
and BC is parallel and equal to FE. 
Join B to E and prove that ABC = FED. 
Hence prove that AABC and AFED are congruent. 
Hence prove that ACDF is a parallelogram. 


4 A AB = AC, BD is perpendicular to AC 
and CE is perpendicular to AB. 

А » Prove that ABDC and ACEB are 
congruent and hence prove that AAED 
is isosceles. 

B с 
Constructions 


In this section we use the knowledge gained in this chapter to construct some figures 
using only a straight edge and a pair of compasses. 


Bisecting angles 
Remember that bisect means ‘cut exactly in half’. 


The construction for bisecting an angle makes use of the 
fact that, in a rhombus, the diagonals bisect the interior 
angles. 


То bisect A, open your compasses to a radius of about бст. 


With the point on A, draw an arc to cut both arms of A at 
B and C. 
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With the point on B, draw an arc between the arms of A. 


Move the point to C (being careful not to change the radius) 

and draw an arc to cut the other arc at D. (If we joined CD 

and BD, we would have a rhombus ABDC, with AD as с, 
a diagonal.) 


Join AD. 
The line AD then bisects A. А 


Constructing the perpendicular bisector of a line 


The perpendicular bisector of the line segment XY cuts XY in half at right angles. To find 
this, we construct a rhombus with the given line as one diagonal, but we do not join the 
sides of the rhombus. 


Q 


To bisect XY, open your compasses to a radius that is about 3 of the length of XY. 
With the point on X, draw arcs above and below XY. 


Move the point to Y (being careful not to change the radius) and draw ares to cut the first 
pair at P and Q. 


Join PQ. 
The point where PQ cuts XY is the midpoint of XY, and PQ is perpendicular to XY. 


(XPYQ is a rhombus since the same radius is used to draw all the arcs, that is, 
XP = YP = YQ = XQ. PQ and XY are the diagonals of the rhombus. The diagonals of a 
rhombus bisect each other at right angles so PQ is the perpendicular bisector of XY.) 
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Dropping a perpendicular from a point to a line 


If you are told to drop a perpendicular from a point C to a line AB, this means that you 
have to draw a line through C which is at right angles to the line AB. 


іс 


---4Ч------в 


To drop a perpendicular from C to AB, open your compasses to a radius that is about 
1} times the distance of C from AB. 


ре B 


With the point on C, draw arcs to cut the line AB at P and Q. 


Move the point to P and draw an arc on the other side of AB. Move the point to Q and draw 
an arc to cut the last arc at D. 


Join CD. 
CD is then perpendicular to AB. 


Remember to keep the radius unchanged throughout this construction: you then have a 
thombus, PCQD, of which CD and PQ are the diagonals. 


Remember to make a rough sketch before you start each 
construction. Use suitable instruments, including a sharp pencil. 
1 a Construct an equilateral triangle of side 8cm. What is the 
size of each angle in this triangle? 
b Use what you have learned in part a to construct an angle of 
60°. Now bisect this angle. What size should each new angle 
be? Measure both of them. 


e Use what you have learned in part b to construct an angle 
of 30°. 
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2 a Draw a straight line about 10cm long and mark a point A near 


the middle, 


А 
You have an angle of 180° at A. Now bisect angle A. What is the 

size of each new angle? Measure both of them. 

b Use what you have learned in part a to construct an angle of 90°. 
€ Construct an angle of 45°. 


3 Construct the following figures using only a ruler and a pair of 
compasses. 
a c 


бст. 
b Вет 
E 
ЁС“ 


4 Construct a triangle ABC, in which АВ = бет, BC = 8cm and 
CA = 10cm. Using a ruler and compasses only, drop a perpendicular 
from B to АС. 


5 Construct a triangle PQR, in which PQ = бет, PR = бст and 
RQ = 10cm. Using a ruler and compasses only, drop a perpendicular 
from R to QP (if necessary, extend QP). 


6 Construct the isosceles triangle LMN, in which LM = бет, 
LN = MN = 8cm. Construct the perpendicular bisector of 
the side LM. Explain why this line is a line of symmetry of ALMN. 


т Draw a circle of radius 6 cm and mark the centre C. Draw a chord AB 
about 9 cm long. Construct the line of symmetry of this diagram. 


8 Construct a triangle ABC, in which AB = 8cm, BC = 10cm and 
AC = ст. Construct the perpendicular bisector of AB. Construct ће 
perpendicular bisector of BC. Mark G where these two perpendicular 
bisectors intersect. With the point of your compasses on G and with a 
radius equal to the length of GA, draw a circle. 

This circle should pass through B and C, and it is called the 
circumcircle of AABC. 
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Worked example 


—> Construct a triangle АВС, in which AB = 9.5 cm, BC = 7 cm and ABC = 60°. 
Find the point D, within the triangle, that is 2cm from AB and 5 ст from C. 
Measure BD. 


Points that are 2em from AB lie on one or 
other of the two lines, PQ and RS, which are 
shown parallel to AB. Points that are 5em 
from C lie on the circle, centre C, radius 5 cm. 
‘This circle cuts PQ at D and E but cannot cut 
RS. Therefore, we do not need to draw RS in 
the accurate construction, 


From the sketch, 

D satisfies the given. 
conditions, but we cannot. 
be certain whether E 

lies inside or outside the 
triangle until we do the 
construction. 


BD = 6.8cm 
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9 a Construct a triangle ABC, in which AB = 13cm, ABC = 45° 
and BAC = 30° 

Draw a line that is 2.5 ст from BC. 

Draw a line that is 1.5 ст from AB. 


d Hence find the point, P, within the triangle, that is 2.5 em 
from BC and 1.5ст from AB. Measure AP. 


e 


10 ABCD is a rectangle with AB = 8cm and BC = 5cm. Construct 
this rectangle and find the point P which is 2em from AB and 
equidistant from AD and BC. Measure PB. 


11 Construct a triangle ABC, in which AB = 9.5 cm, BC = 8cm and 
ABC = 60°. Find the point D, on the opposite side of AB from С, 
that is 7em from BC and 4.5 ст from AC. Measure CD. 


12 Construct a rectangle ABCD, in which AB = 6.5cm and 
AD = 8cm. Find the point X which is 3cm from AD and 
equidistant from AD and DC. Measure DX. 


13 ABC is a triangle, in which AB = 12cm, BC = 9cm and 
BC = 90°. Construct this triangle and find a point D that is 
4.5 cm from BC and equidistant from A and C. Measure AD. 


Mixed exercise 


1 Decide whether or not the following pairs of triangles are congruent. Give 
brief reasons for your answers. All lengths are in centimetres. 


b р P d A R 
n 2 KO 
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AD = BC. D c 
Prove that AADE and ABCE are congruent. 


O is the centre of a circle and 
D is the midpoint of AB. 
Prove that OD is 


rans perpendicular to AB. 
Цог v 


ABCDEF is a regular hexagon. Prove that ABDE is 
a rectangle. 


M is the midpoint of the side AB of AABC. А 
The line through М parallel to BC meets AC at 

point H. Mj 

The line through M parallel to AC meets BC at. 
point K. 

Showthat a MH-BK b MK-AH 

Construct a triangle XYZ, in which XY = 12cm, XZ = 5cm and 


YZ = 9cm. Using only a ruler and a pair of compasses, drop a 
perpendicular from Z to XY. Hence give the distance of Z from XY. 


Draw a circle of radius 5 cm. Label the centre О and mark a point 
T on the circumference. Construct the tangent to the circle at T. 
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Summary 4 
Trigonometry 
In a right-angled triangle, с 
the tangent of an angle 
.. Side opposite the angle хоосон мисс 


side adjacent to the angle 
the sine of an angle 


_ side opposite the angle adjacent 


hypotenuse 
the cosine of an angle 


_ side adjacent to the angle 
x hypotenuse 


or more briefly, 


opp _ BC 
adj АВ" 


tanA = sin A = PPP 
yp 


= BC R= adi АВ 
PAG eae 


Pyramids, cones and spheres 


A pyramid has a base which is a polygon. The shape of a pyramid is 
given by drawing lines from a point, called the vertex of the pyramid, to 
each corner of the base, Each sloping face is a triangle and the number 
of these depends on the shape of the base. 


This is a square based pyramid. 


A pyramid with a triangular base is called a tetrahedron. 


The curved surface area of a cone is given by nrl. 
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The surface area of a sphere is given by 47r? 


Congruent triangles 


Two triangles are congruent if 


either the three sides of one 
triangle are equal to 
the three sides of the 
other triangle 

or two angles and a side 
of one triangle are 
equal to two angles 
and the corresponding 


side of the other 
triangle 


or two sides and the 
included angle of one 
triangle are equal 
to two sides and the + + 


included angle of ће 
other triangle 


or two triangles each 
have a right angle, and 
the hypotenuse and a 


side of one triangle are 
equal to the hypotenuse 
and a side of the other 
triangle. 


Special quadrilaterals 


The properties of the special quadrilaterals are given in the diagrams 
below. 


Rectangle 
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Constructions 
The diagrams show ‘ruler and compass only’ constructions. 


зо 


angle of 60° angle of 30° angle of 90° 
bisecting an angle perpendicular bisector dropping a perpendicular 
ofaline from a point to a line 


Circles and tangents 
A line joining two points on the circumference of a circle is a chord. 
A line that touches a circle is a tangent. 


The point where a tangent touches a circle is called the point of contact. 


A segment of a circle is the part of the circle cut off by a chord. 


point of tangent 


contact Ny 


Tangent property 
A tangent to a circle is perpendicular to the radius drawn through the 
point of contact. 
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REVISION EXERCISE 4.1 (Chapters 16 and 17) 


1 Find, correct to 3 significant figures, the tangent of 
a 23* b 47° e 362* d 72.9° 


2. Find, correct to one decimal place, the angle whose tangent is 


a 0.62 b 34 e 1333 di 


3 In AABC, B = 90°, A = 59° and BC = 18cm. Find AB. 


A 


B 18cm 


4 Find, correct to one decimal place, angle A in each triangle. 


a с b A 
Pa: TN 
A B 
Sem 

3 15cm $ 
с в da с 
34cm 
74cm 
222 т 13ст 
5 
А 


5 The bearing of a town Q from a town Р is 041.7°. 


Ris 14 km due North of P and R is due West of Q. R| 

a How far is Q East of R? 

b Use Pythagoras’ theorem to find the distance of 14km 
P from Q. 
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6 Find, correct to 3 significant figures, 


a 
b 
с 
а 


sin 67° 
cos 24° 
sin 42.7° 
cos 62.8° 


7 Find, correct to 1 decimal place, angle A if 


a 
b 
(3 
d 


8a 


10 From a point A on the ground, 3 т from the foot of a 
vertical pole, the angle of elevation of the top is 52°. 


a 


sin A = 0.474 
cos A = 0.926 
sin A = 0.8682 
cos A = 0.5432 


A- B 


Find BC and AB. 


How high is the pole? 


12cm 


Find AC. 


b A supporting wire runs from the top of the pole to A. 


How long is this wire? 


REVISION EXERCISE 4.2 (Chapters 18 to 20) 


1 A solid is formed from two equal cones whose diameters 


are equal to their heights. The distance between the 


vertices is 12cm. 


Find the surface area of the solid. 


nm 
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2 Construct a triangle ABC in which AB = 10.5cm, BC = 6.4cm 
and AC = 8.6cm. Construct the perpendicular bisector of AB and 
the bisector of ABC. Mark the point X where they cross. 

Measure AX. 


3 The diagram shows a regular tetrahedron 
whose edges are 4cm long. 


Find the surface area of this solid. 


4 Find the surface area of this solid. Sem 


Sem 
аст 


40? 


5 Decide whether or not the two given triangles are congruent. 
Give brief reasons to support your answer. 


b 2 


Jem 


6 O is the centre of the circle, BT and AT are 
tangents to the circle. Prove that OATB is a 
square. A 
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Summary 4 


7 a Ois the centre of the circle. AP and BP are tangents to the circle. А 
Find АРВ. 
b Prove that triangles OAP and OBP are congruent. 6) > Р 
6 
8 PT and PS are the two tangents from P to a circle centre O. т 
РТ = 8cm and OP = 10cm, Find the length of /Х 
a OT P 


ca 974 


9 САВ is the tangent at A to a circle centre О. Ke 
Find the marked angles. G 
Ab 
To агт. 


10 The radius of a cylindrical drum is 20 cm and the drum is 120 cm high. 
Find as a multiple of 7 
a the capacity ofthedrum in icm? ii litres 
b the total external surface area of the drum. 


REVISION EXERCISE 4.3 (Chapters 16 to 20) 


la Find, correct to 3 significant figures 


i tan 56° ii tan 37.7* 
b Find, correct to 1 decimal place, the angle whose tangent is 
i 0.492 us iii 2! 


с In AABC,B = 90°, A = 36° and AB = 6cm. Find the length of BC. 


2 The diagram shows the cross-section of a ridge tent. The tent is 1.4m с 
wide at ground level and BAC = ABC = 69°. 
How high is the ridge of the tent above the ground? 


STP Maths 9 


3 


4 


a 


8 
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a In AABC, B = 90°, AB = 3.8cm and AC = 4.5 cm. Find A and C. 
b In APQR, = 90°, RQ = 5.6cm and P = 29°. Find PR. 
a Find AC. с 
7 9ст 
Anm L1 


b ABCD is a rectangle in which DC = 4cm and the diagonal 
BD = 15cm. Find, correct to the nearest whole number 
i DBC ii BC. 


For each triangle, say whether or not you can make an exact copy. 
If you cannot, give reasons to support your answer. 


a AABO,in which AB = Тет, AC = 8cm, Ĉ = 50°. 
b APQR,in which PQ = 5cm, PR = 7em,P = 90°. 
с AXYZ, in which YZ = 9cm, X = 40°, Z = 65°. 

d ARST, in which RS = RT = 5cm, 8 = 40°. 


a 


Two straight lines AB and CD intersect at O. 
M is the foot of the perpendicular from C to AB and N D 
is the foot of the perpendicular from D to AB. 9. 

If CM = DN, prove that triangles ОСМ and ODN are 
congruent. 


С) 


In the diagram, АМ = BN and AN = BM. ^ d 
Prove that 

a triangles AMN and BNM are congruent 

b MAN = MBN 

€ triangles AMX and BNX are congruent M N 
d XÁN -XNM 

e МХ = М, 


ABCD is a regular tetrahedron whose edges are 8cm long. D 
Bis the midpoint of BC. 


Find the length of DE. Hence find the surface area of the solid. 


Summary 4 


9 PT is a tangent at T to a circle centre O. 
Find, giving reasons 


QRT 


10 AB and EF are tangents to the circle. ^ B 
BE is the diameter. 


Prove that AB is parallel to EF. 


REVISION EXERCISE 4.4 (Chapters 1 to 20) 


la 


Use dot notation to write as a decimal 
iu 
ig 
T5 
Mor 
Express as a fraction 
i 0.7 
ii 0.07 
Find (63 — 4$) x 24 


A greengrocer buys a box of 150 oranges for £40.50 and sells 
them at 52 p each. Find his percentage profit. 

Find the compound interest on £750 invested for 2 years 

at 4.5596. 


3 Expand 


Roop 


4a(b — 3c) 

(x = 6x + 2) 

(4x — 1)5 + х) 
(5p + 24Х5р — 2q) 


Factorise 
іа? +а? 
ii x*- 4x — 21 
iii x? + 10x + 24 
Тугал 
Find the value of 7.54? — 2.46? without using a calculator. 
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Ба ИТ = (у — 32), find T when x = 3,y = 4andz = $. 
b Make the letter in brackets the subject of the formula. 


ia-b-c (b) 
4z=9x-2y (0) 
ii A=b + te (c) 


с Find, in terms of n, an expression бог the nth term of the 
sequence 5, 8, 13, 20, ... 
4 IfA -2mr(r + А) and h = 2r, find 
i Ain terms ofr 
ii A in terms of h. 


6 a Solve the equations. 
i x? + 5x — 36 =0 
ii 6x? – 18r = 0 
iii 63 = 16x — x? 
b I think of a positive number x. If I square it and add this to the 
number I first thought of, the total is 56. Find the number I first 
thought of. 


7 The diagram shows the cross-section of a З т length of 
angle iron. Find 
a the area of the cross-section in 
i cm? 
ii m? 
b the volume of the angle iron in mê. 


8 a Show that triangles ABC and ADE are similar. 
b Given that AD = 12cm, BC = 6cm and DE = 8cm, 
find BD. 


> 


9 a In AABC,B = 90°, C = 32° and AC = 12.5cm. Find 
i AB 
ii BC. 
b In APQR, Q = 90°, P = 63° and PQ = 4.3cm. 
Find 
ii QR 
ii the perpendicular distance from Q to PR. 
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Summary 4 


10 Prove that ACD = 2BAC. в 


REVISION EXERCISE 4.5 (Chapters 1 to 20) 


1 Daisy is asked to choose a date at random from the year 
2010. Calculate the probability that the day is 


a day in April 

a Sunday in February 

a day in November 

a day in April or November 


og ocn» 


either a day in January or a Sunday in February. 


Would any answers have been different if the chosen year was 2012 


instead of 2010? Explain your answer. 


2 At a steady speed а car uses 8 litres of fuel to travel 96 km. At the 


same speed 


a what distance would it travel using 7 litres of fuel 
b how many litres would the car need to travel 240 km? 


3 The length of the arc AB is 5cm and the arc subtends an 
angle of 63° at the centre of the circle. Find 


а the radius of the circle 
b the area of the sector. 


4 The heights of two varieties of broad bean plant were measured five 
weeks after planting and the following data was obtained. 


Variety A 


&) Sem 


5<h<10 


10=л < 15 


15 = h < 20 


0-7-5 
8 


5 


25 


13 


5sh<10 


10<h<15 


15 <h<20 


O<h<5 
4 


14 


17 


a Find the median, the range and the interquartile range for the 
heights of each variety after five weeks. 


т 


varieties after five weeks. 


Use your results from part a to compare the heights of the two 
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5 Solve the simultaneous equations 


8a 


2x y- 16 
Bx + 2y = 26 
Bx + By =8 
5x — 3y = 36 


Which of the graphs could represent the equation y = 2x — x? — x°? 


A B c D 
» E yi » 
A f We N ^s 
o Ww o| = 
o NX 


Three cars were observed approaching a set of traffic lights. 
The graphs show how the speeds of each car changed. Describe the 
way in which the speed of each car changed. 


i ii iii 
Ei 3 3 
4 & & 
9 ‘Time 9 Time 5 Time 


On x- and y-axes scaled from —3 to 16, plot the points A (6, 6), 
B(5, 4), C(7, 3) and A, (6, 10), B, (3, 4), C, (9, 1). 


Find the centre and scale factor of the enlargement that transforms 
AABC onto AA,BiC;. 


A translation of AA;B;C; is defined by the vector ( 3) and the 


resulting figure is reflected in the line x = 6 to give ЛА,В,С,. 
Write down the coordinates of the vertices of ЛАВ». 


Find PQ. 
R 
7em 

P Q 

In AABC, B = 90°, AB = 6.4cm 


and BC = 4.5cm. Find A. 


Summary 4 


Distance from A (km) 


. llam.l2noon lpm. 2pm. 3pm. 4pm. 
Time 


0: 
7am. Вал. 9am. 10a: 


The graph shows the journey of two hikers, Imran and Joe, who set out from A to 
walk 18 km to a mountain centre B. They walked at a steady pace until they stopped 
for a rest, then continued towards the mountain centre at the same rate. Before they 
arrived at B, Imran injured his foot, which forced them to stop. In a short while, Joe 
decided to press on to B to seek help. He returned to Imran with the rescue party. 
After attending to Imran, the whole party returned to A, carrying Imran. 
Use the graph to answer the following questions: 
a How far did the hikers walk before they stopped to rest? 
b For how long did they rest? 
€ How long did Joe stay with Imran before he left to get help? 
d At what time did the rescue party 
i leave B. 
ii begin their journey to A with Imran 
iii arrive at A? 
e Find Joe's average speed 
i for the first part of the walk 
ii for the whole journey from A to B. 
f Find the average speed at which Imran was carried to A. 
g How long was Joe at the mountain centre before the rescue party left? 
h Find Joe's average speed for his whole journey, including stops, from A to the 
mountain centre and back to A. 
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10 ABCDEFGH is a cuboid. 


H 
a Find the surface area of the cuboid. 5 eS (9 


b Find the length of 


i EB 4em| 
ii BG. 1 с 
с Find the angle GEB. ат m 


Mental ai 


1 Make с the subject of the formula 2a = b + 3c 
2 Increase 44 kg Бу 

3 Express 25 cm? in шиг. 

4 Express 0.48 as a fraction in its lowest terms. 


5 A number R is the sum of the square of a number p and the square 
of a number q. Write down a formula connecting R, p and q. 

6 Simplify 2b x 7b? 

7 If you are given an angle in a right-angled triangle and the length 
ofthe hypotenuse, which trig ratio would you use to find the side 
next to the angle? 


8 Shannon is 156 ст tall to the nearest centimetre. What is her least 
possible height? 


9 Which is the larger: 0.33 or 3.4%? 
10 Find 1 + 0.3? as an improper fraction. 
11 Decrease £72 by 7 
12 Solve the equation (x + 5)(x — 11) = 0 
13 Find the value of (a — 2b) when a = ~3 and b = 2 
14 Find 20 + 13 
15 Find, in terms of n, the n'^ term of the sequence 6, 9, 12, 15, ... 
16 Increase £60 in the ratio 3 : 5. 
17 Divide £120 in the ratio 7 : 3. 
18 Express 6.05 as a percentage. 
19 What is the formula for the surface area of a sphere? 


20 Find the coordinates of the point where the line y = x + 3 crosses 
the x-axis. 


21 Solve the inequality x — 4 = 4 
22 What are the prime numbers between 20 and 30? 


23 If you are given an angle in a right-angled triangle and the length 
of the side opposite this angle, which trig ratio would you use to 
find the side adjacent to the angle? 
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Summary 4 


49 
50 
51 
52 


What is the missing word in this sentence? 
Every point on the perpendicular bisector of the join of two points A 
and B is ... from A and B. 


Expand (2a — 7Ya — 4) 
Solve the inequality 7 < x + 12 


Ina right-angled triangle you are given the lengths of two sides, 
neither of which is the hypotenuse. Which trig ratio would you use 
to find either acute angle? 


Express 0.004 m? in cm?, 

What name is given to a polygon with 8 sides? 

What is the value of 4? + 39? 

What is 0.77 in standard form? 

One copy of a new book is 25 mm thick. What is the height, in 
centimetres, of a pile of 14 of these books? 

What is the value of 3 — 5x when x = —1.5? 

2 


Express the ratio 2:5. in the form 1:n. 


In a right-angled triangle you are given the length of the side 
opposite an angle and the hypotenuse. Which trig ratio would you 
use to find the angle? 


Increase 45cm by 2 

Find 445 + 1259 

Expand (x + 7)(x — 3) 

What is the square root of 1.44? 

Express 0.0006 m in em?, 

Find 30 minutes as a percentage of 3 hours. 

Express 0.2 recurring as a fraction. 

Find x when } = 5 

Pete buys shoes at £50 a pair and sells them at £80 a pair, Find his 
percentage profit. 

Express 12 as a decimal. 

Write down the sum of the interior angles of a parallelogram. 


Ifyou are given an angle in a right-angled triangle and the length 
of the side adjacent to this angle, which trig ratio would you use to 
find the side opposite the angle? 


Factorise x? — 3x — 18 

Express 2756 cm in metres. 

Simplify 24a + 6a 

The area of a square is 25 сп, Find its perimeter. 
How many square metres are there in 1 hectare? 
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53 Express 0.055 as a percentage. 


54 Ifyou are given an angle in a right-angled triangle and the length 
of the side opposite this angle, which trig ratio would you use to 
find the hypotenuse? 


55 Which is the smaller: 14% or 17 


Are the statements in questions 56 to 60 true or false? 
56 —3 is an integer. 
57 Any two rectangles are similar. 


58 The square on the longest side of a triangle equals the sum of the 
squares on the other two sides. 


59 Ifthe tan of an angle in a right-angled triangle is $ the tan of the 
other angle is 2. 


60 The longest side of a triangle is opposite the largest angle in the 
triangle. 
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acre 
angle of rotation 

angle subtended by an are 
are 

arithmetic progression 
bisect 

centre of rotation 

chord 


coefficient 


common fraction 


compound interest 


compound transformation 
congruent 
construct 


cosine of an angle 


counter example 


cubic curve 


cubie foot. 
cubic inch 
cubic yard 
cumulative frequency 


cumulative frequency 
curve 


cumulative frequency 
polygon 


cumulative frequency 
table 


decimal fraction 


density 


difference between 
two squares 


an imperial measure of area used for areas of land such as fields or farms 
the angle through which an object is rotated 

an angle whose arms finish at each end of an are 

part of a circle 

а sequence whose successive terms differ by the same amount 

cut in exact halves 

the point about which an object is rotated 

a line joining two points on a circle 


the number which multiplies a letter or combination of letters, e.g. 4 is the 
coefficient of 4x, 4ху and 4x? 


a fraction in which both the numerator and denominator are whole numbers, 
2 
egi 


interest which is added to the total so that the interest for the next period of time 
is calculated on the new total 


one transformation followed by one or more other transformations 
objects are congruent when they are exactly the same shape and size 
draw accurately 


in a right-angled triangle, the ratio of the side adjacent to the angle to the 
hypotenuse 


an example that proves that a hypothesis is wrong 


a curve whose equation has the form y = ax’  bx* + ex + d = 0, where a # 0 but 
b, c, d may be 0 


a volume equivalent to a cube of side 1 foot 
a volume equivalent to a cube of side 1 inch 
a volume equivalent to a cube of side 1 yard 
the total number of values up to a particular value 


a smooth curve drawn through plots of cumulative frequency against each value 
or, for grouped data, plots of the highest value in each group in a distribution 


straight lines joining plots of cumulative frequency against each value or, for 
grouped data, plots of the highest value in each group in a distribution 


a table listing total frequencies up to each value in a distribution 


a fraction with a denominator that is a power of 10, with just the numerator 
written after a decimal point, e.g. 1 and ті. is written as 1.04 


the mass per unit volume 


expressions of the form a? — b? 
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Key words 


dimensions of a formula 


direct proportion 


displacement 
x 


enlargement. 
equation 
exhaustive 
exponential graph 


expression 


factorising 


formula 


geometric progression 


gradient 


hectare 
hemisphere 
hyperbola 
hypotenuse 
identity 


independent events 
interest 
interquartile range 


invariant line 
invariant point 


inverse proportion 
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the dimension of a formula is either length, area or volume and depends on 
whether the formula involves terms with a single letter, or the product of two 
letters, or the product of three letters, where the letters represent lengths 


two quantities are in direct proportion when one quantity is always the same 
multiple of the other quantity, e.g. when pens cost 50 p each, the cost of n pens is 
always 50n р 


the distance and direction of an object from a fixed position 


a symbol meaning ‘the sum of’, e.g. Xn means the sum of values of from 1 to a 
given value 


making a shape larger or smaller 

an equality between two expressions, e.g. 2x — 5 = 2 

describes the set of all possible outcomes in an experiment 

a graph representing an equation of the form y = a*, where a is a constant 


а collection of algebraic terms that does not include an equals sign, 
eg. 2x — By + ay 


expressing as the product of two or more expressions 
an instruction for finding one quantity in terms of other quantities 


the number of times an event or group of events occurs 


the part of a solid between its base and a plane parallel to its base, usually of a 
cone or pyramid 


a sequence where each term is the same multiple of the previous term, 
e.g. 3,6, 12, 24, 48, .. 


the gradient measures the rate at which the quantity on the vertical axis is 
changing as the quantity on the horizontal axis increases. The gradient of a 
straight line is constant, 


‘The gradient of a curve at a point on the curve is measured by the gradient of the 
tangent to the curve at that point. 


a metric measurement of area, usually of fields or farms 
half a sphere 

the shape of the curve whose equation is of the form y = 2 where a is a constant. 
the side opposite the right angle in a right-angled triangle 

the equality between two different forms of the same expression, e.g. a + За = 4a 


events where the occurrence of any one event has no effect on the occurrence or 
otherwise of the other events 


money added to a deposit or loan, usually given as a percentage of the amount 
deposited or loaned 


the range of the middle half of a set of figures when they are arranged in order of 
size 


a line that stays the same in size and position when an object is transformed 
a point that stays in the same position when an object is transformed 


two quantities are in inverse proportion when their product is constant, e.g. the 
product of the time taken, ¢ hours, and the average speed, s km/h, of a car to 
travel a fixed distance is constant, since distance = speed х time 


inverse square law 


-0 


linear equation 


lower bound 
lower quartile 


major are 
major segment 
midclass value 
minor are 
minor segment 
mirror line 


mutually exclusive 


natural number 
outlier 


parabola 
perfect square 


piece-wise 
linear graph 
possibility space 
principal (money) 
prism 


probability tree 


== Ду 


Pythagoras’ theorem 


quadratic equation 
quadratic expression 
raw data 

reciprocal 

reciprocal curve 


reciprocal equation 


Key words 
two quantities are related by the inverse square law when the relationship 
between them has the form ух? = a, where a is a constant. 

a quadrilateral with two pairs of adjacent sides the same length 


a linear equation only involves letters to the power one, e.g. y = 3x + 5 


the lowest value given in a range of values, which may or may not be included in 
the range, e.g. 1 is the lower bound of 1 < x < 2 


the value one quarter through a set of values when they are arranged in 
ascending order of size 


an are that is greater than half the cirele 
a segment that is greater than half the area of the circle 
the value half way through a group of values 

an arc that is less than half the circle 

a segment that is less than half the area of the circle 
the line in which an object is reflected to give an image 


two events are mutually exclusive when they cannot both happen at the same 
time, e.g. when a coin is tossed once, getting a head and a tail are mutually 
exclusive. 


a counting number, i.e. 1, 2, 3, 4, ... 
a value which is much larger or smaller than other values in a set of values 


the shape of a curve whose equation has the form y = ал? + bx + e = 0, 
where a # 0 


an expression that can be expressed as the square of another expression, 
egi — 4x + 4 (= (x — 2)) 


a straight line graph made up of two or more lines with different gradients 


a list or table giving all possible outcomes in an experiment 
the initial amount borrowed or invested 
a solid whose cross-section is constant 


a diagram illustrating the probabilities involved in two or more events 
a solid whose base is a polygon with triangular faces meeting at a point. 


in a right-angled triangle, the square on the hypotenuse is equal to the sum of 
the squares on the other two sides 


equation that can be written in the form ах? + bx + 0, where a #0 


an expression of the form ах? + bx + c, where a # 0 
а set of information that has not been sorted 

1 divided by a number, e.g. the reciprocal of 2 is } 

a curve whose equation has the form y = 4, where a is a constant 


an equation of the form y — t where a is a constant. 
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Key words 


recurring decimals 
reflection 


regular terahedron 
right circular cone 
roots 

scalar 

scale factor 

sector 

segment 


similar 


simultaneous equations 
sine of an angle 


slant height of a cone 
sphere 
standard form 


stem-and-leaf diagram 
subject of a formula 
subtend 

tangent of an angle 


tangent to a circle 


trial and improvement. 


translation 
trapezium 
tree diagram 
upper bound 


upper quartile 


vector 
Venn diagram 


vulgar fraction 
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a decimal that does not terminate and consists of a repeating digit or a repeating 
pattern of digits 


a transformation giving the mirror image of an object in a line (called the mirror 
line) 


a pyramid, each of whose faces is an equilateral triangle 
а cone with a circular base whose vertex is above the centre of the base 

the roots of an equation are the values of the unknown that satisfy the equation 
a quantity that is fully defined by a number, c.g. length is a scalar 

the number that multiplies the lengths of an object to give the enlarged image 
the shape bounded by an are of a circle and two radii 

the shape bounded Бу an arc of a circle and a chord 


two objects are similar when they are the same shape but different sizes, e.g. an 
object and its image under an enlargement are similar 


a set of different equations with a common solution 


in a right-angled triangle, the ratio of the side opposite the angle to the 
hypotenuse 


the distance between the vertex and a point on the circle forming the base 
a solid in which every point on its surface is the same distance from its centre 


a number written as the product of a number between 1 and 10 and a power of 
10, e.g 2.4 х 10° 


a method of grouping data without losing the detail of individual items (sce 
Chapter 8) 


the single letter that is equal to everything else, e.g. y is the subject of the 
formula y = 2x + z 


to form an angle that is enclosed by straight lines drawn from a line or arc to a 
point 

in a right-angled triangle, the ratio of the side opposite the angle to the side 
adjacent to the angle 


a straight line that touches a circle but does not cross the circle 


a method of finding a solution of an equation by guessing a solution and then 
trying an improved guess 


changing the position of an object without reflecting it or rotating it 
a quadrilateral with just one pair of parallel sides 
an illustration giving probabilities for two or more mutually exclusive events 


the highest value given in a range of values, which may or may not be included in 
the range, e.g. 2 is the upper bound of the ranges 1 = x < 2 and 1 < x <2 


the value three quarters of the way through a set of values when they are 
arranged in ascending order of size 


a quantity that requires both a size and a direction, e.g. displacement 


a diagram illustrating sets with circles inside a rectangle which represents the 
universal set 


a fraction of the form 9 where a and b are integers 


Note: Key terms are in bold type 


A 
acre 268,324 
adding 1,2,4,56 
adjacent sides 342, 344, 482 
algebraic expressions 12-13, 140, 207 
algebraic factors 141 
algebraic fractions 13 
anges 7 
acute 7 
alternate 8,314,391 
bisecting 425-6, 435 
of depression 8 
of elevation 8, 340, 351 
exterior 9,392,424 
interior 8,9, 391, 392, 424 
obtuse 7 
ata point 7 
of polygons 9,424 
іп quadrilaterals 8 
of rotation 10, 292, 293 
опа straight line 7,391 
subtended by an are 269 
in triangles 8,391, 392, 424 
appreciation 97 
arc 269-70, 324, 396 
area 6, 190, 282 
ofa cone 385,432 
ofa rectangle 6, 12, 231 
ofa sector 270 
ofa trapezium 264-5, 324, 380, 381 
units of 268 
arithmetic progression 192-3, 208 
formula for the nth term 193 
average speed 36, 37, 38-9, 40-1, 116 
axioms 392 
axis of symmetry 10 


B 
bacterial growth 254 
bar charts 178,179 
base number 5 
bearings 8,358 
bisect 425 
bisecting an angle 425-6, 435 
bisecting a line 426 
body mass index 189 
bollards 387 
bonds 100 
bounds 52, 53-4, 116 
brackets 
collecting numbers in 
145, 146 
expanding 130, 131, 132, 134, 138, 
139 


131, 138-9, 


product of two 128-9, 130, 131 

squared expressions 134, 135, 136, 
138 

summary 134, 135, 136, 137, 138 


c 
calculator use 61, 343, 345, 353, 362, 
373 
capacity 6,7 
centre of enlargement 11,305 
centre of rotation 10,292. 
changing the subject of formula 
185-6, 187, 188, 208 
chord 396,435 
circle 6, 269-70, 395-7, 435 
circumeircle 428 
circumference 6, 269-70, 435 
coefficient 197, 207 
coin tossing 67-8, 70, 73. 
collecting numbers in brackets 131, 
138-9, 145, 146 
common denominator 56 
common factor 141, 143, 207 
common fraction 59 
compound interest 96-7 
compound percentage 96,117 
compound transformation 294, 326 
conduit 264 
cones 282, 384-5 
surface area 385,432 
frustum 389 
slant height 385 
congruent 10,272 
congruent triangles 402, 403, 404, 
410, 412, 415, 433 
three sides 403, 410, 433 
two angles and aside 405, 406, 
410, 433 
two sides and an angle 407, 408, 
409, 410, 416, 433. 
constantk 251,252 
constant product method 112 
constructions 425-7, 429, 435 
continuous data 156 
continuous values 11 
corrected numbers 52-4, 56, 382 
correlation 12 
corresponding angles 8,308 
corresponding sides 317 
corresponding vertices 310 
cosine ofan angle 365-6, 368, 
432 
tofind angles 367 
tofind sides 366 
counter examples 394 
cubes (solids) 379 


cubic curves 243, 244-5, 246, 323 

cubic foot 273 

cubic inch 273 

cubic yard 273 

cuboids 6,380 

cumulative frequency 163, 209-10 
curve 166-8, 174, 209, 210 
polygon 166-7, 209 
table 1634, 166 

current flow 236, 251-2 

curve, equation of 14,15 

curve, gradient of 257, 258-9, 324 

cylinders. 7,277, 380 


D 
data, summarising 154,155 
decimal fractions 59 
decimals 2-3, 56 
to fractions 59,60 
to percentages 3 
recurring 60,116 
denominator 1,57 
denominator, common 56 
density 7,264 
depreciation 96,98 
diagonals 419, 421, 425, 427 
diameter 6,396 
dice rolling 64, 65-6, 67-8 
difference between two 
squares 137, 149-50, 207 
dimensions of a formula 279-80, 
282 
direct proportion 5, 102, 106-7, 
108, 110, 117 
ratio method 108 
unitary method 107, 108, 109, 110 
directed numbers 4 
discount 83, 88-9 
discrete values 11 
displacement 300-1 
distance table 38 
distance/speed/time formula 33,35, 
36,116 
division 2,4, 13,57 
inagiven ratio 105,117 


E 
У 158 
E=me 62 
edges of a solid 379 
electricity bills 181 
electronic chip 219 
elements of sets 7 
enlargement 10, 286, 305, 308, 319, 
325 
centreof 11,305 
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equations 140 
ofacurve 14,15 
forming 229-30 
linear 14-15, 220 
polynomial 14 
quadratic 220, 221-2, 223-9, 233, 
239-41, 323-4 
simultaneous 13-14, 198-9, 
200-6, 208-9 
equilateral triangles 8, 382 
‘equivalent fractions 1 
Euclid’s proof 392, 401 
events 12,65, 117-18 
independent 64,68,70, 118 
mutually exclusive 64, 65-6, 70, 
117-18 
twoor more 70 
exhaustive outcome 66 
exponential graphs 255 
expressions 12-13, 140, 207 
for nth term ofa sequence 192-3, 
194 
exterior angles 
polygons 9,424 
triangles 392 


F 
faces of a solid 379 
factorising 141, 142, 143, 151, 152, 
207-8 
difference between two 
squares 137, 149-50, 207 
quadratic equations 223,224, 
225-6, 227, 228, 229, 323 
quadratic expressions 144, 
145-6, 147, 148, 149, 150, 151 
factors 1 
formula 12, 180, 181, 208 
changing the subject 185-6, 187, 
188, 208 
dimensions of 279-80, 282 
distance/speed/time 33, 35, 36, 116 
for nth term 193 
subject of 186, 208 
substituting numbers into 182, 184 
substituting one into another 190 
fractions 1-2, 4, 13, 56, 57 
algebraic 13 
common 59 
decimal 59 
to decimals 2,59, 116 
dividing by 2, 13,57 
to percentages 2 
vulgar 59 
frequency 12,158, 159 
frequency distribution 11,209 
finding mean 158-9, 209 
finding median 169-70 
frequency tables 156, 158, 159 
fruit machines 63 
frustum 389 
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G 
geometric progression 194, 208 
Goldbach’s conjecture 394 
gradient 236, 237, 258-9 
ofacurve 257, 258-9, 324 
ofaline 14-15 
graphical solutions to equations. 
205-6, 239-41 
graphs 14-15, 828 
cubic 243, 244-5, 246 
exponential 855 
linear 236-7, 239, 323 
reciprocal 246-7,251 
travel 30, 32, 40, 46 
using 251-2 
grouped frequency distribution 11, 
209, 210 
finding median 209 


H 
hectare 268,324 
height 282 


of S-yearolds 156 

of pyramids 386 

slant (cone) 385 

ofatree 340,351 
hemisphere 387 
hexagon 9,383,384 
hyperbola 248, 252, 324 
hypotenuse 344, 362, 373, 432 
hypothesis 11, 394, 395 


I 
identity 140 
image 10,289,325 
Imperial units 5, 6, 268, 273 
ImperiaVmetrie conversion 5-6 
improper fractions 2,57 
income tax 83,86,87 
independent events 64, 68, 70, 
us 
indices (powers) 5 
inequalities 14 
interest 95,100, 117 
compound 96-7 
interest rate 95 
interior angles in 
parallel lines 8 
polygons 9,424 
triangles 391, 392 
interquartile range 173-4, 210 
intersection of sets 7 
invariant line 289 
invariant point 289 
inverse proportion 102, 111, 117, 
251-2, 324 
constant product method 112 
unitary method 112 
inverse square law 257 
isosceles triangle 8, 375 


K 

key words 449-52 

kite 23,419,420 
properties 422,434 

knots 40 


L 
linearequation 220 
linear graphs 46, 236-7, 239, 323 
lines 
equation of 14-15 
ofbest fit 11-12 
gradient of 14-15 
parallel 8, 15,429 
perpendicular 15,398 
segment of 52, 53-4 
loss 83, 84, 90 
lower bound 52, 53-4, 116 
lower quartile 173,210 


M 


major are 396 

major segment 396 

map ratio 4 

mark-up 83,84, 85, 90 

mean 11, 158-9, 209 

median 11,157, 161, 169-70, 209 

members of sets 7 

metric units 5,6, 268 

metric/Imperial conversion 5-6 

midclass value 159, 209 

minor are 396 

minor segment 396 

mirror line 10, 289, 291, 325 

mixed numbers 2,57 

modal group 11,156 

mode 11 

multiples 1 

multiplying 1,2, 4, 19,57 

mutually exclusive events 64, 65-6, 
70, 117-18 


N 


natural number 191 

negative index 5 

negative number 4, 14 

negative scale factor 285-6, 325 

nets, cubes 379,380 

nth term of a sequence 191-3, 194, 
208 

number lines 4, 52, 53-4, 116 

number types 1 

numerator 1,57 


o 

object 10,289 

obtuseangles 7 

octagons 425 

one-dimensional (length) 279-80, 282 
operations 1 

opposite side 342, 344, 362, 432 


outcome 12, 66, 67-8, 118 
outlier 173 


Р 
parabola 15,239,323 
parallel lines 8, 15, 429 
parallelogram 6, 9, 418-19, 434 
percentage 3, 117 
change 4, 83-4, 85,92, 117 
compound 96,117 
todecimals 3 
to fractions 3 
ofa quantity 3 
perfect square 225-6 
perpendicular 
bisector 426,435 
lines 15,291,398. 
from a point toa line 427, 435 
petal design 284, 304 
pila) 6 
piece-wise linear graphs 46, 237, 
239 
playing cards 65 
point of contact (tangent) 397, 398 
polygons 9, 424, 432 
polynomial equations 14 
possibility space 67 
powers (indices) 5,14 
prime numbers 1,401 
ineipal (money) 96-7 
prism 6,273, 275, 380, 381-2, 383 
probability 12, 63-6 
adding 65-6, 73, 117-18 
multiplying 67-8, 70-1, 73, 118 
probability trees 70-1, 73, 118 
product of two brackets 128-9, 130, 
131 
proof 390, 391-3, 399 
proportion, direct 5,102, 106-7, 
108, 110, 117 
ratio method 108 
unitary method 107, 108, 109, 110. 
proportion, inverse 102, 111, 117, 
251-2, 324 
constant product method 112 
unitary method 112 
pyramid 384, 386,432 
surface area 385-6 
Pythagoras’ theorem 
382, 385 


Q 
Q,.Q, Q, 173-4, 209, 210 
quadratic equations 220, 221-2, 226 
solving by factorisation 223-9, 323 
solving graphically 239-41 
solving by trial and 
improvement 233, 234 
quadratic expressions 
factorising 144-51 
mixed 152 


10, 357-8, 


quadrilaterals 8-9, 412 

quantity before percentage 
change 89-90, 91 

quartile 173,210 


R 
radius 6,395, 398, 399 
range (rounded numbers) 116 
range (measure of spread) 11, 155, 
157 
ratio 4, 103, 104, 105, 108, 117 
raw data 156 
recipe 111 
reciprocal 57,58, 111, 116 
reciprocal curve 246-7, 248, 251, 
324 
reciprocalequation 246,324 
recognising curves 248 
rectangles 6,9,421,433 
rectangular numbers 1 
recurring decimals 60,116 
reflection 10,289 
reflex angles 7 
regulartetrahedron 387 
relative frequency 12 
repeated root 225-6 
representative fraction 4 
rhombus 9, 419, 421, 425, 434 
right cireular cone 384-5 
right pyramid 384 
right-angled triangles 10, 340, 354, 
358, 432 
angles in 354,358 
Pythagoras’ theorem 10, 357-8, 
382, 385 
sides of 344, 345, 348-9 
roots 225 
rotation 10,292,293 
from enlargement 285,325 
rounding numbers 3, 51-4, 116 
running total 161 


sale price 88-9 
sales tax 91 
see also value added tax 
scalar 296, 324 
scale factor 11, 285-6, 305 
tofind length 315-16 
negative 285-6, 325 
scatter graphs 11,12 
sector ofa circle 270,396 
area of 324,385 
segment 378, 396, 435 
sequences 192-3, 194, 208 
nth term 191-3, 194, 208 
sets 7,76 
significant figures 3 
milar figures 305-6, 326 
similar triangles 308, 310-14, 317, 
326, 342, 404 


Index 


simplifying 13 
simultaneous equations 13-14, 
198-9, 200-6, 208-9 
sine of an angle 361-2, 368, 372, 432 
tofind angles 364 
tofind sides 362 
skeletons 180, 189 
slant height of a сопе 385 
SOHCAHTOA 368 
solids 379 
speed, average 36,37, 38-9, 40-1, 116 
speed/distance/time formula 33, 35, 
36,116 
sphere 385,433 
spring balance 110 
square numbers 1 
square roots 4 
squares (shapes) 6,9, 421, 434 
standard form 3,61 
standing charge 181 
statistics 11-12, 209 
stem-and-leaf diagram 157, 158 
straight line graphs 236-7, 239, 323 
travel graphs 30, 32, 40, 46 
subject ofa formula 186, 208 
changing 185-6, 187, 188, 208 
substituting 
one formula into another 190 
numbers into formulas 182, 184 
subtend 378 
subtracting 2,4, 56 
summaries 1-29, 116-27, 207-10, 
323-39, 432-48 
supplementary angles 7 
swimming pool 305 
symbols, mathematical 158, 186, 391, 
399,412 
symmetry, axis of 10 


T 

tangent of an angle 342-3, 349, 
353, 368, 432 

tangent to a circle 397, 398-400, 
435 

tax, income 83,86,87 

tax,sales 91 

tax, value added (VAT) 83,89 

temperature conversion 189 

temperature of water 258-9 

terms ofa sequence 191-2 

tetrahedron 384, 387, 432 

theory of relativity 62 

three-dimensional (volume) 279-80, 
282 

time/distance/specd formula 33,3 
36,116 

torus 283 

transformations 10-11, 325 
compound 294,326 
see also enlargement, reflection, 
translation 
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translation 10, 300-1, 326 
transversal 8 
trapezium 264 
area 264-5, 324, 380, 381 
properties 9 
travel graphs 30, 32, 40, 46 
tree diagram 70-1, 73, 118 
trial and improvement 233,234 
triangles 6,8 
congruent 402-10, 412, 415, 416, 
433 
constructing 429 
corresponding angles 308 
equilateral 8,382 
exteriorangleof 392 
interior angles of 375,391,392 
isosceles 8, 382, 414, 424 
right-angled 10, 340, 344-5, 348-9, 
354, 358, 432 
similar 308,310-14, 317, 326, 342, 
404 
two-dimensional (area) 279-80, 282 


U 

union of sets 7 

unitary method, proportion 107, 108, 
109, 110, 112 

universal sets 7 

upper bound 52,534, 116 

upper quartile 173,210 
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V 
value added tax (УАТ) 83,89 
vector 296, 299, 300, 304, 324-5, 326 
representing 297-8 
Venn diagram 7, 75-6, 80, 118 
vertically opposite angles 7,314 
vertices 310,379 

of pyramids 384,432 
volume 6-7, 282 

ofacylinder 7,277 
ofaprism 6,273,275 

units of 273 
vulgar fraction 59 


Ww 


wage increase 83,91 
water flow 277 


xcoordinate 14 


Y 

yreoordinate 14 
intercept 15,236,323 
mx +e 16,323 


2 
zero index 5 
zero multiplying by 221,323 
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